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1. INTRODUCTION

The notion of integral closure of an ideal I/ of a commutative
Noetherian ring R has proved useful in many situations both in commu-
tative algebra and algebraic geometry. This concept is extended to modules
by D. Rees [1]. Similar to the theory of integral closure of ideals, it is natural
to expect many interesting applications for notion of integral closure of
modules. In fact, a lot of articles are concerned with this notion and its
applications (see e.g. [12, 13, 10, 5, 4 and 6]). In this paper we investigate
further applications of this concept. In particular we extend some of the
main results of McAdam [9] to finitely generated modules.

Let I denote an ideal of the commutative Noetherian ring R. The set
Q*(I), quintasymptotic prime ideals of I, was systematically studied by
S. McAdam in [9] and S.H. Ahn in [1] extended this notation to finitely
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generated R-modules. For a finitely generated R-module N, the set of
quintasymptotic prime ideals of 7 with respect to N is defined as

O (I,N)={p € V(I)| there isa z € Ming, Ny
with Rad(/Ry + z) = PRy }.

Ahn’s paper contains no notion of integral closure on an R-module, so that
the techniques related to integral closure of an ideal are not available on
modules. Therefore the counterparts of [9, Theorem 1.5 and Proposition 3.5]
for finitely generated modules are not proved in [1].

We prove the counterparts of these results for finitely generated
modules in certain cases .

Let R be a Noetherian domain and K be its field of fractions. Let N be
a finitely generated torsion-free R-module. The (Rees) integral closure of N
is defined as N = NNV, where V ranges over all DVR’s of K which contain
R. For a submodule M of N, we define the integral closure of M in N as
M, = MnN N. We denote the submodule | J,.o(M :y I'") of Nby M :),< I >.
In section two, we examine the behaviour of integral closure of modules
with respect to localization and completion. The main result of this section
asserts that if, R is a normal domain, N a finitely generated torsion-free
R-module and M is an integrally closed submodule of N with
ranky M = rank, N, then M has a primary decomposition each primary
component of which is integrally closed.

In the third section, we focus on locally analytically normal domains.
Let R be a locally analytically normal domain. For a finitely generated
torsion-free R-module N, it follows that Ny is a torsion-free Rj-module for
all p e SpecR, and hence Q*(I,N) coincides with Ming(R/I). Thus
Theorems 3.3 and 3.4 may be considered as generalizations of the above
mentioned results of McAdam. Let N be an R-module and S a multi-
plicatively closed subset of R. For a submodule M of N, we put
S(M) = U,es(M :y 5). In Theorem 3.4, we provide a criterion for compa-
rison of the topologies defined by the filtrations {S({"N)},., and
{(I"N),},o- Namely, we show that over a locally analytically domain R, the
S-symbolic topology {S(I"N)},-, is finer than the topology given by the
integral closure filtration {(I"N),},,, if and only if S is disjoint of each
minimal prime ideal of I.

In the end of this section, we give some applications to local co-
homology.

All rings considered in this paper are assumed to be commutative with
non-zero identities. For a module N over a commutative Noetherian ring R,
we denote by MingN, the set of minimal elements of Assy N. If (R, 1) is a
local ring, the m-adic completion of an R-module N is denoted by N*.
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By a locally analytically normal domain, we mean a Noectherian domain R
such that Ry is a normal domain for each prime ideal p of R. For a domain
R, we let Ky denote its field of fractions.

2. INTEGRAL CLOSURE IN MODULES

This section is devoted to examining of integral closure of modules as
developed by Rees in [12]. The theory of reductions and integral closure of
modules can be developed for torsion-free modules over an arbitrary
Noetherian domain without assumptions of locality or regularity. So, we let
R be a Noetherian domain with the field of fractions K, and let N be a
finitely-generated torsion-free R-module. By Ny we denote the finite-
dimensional Kg-vector space N ®p Kg. If M is a submodule of N, then My
is naturally identified with a subspace of Ng. For any birational overring S
of R, we use the notation NS to be the S-submodule of N generated by N.
In this section, the birational overring of R that we will focus on are the
discrete valuation rings of Ky containing R.

