SID
= 5 =

wale Sle3A 35 50 I w3907 Sloels 45 2t ase> 3 9959 w3907 slapld

ol SN 5570 o 9ol Sk 9| oL,

ling
wﬂ?-.""éa

IsI ="

B snanmes
Dordoge

rem—— e

i o g el e AN oAl b T

3 End Note y131p 58,6
e SRy { R K]

SID o Bt o8 &Y o 4los aolivnlgS jguuo



https://sid.ir/2471
https://sid.ir/2472
https://sid.ir/2470
https://sid.ir/2468
https://sid.ir/2469
https://sid.ir/2473
https://sid.ir/2474
https://sid.ir/2475
https://sid.ir/2476
https://sid.ir/2477

Bulletin of the Iranian Mathematical Society Vol. 85 No. 2 (2009 ), pp 85-96.
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ABSTRACT. We introduce the weighted Frobenius-Perron operator
P} on L' associated with the pair (u, ) as a perdual of weighted
Koopman operator W = uC, on L* and then investigate some
fundamental properties of P by the language of conditional expec-
tation operator.

1. Introduction and preliminaries

Let (X,3, 1) be a complete o-finite measure space and let ¢ : X —
X be a non-singular transformation; i.e., ¢ is X-measurable and pu o
0 1(A) == u(p~1(A4)) = 0, for all A € ¥ such that u(A4) = 0. This
assumption about ¢ just says that the measure po ¢! is absolutely
continuous with respect to the measure p (we write po o~! < pu, as
usual), where po p 1(A) = u(¢~'(A)) for A € . We shall assume
that the restriction of 4 to o-subalgebra ¢~!(X) of ¥ is o-finite, and we
denote by (X, 1(X), ) the completion of (X, go_l(E),qu(E)). We
denote by h the Radon-Nikodym derivative, h = dp o ¢~ /du. We will
write L' (o~ 1(%)) for L}(X, gp‘l(E),,qu(E)). L'(¢~Y(%)) may then be
viewed as a subspace of L'(X) and we denote its norm by ||.|[;. Support
of a measurable function f will be denoted by o(f) = {z € X; f(x) # 0}.
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Relationships between functions f and between sets are interpreted in
the almost everywhere sense. For any non-negative Y-measurable func-
tion f as well as for any f € LP(X), by the Radon-Nikodym Theorem,
there exists a unique p~!(X)-measurable function E(f) such that

/Efd,u: / fdp,  forall Aec o 1(D).
A A

Hence, we obtain an operator E from L'(X) onto L'(p~!(¥)) which
is called conditional expectation operator associated with the o-algebra
@ 1(X). It is easy to show that for each f € L(X), there exists a
Y-measurable function g such that E(f) = g o ¢. We can assume that
o(g) C o(h), and there exists only one g with this property. We therefore
write g = E(f) o ¢!, though we make no assumptions regarding the
invertibility of ¢ (see [1]). This operator will play a major role in our
work, and we list here some of its useful properties:

e E(fg) = E(f)g, whenever g is ¢~ !(X)-measurable and both condi-
tional expectations are defined.

o |E(f)| < E(If])-
e If f >0, then E(f) > 0;if E(|f|) =0, then f =0.

Let f be a real-valued measurable function. Consider the set By =
{r € X : E(f")(xz) = E(f7)(x) = oo}. The function f is said to be
conditionable with respect to ¢~ () if u(Bf) = 0. If f is complex-
valued, then f is conditionable if the real and imaginary parts of f are
conditionable and their respective expectations are not both infinite on
the same set of positive measure. For more details on the properties
of E see [11, 9]. Our aim here is to generalize some results obtained
for the (classic) Frobenius-Perron operators in [4, 6, 7] to the weighted
Frobenius-Perron operators.

2. Main results

Definition 2.1. Suppose ¢ : X — X is a non-singular transformation
and let v : X — C is a conditionable measurable function. If A is any
Y-measurable set for which fso‘l( ) U fdp exists, then the linear operator
PL:LY(E) — L'(%), defined by [, Pofdu = fwl(A) ufdpy, is called the
weighted Frobenius-Perron operator associated with the pair (u, ¢).
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Let f € LY(X) be given. For the above u and ¢, we define the measure,
pp £ (A) = / ufdpy, Aek.
p=1(A)

The assumption o ¢! < p implies ,uZ; < By the Radon-
Nikodym Theorem, there exists a p-unique function fg € LY(X) such
that pg f(A) = /4 fgdu, for any A € X. This may be expressed alter-

natively as:
/ f;du = / ufdu, Ael.
A e71(A)

It follows that the mapping PJ : f — f;f is well defined on L'(%).

