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The essential norm of a composition operator on Orlicz spaces

M. R. Jabbarzadeh

Abstract

In this note we determine the lower and upper estimates for the essential norm of a composition operator

on the Orlicz spaces under certain conditions.
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1. Introduction and preliminaries

Let ¢ : [0,00) — [0,00) be a non-decreasing and convex function such that lim, . ¢(z) = co and
o(xz) = 0 if and only if z = 0. Such a function is known as an Orlicz function. Let (X, X, ) be a complete
sigma finite measure space. We identify any two functions that are equal p-almost everywhere on X . Let
L#(p) be the set of all measurable functions such that [y ¢(a|f])du < oo for some a > 0. The space L¥(u)

is called an Orlicz space and is a Banach space with the Luxemburg norm defined by

11, =int(o >0 [ o<1y,

If p(z) =2aP, 1 <p < oo, then L?(u) = LP(u), the space of Lebesgue integrable functions. An Orlicz function
@ is said to satisfy the As-condition if there exists £ > 0 and M > 0 such that ¢(2t) < ko(t) for all t > M.
It is known fact that if ¢ satisfies the As-condition, then simple functions are dense in L¥(u). Let 7: X — X
be a non-singular measurable transformation, that is, g o 77 1(A4) := u(r=1(A)) = 0 for each A € ¥ whenever

I is absolutely continuous with respect to u. Let

u(A) = 0. This condition means that the measure po 7~
h := dpo7~1/du be the Radon-Nikodym derivative. In addition, we assume that h is almost everywhere finite
valued, or equivalently that (X, 7 1(X),u) is o-finite. An atom of the measure yu is an element A € ¥ with
u(A) > 0 such that for each F' € ¥, if F' C A then either pu(F) =0 or pu(F) = u(A). Let A be an atom.
Since p is o-finite, it follows that p(A4) < co. Also, every ¥-measurable function f on X is constant almost
everywhere on A. It is well known fact that every sigma finite measure space (X, ¥, 1) can be decomposed into
two disjoint sets X7 and X5, such that p is non-atomic over X; and X5 is a countable collection of disjoint

atoms (see [10]).
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With each Orlicz function ¢ we can associate another continuous convex function ¥ : [0, 00) — [0, 00)
defined as ¥(y) = sup{z|y| — ¢(x) : « > 0}. The function 1) is called the complementary function to ¢. Let
©, 1 be a pair of complementary Orlicz functions. Then each g € LY (i) defines a bounded linear functional
Fy on L¥(u) by Fy(f) = [ fgdu, f € L¥(n). Moreover, the mapping g — Fy is an isometry from LY (1)
onto (L¥)*(u), so the norm dual of L¥(u) can be identified with LY (u). It is well-known that, if A € ¥
and 0 < u(A) < oo then |xall = 1/¢ 1 (1/u(A)), where = 1(t) = inf{s > 0 : @(s) > t} is the right-
continuous inverse of . Let 1, @2 be Orlicz functions. Then ¢; is said to be essentially stronger than o
(it is usually denoted @1 == @o) if 7' (t)/py'(t) — 0 as t — oco. It is well-known that if ||f], < 1 then
I,(f) == [e(fDdp < |flle- So || fa— fll, — 0 implies that I,(f, — f) — 0 for a sequence {f,} in L¥(p). If
¢ satisfy the Ag-condition, then the converse of the above fact is also true (see Remark 3.10.3 in [4]).

Throughout this note we assume that ¢ satisfies As-condition, 7 is non-singular and A is a finite valued
function. For more literature concerning Orlicz spaces, we refer to Kufner, John and Fucik [4] and Rao [7].

Any non-singular measurable transformation 7 induces a linear operator C, from L¥#(u) into the linear
space of equivalent classes of ¥-measurable functions on X defined by C.f = for, f € L?(u). Here, the
non-singularity of 7 guarantees that the operator C; is well-defined. If C, takes L¥(u) into itself, then we
call C; a composition operator on L¥(u).

Let B be a Banach space and K be the set of all compact operators on B. For T' € £(B), the Banach

algebra of all bounded linear operators on B into itself, the essential norm of T" means the distance from T to

K in the operator norm, namely

Tl = it{||T— || : S ek}

Clearly, T is compact if and only if | T|l. = 0. As is seen in [8], the essential norm plays an interesting role in
the compact problem of concrete operators. Many people have computed the essential norm of various concrete
operators. For these studies about composition operators, refer to [6], [9] and [11].