Definition. With the previous notation, an element v € Ny is said to be
integral over N if v € NV for every discrete valuation ring (DVR for short) V
of Ky containing R. The Rees integral closure of N is the set of all elements of
Ny that are integral over N, and it is denoted by N. Moreover, for a submodule
M of N, the integral closure of M in N is the submodule M, == M N N. We say
that M is integrally closed if M = M,,.

Example 2.1. (i) Let R be a DVR and N a finitely generated torsion-free
R-module. Then any submodule of N is integrally closed.

(i) Let R be a normal domain (i.e. integrally closed in the field of
fractions Kz) and let N be a finitely generated torsion-free R-module. Then,
by using [6, Corollary 3.5], it follows that every projective submodule P of N
is integrally closed.

Let R be a Noetherian domain. Let N be a finitely generated torsion-
free R-module of rank r, and let F be a free R-submodule of Ny containing
N with rank z(F) = r. Then the symmetric algebra Symy(F) = S(F) is equal
to R[T},...,T,] = R[T], a polynomial ring over R with r variables. Suppose
Nis generated by b,,...,b, € F, with b; = (b;, ..., b;.). We denote by I, the
ideal of S(F) generated by N, that is Iy = (b,T,...,b,T)S(F), where
bT=byT + - +b,T,.

The following result will be served as the spring board for our inves-
tigations into the properties of the integral closure in modules. We shall use
it in Lemmas 2.3 and 2.4 and Theorem 2.6.
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Lemma 2.2. With the previous notation, let R be a normal domain. Then

N = (Iy),NF, where (Iy), denotes the integral closure of the ideal I in S(F ).
Proof. See [6, Proposition 3.6]. L]

Lemma 2.3. Let R a normal domain. Let N be a finitely generated torsion-
free R-module and M a submodule of N. If U is a multiplicatively closed subset
of R, then U"'M, = (U™'M),.

Proof. By the definition M, = M N N, where M denotes the Rees integral
closure of M. Hence U"'M, = U"'M N U~!N. Therefore it is enough to
show that UM = U-'M. To this end, first note that by Lemma 2.2,
M = (I);),NF, where F is a free R-submodule of My containing M with
rank, F = rank; M, and [, denotes the ideal of S(F) generated by M. It is
easy to see that U~!'(S(F)) = S(U'F) naturally and that the image of
U~'I,, under this isomorphism is [I;-1,,. By [15, Lemma 2.3],

(U~ '1,,), = U (1)), and hence

U'M=U"'1,),nU'F=(U"I,),nU'F
- (IU’IM)a ﬂ UilF.

Now, the field K is also the field of fractions of U~! R. Moreover U~! Fis a free
U~' R-submodule of (U™'M), containing U~'M with rank-ix(U™'F) =
rank 1 x(U~'M). Therefore U"'M = U~ M. O

Lemma 2.4. Let R be a locally analytically normal domain and let N be a
finitely generated torsion-free R-module. For any submodule M of N with
rankp M = rank, N,

(M;;)u N ND = (Mp)a

for all p € Spec R.

Proof. First of all, it is easy to see that over a domain 7', a T-module C is
torsion-free if and only if Ass; C = {0}. Having kept this in mind and using
[7, Theorem 23.2], we deduce that Ny is a torsion-free Ry-module for all
p € Spec R. Hence, it is enough to show that over a local normal domain R,
we have (M*),NN =M,. Since N is a finitely generated torsion-free
R-module, there is a free R-submodule F' of Ny containing N such that
rank, N = rank, F. Let K* denote the field of fractions of R*. Because
M C M* C F*, it follows that F* is a free R*-submodule of M* ®p. K*
containing M* and that rankz. M* = rankp. F*. Note that the R*-module
My ®x R* can be naturally embedded in M* ®;. K*. It is easy to establish the
following facts:
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(i) S(F")=S(F)@gR,

(i) the natural homomorphism S(F ) — S(F ) ®g R* = S(F*) is
faithfully flat (see [7, P. 53, Exercise 7.1]), and,

(i) 1y S(F*) = Iy..