We note that according to Proposition 2.3 (vi) below, to the same
extent that the weighted Koopman operators are actual generalizations
of the Koopman operators, the weighted Frobenius-Perron operators will
be the actual generalizations of the (classic) Frobenius-Perron operators.

The weighted Koopman operator on L*°(X) with respect to the pair
(u, @) is defined by uUy(f) = u.f o ¢, for each f € L>(X). Here, the
non-singularity of ¢ guarantees that uU,, is well defined as a mapping
of equivalence classes of functions on o(u). Note that wU, = M,U,
and Pj = P, M, where M, is a multiplication operator, U, and P, are
(classic) Koopman and Frobenius-Perron operators, respectively. It is
easy to see that ulU, is a bounded operator on L*°(X) if and only if
u € L*>(X), and in this case |[|[ulU,| = |[ul| (see [12]). For a bounded
linear operator T on a Banach space, we use the symbols NV (T) and
R(T) to denote the kernel and the range of T', respectively.

Now, let A € ¥ with 0 < p(A) < oco. As an application of the
properties of the conditional expectation and using the change of variable
formula, we have,

PUfdy = dy = E(uf)du= | hE oo tdu,
/Ag;fﬂ /Pl(A)ufu /PI(A) (uf)du /A (uf) o du

for all f € L'(X). Since X is a o-finite algebra, then it follows that
Pyf =hE(uf)o oL

In the following theorem, we investigate the necessary and sufficient
conditions for a weighted Frobenius-Perron operator Pg to be bounded.


www.sid.ir
www.sid.ir

88 Jabbarzadeh

Theorem 2.2. The weighted Frobenius-Perron operator Py is a bounded
operator on L*(X) if and only if u € L>®(X) and its norm is given by
1Pl = llulloo-

Proof. Let v € L*°(X). Using the change of variable formula, we have,
P2l = [ 1PEfdn = [ 1B o g d

< /X E(uf|)dp = /X fufldp < llullooll £l

for each f € L'(X). Thus, [|P4]| < |lulle. Conversely, suppose that
Pg is a bounded operator on L'(X). Write uf as w|uf|, when |w| = 1.
Then, we get,

| Mo flls = /X fufdp = /X Wufdp = /X hE(@uf) o ¢~ dp

= /XPZ.f(wf)du = IPe@AHll < IPelll@flle = P £l

for each f € L'(X). Hence, we conclude that the multiplication operator
M, is a bounded linear operator on L'(¥). Therefore, v € L*® and
[ulloo = [ Mull < [[Pgl|. The proof of the theorem is now complete. [

Some basic properties of Py are listed in the following proposition.

Proposition 2.3. Let p; be a measurable transformation of X such that
,uOQO;I is absolutely continuous with respect to p and h; = duowjl/du €
L>®(X), fori=1,2. Put p3 = 10y and E(.|¢; (X)) = E;. Then the
following assertions hold.

(i) nowy' < p and hy = duo py" fdu = hiEi(ha) o o7 .

(ii) Py, P2 =P .

(iii) P PE = Py, Ppy Myog,

(iv) (Pg)" = (ITiZg wo ¢") Py

(v) Let w>0. Then, Pgf >0 if f >0 and (uUy)g > 0 if g > 0.

(vi) (Pg)* = ul,.
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Proof. (i) The assumption p o ¢; ' < u implies that for each A € X
with p(A) = 0, u(e;(A)) = 0, and so u(py (7 (A)) = 0. Hence,
[ o p3 L'« pu. Also, by use of conditional expectation operator and
change of variables formula, we have,

dlLLO ©1 © P2 -1 _ _
/hgduz/ (d ) duz/duwzlwll
A A 12 A

= / dpopy' = / hadp = / Eq(ha)dp
e1 ' (A) ¢1 ' (A) e1 ' (A)

= / Ey(hg) oy Mdpo = / h1E1(hg) o o7 dp.
A A

Since (X, X, i) is a o-finite measure space, then the proof is complete.