The question of actually calculating the norm and essential norm of a composition operator on Orlicz
spaces is not a trivial one. In spite of the difficulties associated with computing the essential norm exactly,
it is often possible to find upper and lower bound for the essential norm C; : L¥(u) — L?(u) under certain
conditions on 7 and . In the next section we will determine the lower and upper estimates for the essential

norm of a composition operator on L¥(u).

2. Main result

Compactness of composition operators on L?(u) are being studied in [1], [2], [3] and [5]. In this note,

first we give an equivalent condition for compactness of C; on L#(u).

Proposition 2.1 Let ¢ be an Orlicz function and T be a non-singular measurable transformation from X
into itself. Then the operator C. : L%(u) — L%(u) is compact if and only if for any € > 0, the set
N(h,e) ={x € X : h(z) > e} consists of finitely many atoms.

Proof. (=) Assume the contrary. Then for some € > 0, the set N(h,¢) either contains a non-atomic subset

or has infinitely many atoms. In both cases we can find a sequence of pairwise disjoint measurable subsets {A,}
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with 0 < p(A,) < oo for every n. Define f,, = ¢! (1/u(An)) xa, . Then I,(fn) = [y @(|fal)dp = 1, whence
fn € L¥(p) and || fy|l, = 1. So we have

IA%OﬂZ[QMﬁOﬂWW{AhﬂMM@

=/An<p<<p_1(u(;n))> hdqu/An ﬁwdu=5a

whence C € L(L?(p)) and ||C.fn|| > €. Consequently we have for m # n:
X

- /A (| gt + / S Falhdpt = Ly(fm 0 7) + Tp(fa 0 7) > 26 .

n

Therefore, ||Crfr — Crfull, > € for m,n € N with m # n. This means that {C;f,} contains no Cauchy
subsequence, that is C.(U(L¥(u)) is not relatively compact, where U(L¥(u)) is the unit ball of L#(u).

Consequently, the operator C is not compact, and so this is a contradiction.
(<) Let € > 0 be given. Then under the hypothesis that A := N(h,e) consists finitely many atoms,

M, C; is a finite rank operator. Since h < e on X \ A, for each f € L¥(p) with || f|l, <1 we have

r—1la

I‘P(fOT - XT*lAfOT) = I‘P((l - XT*IA)fOT)
- /X |(en 0 7)f 0 7ldp = /X el

< / e f)dp < eTo(If]) < ellflly <<
X\A

It follows that
Cr — MXT—IACTH = sup [|Crf — xr-14C-fllp <&
Iflle<1

Thus C' is the limit of some finite rank operators and is therefore compact. a

Let X = X; U X3 be the decomposition of X into non-atomic and atomic parts respectively. If X5 = ()
or u(X) = 400 and X» consists of finite many atoms, then by the Proposition 2.1, L¥(x) dose not admit a
non-zero compact composition operator. Thus, in this case K = {0} and hence ||C;||. = ||C-||.

Now, we present the main result of this paper.

Theorem 2.2 Let X5 consists of infinitely many atoms, ¢ be an Orlicz function and T be a non-singular
measurable transformation from X into itself. Put

a=inf{e > 0: N(h,e) consists of finitely many atoms},

where N(h,e) ={xz € X : h(z) >e}. If Cr : L¥(u) — L?(p) 4s a composition operator, then
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(i) |ICr|le =0 if and only if o =0.

(ii) ||Crlle >a if 0<a<1 and o(z) =+ x.

(i) |Crlle <o if @ > 1.
Proof. Proposition 2.1 implies that C; is compact if and only if & = 0. So (i) is a direct consequence of
Proposition 2.1.