Now, we have M* NN = (I.), N F* N N, by Lemma 2.2. Since the natural
homomorphism S(F) — S(F*) is faithfully flat, it follows from [8, Lemma
3.15] that (1;,S(F*)), N S(F) = (Iy),, and hence

M*ON = (I;.), "N = (I,,S(F*)),N N
= (IyS(F*), N S(F) NN = (), N
= (Iy),NFNN=MnNN.

This completes the proof. O

Although, the part (i) of the following result (which may be considered
as an extended form of Krull’s intersection Theorem) may be deduced from
[2, p.288, Ex.15], we bring it here just for comparison with the part (ii) of
this result.

Proposition 2.5. Let I denote a proper ideal of the Noetherian ring R and let
N be a finitely generated R-module. Suppose that 0 = ﬂf;l Q; is an irredundant
primary decomposition of the zero submodule of N with Q; belongs to p;. Then

(i) (Nus1 I"N = (W Qilp; +1 C R}. In particular if p; +1 & R for each
p; € Assy N, then ﬂnZl I"N = 0.
(ii) If R is domain and N is torsion-free, then (), (I"N), = 0.

Proof. (i) It is known that I, = (N/V) N R, where the intersection is taken
over all DVR’s V' of the field of fractions of R containing R. Since [ is a
proper ideal and Rad(Z) = Rad(Z,), it follows that there exists a such DVR,
W such that IW # W. Then we have (\°,(I"N),= (-, (I"NNN) =
Mot [Nrey {"V)NV N N], the second intersection is taken over all DVR’s V/
of the field of fractions of R containing R. Thus

ﬁ(l”N)u = [ﬂ (ﬁ([”V)NV) NN
C (ﬁ(lW)"(NW)) AN=0. O

Theorem 2.6. Let R be a Noetherian normal domain and let M be an inte-
grally closed proper submodule of the finitely generated torsion-free R-module
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N with ranky M = ranky N. Then M has a primary decomposition each pri-
mary component of which is integrally closed.

Proof. Since N is torsion-free, there is a free R-submodule F of
Ny =N ®i K containing N such that rankp F =ranky N. Because
rank, M =rank, N and M =M, it follows that M = (I,),NFNN =
(Iyy), NN, by Lemma 2.2. Now, since (I),), is an integrally closed ideal of
the Noetherian ring S(F ), by [9, Lemma 1.4], (1), has a primary decom-
position ¢; N --- N ¢, each primary component of which is integrally closed.
Hence

M= Iy),NN=(qNgN---Ngs) NN

=@ NN)N(gNN)N---N(g,NN). (*)

For a given element a of R, consider the following commutative dia-
gram in which vertical maps are the natural monomorphisms.

N/(#nN) — N/(NN)

| l

SF)a — SF)/a

It follows from this diagram that ¢; N N is a primary submodule of N,
whenever it is proper. Now, we show that ¢; N N is integrally closed sub-
module in N for each 1 < i <. To this end, first note that for a DVR, W
with S(F) C W C Kg), by [11, 33.7], WN Kg is a DVR of R and clearly
RC WnN Kz C Kg. Thus

(¢:NN),=(@NN)NN = l ﬂ (%’QN)V] nN

RCVCK,
g qz( wn KR) nN
| S(F)SWCK 1,
C \  aW|nN=gnN\.
| S(FYSWCKyr)

Hence (¢, N), = ¢; N N. Therefore deleting unneeded components in (*)
leaves the desired primary decomposition of M in N. O
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3. IDEAL TOPOLOGIES IN MODULES

In this section, we compare certain ideal topologies on finitely gener-
ated torsion-free modules over an analytically normal domain. In particular,
for a multiplicatively closed subset S of R the topologies defined by the
filtrations {S(I"N)},-, and {(I"N),},>, are compared.