(it) Since Py, f = hiE;(f) o ¢!, then for any A € ¥ and f € L'(%)
we get,

/P;f%fduz/thz(Uf)w;lduz/E3(Uf)090;1du090;1
A ) A A

=/ E3(Uf)dM=/ deuz/ Es(uf)dp
¢35 (A) 03 (p1 1 (A)) 03 H(p1 M (A)

— / hoEs(uf) o <p2_1du = / h1E1(heEa(uf) o g02_1) o (pl_ld,u
e1 ' (A) A

Z/Pwl(h2E2(uf)o<P21)dM=/Pwl(Pzzf)d“‘
A A

Now, since (X, 3, i) is a o-finite measure space, then the proof is com-
plete.

(i) Since Py Pp, = Py op,, then for any A € ¥ and f € LY(%) we
have,

/A-Pgalpc)OQMu.uoaprdlu’:/Aptplog%(u'uo(pQ)fdlu‘
=/1 hsEs(U-u0<p2f)0<p31du=/1 w0 p, fdp

p3 (A) e3 (A)

)

= /_1(A hauEs(uf) o gpz_ldu = /AhlEl(hguEg(uf) ) g02_1) o (pl_ldu
Y1

= [ B ot = [ PP i
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Again, since (X, X, u) is a o-finite measure space, then the proof is
complete.

(iv) It follows from (iii).
(v) It is trivial.

(vi) Tt is well-known that L°°(X) is the dual space of L'(X); that
is, f € L>=(X) is viewed as a bounded linear functional f* on L'(X),
defined by f*(g9) = (g9, f) = [y 9fdp. First, suppose that f = x,, A€ X
(u(A) = 400 is possible). Then, for each g € L}(X), we have,

(9. (P;f)*XA)=(7’397XA)=/AE(UQ)O¢lduowl =/ " E(ug)dp
o1

=/ ugdp =/ GUX 14y Ot =/ glux, o p)dp = (g, (WUp)x,)-
p~L(A) X X

Hence, (P2)*x, = (uUy)x,. It follows that the result holds if f is a
simple function. Now, since the simple functions are dense in L>(X),
then we get (P2)"f = (uUy,)f, for all f € L*°(X). This completes the
proof.

Many problems in ergodic theory and physical sciences are related
to the problem of existance and computation of absolutely continuous
invariant measures (see [2]). Let u € L>®(X) and f € L'(X). Define

v, (A) = [y ufdu, for all A e X. It is easy to see that vy < p.

Proposition 2.4. Let u € L>®(X) and f € L' (X). Then, f € N(Pg —
M,) if and only if the measure vy is invariant under ¢ (here, the in-
variance of the measure vy means that v, o ol = v, ).

Proof. Since ¥ is o-finite, then for all A € ¥ we have,
feEN(P,—M,) <= Pyf =uf <
VfO(pI(A):/ ufdu:/PZZfdu:/ufdu:uf(A).
o—1(A) A A

O

Corollary 2.5. The function f € L'(X) is a fized point of the Frobenius-
Perron operator Py if and only if u, op~l = t,, where p, (A) = fA fdu
(AeX).
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It is well-known that each v € ba(X, X, 1), the space of all bounded
complex charges on > which vanish on all sets of u-measure 0, defines a
bounded linear functional F,, on L*(X) by F,(f) = [y fdv. Moreover
the mapping v — F,, is an isometric isomorphism from ba (X, 3, 1) onto
(L>(X))*; see [3, 10]. For v € ba(X,X, n) and u € L*(X), we define
the measure A, by

A(A) = / udv, Ael.
©~1(A)

Since prop~! < p, then we see that A, € ba(X, ¥, i). Now, we compute
the dual of W := ulU,. Take f € L>(X) and v € ba(X,3, ). As an
application of the properties of the conditional expectation operator F
and using the change of variable formula, we have,

WHEND = FWS) = [ ufopdy= [ Bwiopa

= /X fE,(u)op tdvop™t = /X fdA, = Fp, (f).
After identifying (L>°(X))* with ba(X, X, u) and v with F),, we can write
W*(v) =A,.

Let ca(X, %, 1) be the subspace of ba(X, X, 1) consisting of all com-
plex measures absolutely continuous with respect to o-finite measure u.
Since for each f € L}(X, X, u), p, < p, then we have i, € ca(X, X, u).
Define a mapping ¥ : L'(X,Yu) — ca(X, %, p) by U(f) = p,, with
inverse U1 (v) = g—z (see [4]). Now, for any A € ¥ and f € LY(X, X, u),

we get,
Auf(A):/ ud,uf:/ ufdu:/P:,f(f)d,u.
©~1(A) p71(4) A

dA
Hence, d—:f = P2(f). On the other hand, we have,

dA#f .