(ii) Suppose that 0 < <1 and ¢(x) >=> . Take 0 < ¢ < 2« arbitrarily. The definition of « implies
that F' = N(h,a — §) either contains a non-atomic subset or has infinitely many atoms. If F' contains a
non-atomic subset, then there are measurable sets E,,, n € N, such that E,y; C E, CF, 0 < u(E,) < %
Define f, = o' (1/u(En)) X, - Then || full, =1 for all n € N. We claim that f, — 0 weakly. For this
we show that [ x Jng — 0 forall g € LY (u), where v is the complementary function to . Let A C F with

0 < p(A) <ooand g = xa. Since p(z) == z, then we have

o ontn] = 7 () san

a1 _ e WlE)
<o (mm) 1w = Sy o |

Since simple functions are dense in LY (u), thus f, is proved to converge to 0 weakly. Now assume that F
consists of infinitely many atoms. Let {E,}52, be disjoint atoms in F'. Again put f, as above. If u(E,) — 0,
then by using the similar argument we had above, fX faxadp — 0. Otherwise, u(F) > u(UE,,) = Su(E,) =
+oo and it follows that for each A C F with 0 < u(4) < oo we have p(ANE,) — 0, as n — co. Hence in
both cases [y fng — 0. Now, we claim that ||Crf,[|, > o — 5. Since 0 < a — /2 < 1 we see that

Cplly =int {50+ [ o (L2 au <}
o0 e ()< )
zinf{5>o:/x(a—g)<p<@>dug1}
il [ o (OB gyc)
:(a—g)inf{5>o:L¢<@>dug1}:a—%.

Finally, take a compact operator 7" on L?(y) such that [|Cr — T <||Cr||c + §. Then we have

e

£
HC‘FHe > HC‘F - TH - 5 > HCTfn _Tansa - 5

g g g
2 Cetalle = ITfulls = 5 = (@ = 2) = ITfulle — 5
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for all n € N. Since a compact operator maps weakly convergent sequences into norm convergent ones, it

follows ||T'fn|l, — 0. Hence [|Cr|e > o —e. Since € was arbitrary, we obtain ||Cr|lc > a.

(iii) Let o > 1 and take £ > 0 arbitrarily. Put K = N(h,a + ¢). The definition of o implies that K
consists of finitely many atoms. So we can write K = {E}, Fs, ..., E,}, where Ey, FEs, ..., E,, are distinct.
Since (M C-f)(X) = 37" xx(E) f(r(E;)), for all f € L?(u), hence M, C- has finite rank. Now, let
F C X\ K such that 0 < u(F) < +00. Then we have

pot Y(F)= /thu < (a+e)u(F).

1

Since a+e > 1 and ¢~ is a concave function, we obtain that

o (uOTL(F)> > (ﬁ)) |

(o ()} =evo ()}

It follows that [|xr o 7|, < (a+¢€)|xF|,. Since simple functions are dense in L?(u), we obtain

That is

sup Xy foTlle <(ate) sup |xy i fle <ate.
I£lle <1 I£lle<1

Finally, since M, ,C is a compact operator, we get

1Cr = My, Crll = sup [[(1=xK)Crfllo = sup Xy Crflle < (a+e).
I£lle<1 I£lle<1

It follows that ||C;|le < @+ ¢ and, consequently, ||C;|l. < a. O

Example 2.3 (i) Let ¢ be an Orlicz function and let X = (—o0,0]UN, where N is the set of natural numbers.
Let p be the Lebesque measure on (—oo,0] and u({n}) =1/2",if n € N. Define 7 : N —» N as: 7(1) =2,
72)=73)=3, 74) =7(5) =7(6) =4, 7(n) =n for n > 7, and 7(z) = 2/3x, for all z € (—o0,0]. Direct
computation shows that h = 2x12y +3x¢3y +7/4x14} + 1X{n: n>7} +3/2X (=000, and a = 3/2. So ||Cr[lc < 3/2
on L#(u).

(ii) Let ¢ be an Orlicz function such that ¢=1(2")/2" — 0 as n — oo. Put X and u as above. Define
1) =72)=78)=1,74) =2, 7(5) =7(6) =3, T2n+1) =5, for n > 3, 7(2n) = 2n — 2, for n > 4,
and 7(x) = 5z for all x € (—o00,0]. Then a simple computation gives h = 7/4xq1y + 1/4x12y + 3/8xy31 +
1/3X{2n+1: n>3) + 1/4Xq2n: n>4} + 1/5X(~o0,0], and « = 1/3. Thus [|Cr||c > 1/3 on L¥#(u).
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