In the case N = R, the following lemma was proved by Chevalley. The
proof given in [11, Theorem 30.1], can be easily carried over to a module.
(see, [2, Ch. IV, Section 2.5, Corollary 4]).

Lemma 3.1. Let (R,m) be a complete Noetherian local ring, N a finitely
generated R-module and (N,),-, a decreasing sequence of submodules of N
such that (\,~o N, = 0. Then, for all r >0, there exists n(r) > 0 such that
Nn(,) Cm'N.

Proposition 3.2. Let (R, m) be a locally analytically normal domain, which is
complete in the m-adic topology. Let N be a non-zero finitely generated tor-
sion-free R-module. Then for any proper ideal I of R, the following are
equivalent:

(i) (2 (("N), i< >) 0.
(ii) There is a k>0 such that for all m>0, (I"N),:y
<m>Z (mkN),.
(iii) I is m-primary.

Proof. In view of Proposition 2.5 and Lemma 3.1, it is clear that (i) and (ii)
are equivalent. Now, we show the implication (i)=-(iii). By [13, Theorem
5.11], the set |J,2, Assz(N/(I"N),) is finite. If m does not belong to this
union, then (I"N), :y< m >= (I"N),, for each n € N, which contradicts (i),
by Proposition 2.5. Thus we can choose s € m such that it does not belong
to any associated prime to N/(I'N),,t € N, which is not equal to the
maximalideal. Let S be the set of all non-negative powers of s. By considering a
minimal primary decomposition of the submodule (I"N),, it easily follows
that (I"N), :y<m >=S"'(I"N), NN for all n € N. But, by Lemma 2.3,
S7Y(I"N), = ((S7'I")(S7'N)),. Thus, in view of Proposition 2.5, (i) implies
that S~'7 = S~'R. That is s € /1. To prove (iii), we should show that nt is a
minimal prime of /. By the choice of s, it suffices to show that if p is a
minimal prime ideal of 7, then p € Assgx(N/(I"N),), for some m € IN. We
may and do assume that R is local at p by Lemma 2.3. Since
(N,>1U"N), = 0, there exists an integer m such that (/”N), & N. Now, we
have p = Rad(I) C Rad(({"N), :z N) C p. Thus Rad((I/"N), ;z N) = p and
this implies that p € Assz(N/(I"N),).
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(iii) = (i). Since Rad(Z) = m, for any integer » there is an integer /(n)
such that m!™ C 1", Hence

(I'N), :y<m>DI'N oy '™ DI'N:y I' = N
Thus (), ((I"N), :;y<m >) = N #0. O

Let 7 denote a non-zero ideal of the Noetherian domain R and N a
finitely generated torsion-free R-module. Then one can check easily that
rank z(IN) = rankz(N). We shall use this fact in the remainder of this sec-
tion without further comment.

Theorem 3.3. Let R be a locally analytically normal (Noetherian) domain
and I an ideal of R. Let N be a non-zero finitely generated torsion-free
R-module. For any prime ideal » D 1 of R, the following are equivalent:

(i) P € MingR/I.
(ii) There exists an integer k> 1 such that (I"N :y<p>)<
(PENy), NN, for all m € IN.
(iii) There exists an integer k>1 such that (I™ :zg<p>)<
(P*R,), MR, for all m € N,

Proof. The equivalence of conditions (i) and (iii)) is proved in [9,
Proposition 3.5]. We have I"N :y<p >C (p*N,), NN if and only if
"N, iy, < PR, >C (v*N,),, and pe€MingR/I if and only if
PR, € Ming (R,/IR,). Hence we assume that R is local at p and write (P*N),
instead of (P*N,), N N.