Therefore, W* is the natural extension of the weighted Frobenius-Perron
operator P% on (L'(X, ¥, u))** (see [4]).

UW(f) = W () = 6 () =

In the following theorem, we give a sufficient condition for Pg to have
closed range on L!(X).
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Theorem 2.6. Let Pj be the weighted Frobenius-Perron operator and
W = uU, be the weighted Koopman operator with respect to the pair
(u, ). If there exists a constant 6 > 0 such that |u| > § on o(u), then
R(PY) and R(W) are closed in L'(X) and L>®(X), respectively.

Proof. First, we show that the range of W is closed. Let {W f,, },en be
an arbitrary sequence in R(W), which converges to some g € L*°(X).
Hence, {W fn}nen converges to & € L®(o(u), |, 1) In fact,

since |Uy fr, — 2| = [2[|W f,, — g| < 3|W f — g| on o(u), then it follows
that ||[U,fn — 2| 1o (o(u)) — 0, as n — oco. On the other hand, since
P, and so P; = U, always have a closed range (see [7]), then we obtain
a function f € L°°(X) such that U,f = £ on o(u). Since g = 0 on
X\o(u) and L>®(X, X, u) = L (o (u))®L>®(0(u)), then we deduce that
g =Wf € L>*(X). By the Banach closed range theorem, this implies
that the range of W* is also closed. Now, we show that U—1IW*W¥ = Py
has a closed range. Suppose W*(u, ) = (W*V)f, — Wg, for some
g € LY(X, %, ). So, there exists v € ca(X, ¥, u) such that ¥g = W*(v).

Hence, g = U~'W*(v) = \11_1W*\I’(2—Z). This completes the proof. [

A 2l

As a consequence of the above theorem and the Banach closed range
theorem (see [13]), we have the following corollary.

Corollary 2.7. Under the same assumptions as in Theorem 2.6, we
have:

(a) Py is one-to-one if and only if W is onto.

(b) W is one-to-one if and only if Py is onto.

The proofs are similar to the proofs of the similar results in [7].

In the following, we show that the weighted Frobenius-Perron operator
P is the product of two linear operators. This is a generalization of the
work done in [6]. Define Ty : L'(¢~ (X)) — LY(X) and T : L1(X) —
Li(¢™ (%)) by

Tif=hfop feL' (e (D)

and

TIof = E(uf), feLl(®),


www.sid.ir
www.sid.ir

Weighted Frobenius-Perron and Koopman operators 93

respectively. It follows that

||T1f||1=/thoso—wdu=/X|f|oso—1duoso—1=/X|f|du=||f|1.

Hence, T} is an isometry. Note that Ty o 5 = Pg. Thus, if u € L>(%),
then Pg is actually the product of two bounded linear operators and

(2.1) 1Poflly = IT2f1l1, feLl(x)

Therefore, ||T2| = (P4l = [[ulloc- Also, equality (2.1) shows that the
operator Pg is compact if and only if 75 is a compact operator. On the
other hand, since (P3)* = W and Py = U~V *W, then compactness of
P is equivalent to compactness of WW.

Recall that an atom of the measure p is an element A € ¥ with
p(A) > 0 such that for each F' € X, if ' C A, then either u(F) = 0
or u(F) = u(A). A measure with no atom is called non-atomic. It
is a well-known fact that every o-finite measure space (X, X, 1) can be
partitioned uniquely as follows:

(2.2) X = (U An> U B,

neN

where {A, }nen C X is a countable collection of pairwise disjoint atoms
and B, being disjoint from each A, is non-atomic (see [14]).

In the sequel, we investigate compact weighted Frobenius-Perron op-
erator on L'(X). Recall that a linear operator T on a Banach space B is
compact if it maps every bounded sequence {z,} in B onto a sequence
{Tz,} in B which has a convergent subsequence.

Theorem 2.8. Let (X,%, ) be a non-atomic o-finite measure space.
Then, no bounded weighted Frobenius-Perron operator on L'(X) is com-
pact unless it is the zero operator.