(i)=(ii). Suppose that p € MingR/I. Then [ is p-primary. By
Proposition 2.5, (1,2, (p"N), = 0. Since N # 0, there exists k € N such that
(P*N), < N. We show that

I"N :y< b >Z (p*N),

for all m € N. Assume there exists m € N such that I"N :y< p >C (p*N),.
Then

IC (I"N :y< p >) ;g N C Rad((p*N), :x N) C p.

Hence Rad((/"N :y<p>):xg N)=p and so p € Assg(N/I"N :y< p >)
which is a contradiction as one can see easily.

(i)=>(1). In view of Lemma 2.4, the condition (ii) implies that
(I"N*), :n-< PR* >Z (p*N*)_ for all m € N. Hence by Proposition 3.2, the
ideal IR* is pR*-primary and so p € MingR/I. O

Before bringing the next result we fix some notation. Let S be a
multiplicatively closed subset of R. For a submodule M of the Noetherian
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R-module N, we use S(M) to denote J, (M :y 5). Also, for an 1nte%er
k > 1, and a prime ideal p of R, we denote UxeR\p((p N), :y 5) by (DN)©

Now, we are ready to prove the main result of this section.

Theorem 3.4. Let R be a locally analytically normal ( Noetherian) domain, 1
an ideal of R and S a multiplicatively closed subset of R. Then the following are
equivalent:

(i) S CR\U{p € MingR/I}.

(ii) Let N be a finitely generated torsion-free R-module. For all
primes G211 and k>0, there is a m>0 with
S((™N),) € (V)™

(iii)  The topology {S(I")},~, is finer than the topology defined by the
integral closure filtration {(I"),} ;-

(iv)  The topology {S(I"N)},, is finer than the topology defined by the
integral closure filtration {(I"N),},~1, for any finitely generated
torsion-free R-module N. -

Proof. (1)=(ii). Suppose that (i) holds, and let q and & be as in (ii). First,
we localize at q. If §" is the image of S in R,, under the natural mono-
morphism R — R, then (i) implies that ' C R\ | J{q’ € MinR (Ry/IR)}.
Also it is easy, from Lemma 2.3, to see that if S’(I’”N )a © (qN )<k>_ then
S(I"N), € (aN )*¥*. Therefore we may assume that R is local at q (and write
(9*N), instead of (qN)< 7). Next we see that we may assume that R is
complete. To this end, first note that condition (i) holds for S and the ideal
IR* of R*. On the other hand Lemma 2.4 implies that, if S(I"N*), C (q*N*),,
then S(I"N), C (4*N),. Hence we may assume in addition that R is com-
plete. Since [ is disjoint from S, by Proposition 2.5,
Moo, [(I"S7'N), N N] = 0. Hence by Chevalley’s theorem (see, Lemma 3.1),
there is an m >0 with (/"S7'N),NN C ¢*N. Thus by Lemma 2.3,
S7Y(I™N), NN C g*N. That is S(I"N), C q*N C (¢*N),. So that (ii) holds.

(ii)=>(i). Let (ii) holds, and let p € MingzR/I. By Theorem 3.3, there is
k> 1 such that I"N :y<p >¢ (pN)<k> for all n > 1. The condition (ii)
implies that, there is a m > 1 with S(I"'N), C (13N)<k> For this m, we have
I"N :;y< p >Z S(I"N),. Letx € I"N :y< p > butx &€ S(I"N),, in particular
x & S(I"N). Now, there exists a n > 1 such that p"x CI"N. If pNS #0,
then there is a » € p" NS. Hence rx € I”'N or x € I"N :gr C S(I"N). Thus
x € S(I"N), which is a contradiction. Therefore p NS = (), so that (i) holds.

(i))=(iv). Let (ii) hold and let £ > 0. Let N be a finitely generated
torsion-free R-module. We consider a primary decomposition O, N---NQ,
of (I*N),, with Q; primary submodule to p, and (Q,), = ;. Note that such
primary decomposition exists by Theorem 2.6. For some k;,, we have
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pf"N C Q;fori=1,2,...,n, and furthermore by (ii) for some m;, S(I"'N) C
(0,N)%, (note that for all 1 <i < n,I Cp,). Let m = max{m,,...,m,}, we
see that

S(I"N) C (p;N)™"~

for all 1 < i< n. But we have

(0N = |J [0fN), v sl € | (Q1y5) = 0.

SER\D; SER\D;

Therefore S(/"N) C (., Q; = (I*N),, and so (iv) holds.

(iv)=(i). Let p € MingzR/I. By Theorem 3.3, there exists £ > 1 such
that I"N :y< b >Z (bN)™ for all n>1. Since (I*N), C (b*N),
- (pN)<k>, it follows from condition (iv), that there is m > 1 with
S(I™N) C (bN)*. For this m we have I"N :y< b >Z S(I"N). Choose
x € (I"N :y< p >)\S(I"N). Now, we can process similar to the proof of the
implication (ii)==(i) to deduce that p NS = (). Hence (i) holds.

Finally, (1)<=-(iii) is trivial using [9, Theorem 1.5]. O

Corollary 3.5. Let R be a locally analytically normal ( Noetherian) domain, 1
an ideal of R and S a multiplicatively closed subset of R. Suppose that N is a
finitely generated torsion-free R-module. Then the following are equivalent:

(i) The topology {S(I"N)},, is finer than the topology {(I"N),},>o-
(i) Hp'(Ng) =0 for all g € V(I) with q NS # .

Proof. (1)=>(ii). By Theorem 3.4, S C R\ U {b € MingR/I}. Let q € V(I),
with g NS # 0, it follows that g & MingR/I. Thus we have dim R; /IR} > 0.
So from the Lichtenbaum-Hartshorne vanishing Theorem [14, Theorem 1.1
(c)], it follows that H,}'Rtf(Nq) = 0 and so (ii) holds.

(ii))==(1). Let (ii) hold, and p be any prime of MingR/I. Then IR,
ispR,,-primary and so by Grothendieck’s non-vanishing Theorem [3, Theo-
rem 6.1.2], H,h,;“” (N,) # 0. Hence by assumption S N p = (). Thus § C R\U
{b € MingR/I}, which completes the proof of the corollary by Theorem 3.4.

O

Corollary 3.6. Let (R,m) be a locally analytically Noetherian normal
domain, and let I be an unmixed ideal of R which is not m-primary. Suppose
that N is a finitely generated torsion-free R-module. Then

Suppg Hi(N) € {q € V(Dlhtq > i+ 1}

Sfor all i with htl < i <d, where d = dimR.
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Proof. 1t is clear that Suppg H}(N) C V(I), by [3, Exercise 6.2.6]. Fur-
thermore if p € V(I) is such that htp < i, then by [3, Theorems 4.3.2 and
6.1.2] we have (Hj(N)), = 0, since dim N,, = htp < i. Thus

Suppg Hy(N) C {a € V(I)|htq > i}.

Now, let S = R\ U{p € MingzR/I} then by Theorem 3.4 and Corollary 3.5,
(HII“(‘(N))q =0 for all q € V(I) with qNS# 0. Hence for all i with
ht7 <i<d, Suppg Hi(N) C {q € V(I)|htg =iand qNS=0}U {q € V(1]
htq > i+ 1}. Now,if g € V(1) and g NS = (), then g € MingR/I and since 1
is unmixed, it follows that htq=ht/l. Thus {q€ V(I)|htq=i and
qanNS=0} =0, for all i with ht < i < d. Therefore

Suppg Hi(N) C {q € V(I)[htq > i+ 1}

for all ht7 < i < d as desired. O
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