Proof. Recall that the operator Pg is compact if and only if 75 is a
compact operator. Hence, it suffices to show that the non-zero bounded
operator Ty is not compact. Consider the set F = {r € X : |u(x)|? >
llul[%}. Obviously, u(F) > 0. Since ¥ is non-atomic and o-finite, then
there are measurable sets {A4,}7°; such that A,11 C A, C Ay C F,
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u(Ag) < oo, and 0 < u(Apg1) = %,u(An). For all n € N, define:

fn: !

u
Xap-
2o (An) ™
Then, ||fulli < 1/||ullco- Now, since E is a positive operator, then for
any m,n € N with m > n, we have,

| Tofon — Tofolls = /X \Eufm) — E(uf)ldp = /X Eu(fn — f))du

|ul? Xan Xam
= fotn == [ i (e~ iy )
> / dp _ EN(An\Am) _ 1 <1 _ N(Am)> ‘
JANAn 2u(An) 2 p(4y) 2 1(An)
Since p(Am) < $p(Ay), then we get ||Tofm — Tofnll1 > %, which shows
that the sequence {T% f,,} dose not contain a convergent subsequence. [J

In the following theorem, we give the sufficient conditions for the
compactness of P7 on LY(%).

Theorem 2.9. Let Py be a bounded Frobenius-Perron operator on LY(%)
and let (X, %, 1) be partitioned as (2.2). Suppose that u(p='(B)) = 0
and for any € > 0, there exist finite disjoint atoms AL, ... A" such that
p({z € (UL AD) : Ju(z)| > e}) > 0, and pu({z € ¢~ (X\ UL, A7) :
lu(x)| > e}) = 0. Then, Py is a compact operator.

Proof. Take € > 0 arbitrarily. Put B: = ¢~ (UL, A%) and v = Xp, U

It is easy to see u = v = 0 on ¢~ }(B) and u = v on B.. Then, for each
f € LY(2), we have,

(P2 = P2 fl = / hE(uf) o o~ |du
X\ (¢~ (B)UBc)

< E(lufl)op™ duop™ =

/ B Dy
e~ HX\ (¢~ 1 (B)UB:))

ufldu < e /X Fldp = )11

/X\(@_l(B)UBE)

/WI(X\(wl(B)UBs))
On the other hand, we have,

n

PLf =hE ((Z X © sO)uf> ot =3 (Pef)(ADx,, -
i=1

i=1
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Therefore, P/ has a finite rank and hence Pg is compact. O

Example 2.10. Let w = {m,}2°; be a sequence of positive real num-
bers. Consider the space IP(w) = LP(N, 2V, 1), where 2V is the power set
of natural numbers and g is a measure on 2N defined by p({n}) = m,.
Let u = {u(n)}52, be a sequence of nonnegative real numbers. Sup-
pose that the restriction of p to o-subalgebra ¢~!(2Y) is o-finite, where
¢ : N — N is a non-singular measurable transformation. Direct compu-
tations show that for all f = {f(n)}>; € I'(w), we have,

D jee-1(p)) f )My
Zj@.o’l(tp(k:)) mj.
(E(f)o sfl)(k) — ZJE@_l(k) f(])mj

2jep-1(k) M

PU)K) = h()(E@f) oo k) = — 3 u(G)fG)m;

mg
j€p~t(k)

(E(f)(k) =

)

)

Example 2.11. Let X = [0,1], du = dz, and ¥ be the Lebesgue
sets. A mapping ¢ : [0,1] — [0, 1] is called piecwise monotonic if there
exists a partition 0 < agp < a1 < ... < a, = 1 of [0,1] such that
Qj = |(a]._17a].) is a c!-function, which can be extended to a c¢!-function
on A; = [aj-1,a;] and |¢}(z)] > 0 on (aj-1,a5), j = 1,...,n. Put
¥ =3, , E(le (%)) = Ej and gy, = pj. It is easy to see that
J J
piog; < pjand p7N(¥;) = 3. Thus, Ej = I on L'(A;, %, )
and hj(z) = (du; o o~ /du;)(x) = (¢;) (x) = 1/¢;(; " (x)), for all
x € (aj1,a;j). Note that, in general, one does not have h; = hj, (see
J

[1]). Then, for all f € L'(X) and x € [0, 1], we get,

(Pof)(@) = Py(f)(z) = h(a)(E(f) o o~ ")(2)

” s )
2 @Byl ewr ) =3 5o, (@)

1
1
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