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SOME WEAK HYPONORMAL CLASSES OF
WEIGHTED COMPOSITION OPERATORS

Mohammad R. Jabbarzadeh and Mohammad R. Azimi

Abstract. In this note, we discuss measure theoretic characterizations
for weighted composition operators in some operator classes on L2(F)
such as, p-quasihyponormal, p-paranormal, p-hyponormal and weakly hy-
ponormal. Some examples are then presented to illustrate that weighted
composition operators lie between these classes.

1. Introduction and preliminaries

Let H be the infinite dimensional complex Hilbert space and let L(H) be the
algebra of all bounded operators on H. Let A = U |A| be the canonical polar
decomposition for A ∈ L(H) and let p ∈ (0,∞). An operator A is p-hyponormal
if (A∗A)p ≥ (AA∗)p and A is p-quasihyponormal if A∗(A∗A)pA ≥ A∗(AA∗)pA.
For all unit vectors x ∈ H, if ‖|A|pU |A|px‖ ≥ ‖|A|px‖2, then A is called a p-
paranormal operator. By using the property of real quadratic forms (see [10]),
A is p-paranormal if and only if

(∗) |A|pU∗|A|2pU |A|p − 2k|A|2p + k2 ≥ 0 for all k ≥ 0.

An operator A is normaloid if ‖A‖n = ‖An‖ for all n ∈ N. Let Ã := |A| 12 U |A| 12
be the Aluthge transform of A. An operator A is defined to be weakly hyponor-
mal if |Ã| ≥ |A| ≥ |(Ã)∗| (see [2]). There are several well-known relationships
among these weaker than hyponormal classes (see [5]). The hierarchical rela-
tionship between the classes is as follows: p-hyponormal ⇒ p-quasihyponormal
⇒ normaloid.

Let (X,F , µ) be a complete σ-finite measure space and suppose that T is a
measurable transformation (i.e., T−1F ⊂ F) from X into X such that µ ◦ T−1

is absolutely continuous with respect to µ, that is, T is non-singular. Let h be
the Radon-Nikodym derivative dµ ◦ T−1/dµ and we always assume that h is
almost everywhere finite-valued or, equivalentlyA := T−1F ⊆ F is a sub-sigma
finite algebra, and we let hn := dµ ◦ T−n/dµ. The support of a measurable
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function f is defined by σ(f) = {x ∈ X : f(x) 6= 0}. All comparisons between
two functions or two sets are to be interpreted as holding up to a µ-null set.

For any non-negative F-measurable functions f as well as for any f ∈ Lp(F),
by the Radon-Nikodym theorem, there exists a unique A-measurable function
E(f) such that ∫

B

Efdµ =
∫

B

fdµ for all B ∈ A.

Hence we obtain an operator E from L2(F) onto L2(A) which is called
conditional expectation operator associated with the sub-sigma finite algebra
A. As an operator on L2(F), E(·) is the contractive orthogonal projection onto
L2(A). It is easy to show that for each non-negative F-measurable function
f or for each f ∈ L2(F), there exists a F-measurable function g such that
E(f) = g ◦ T . We can assume that σ(g) ⊆ σ(h) and there exists only one
g with this property. We then write g = E(f) ◦ T−1 though we make no
assumptions regarding the invertibility of T . For more details see [7, 8].

For a non-negative finite-valued F-measurable function u, the weighted com-
position operator W on L2(F) induced by T and u is given by

Wf := (uCT )f = uf ◦ T, f ∈ L2(F),

where CT is the composition operator on L2(F) is defined by CT f = f ◦
T . Here, the non-singularity of T guarantees that W is well defined as a
mapping of equivalence classes of functions on σ(u). Boundedness of weighted
composition operators on Lp(F) spaces already being studied in [7]. Namely, W
is bounded on Lp(F) for 1 ≤ p < ∞ if and only if J := hE(|u|p)◦T−1 ∈ L∞(F).
Throughout this paper we assume that J ∈ L∞(F). The properties of this
operators are studied by Harrington and Whitley [6], Lambert [7, 8], Singh
and Manhas [9] and many other mathematicians.

The goal of this paper is to distinguish some weak hyponormal classes of
weighted composition operators. Some results of the next section are gener-
alizations of the work done in [3] and [4]. In those work Charles Burnap, Il
Bong Jung and Alan Lambert determined when measure theoretic composition
operators were p-hyponormal, w-hyponormal and other classes that are weaker
than p-hyponormal. In Section 3, some examples are presented which show
that weighted composition operators distinguish between these classes.

2. Characterizations

The following lemma is significant for amount of consideration for the next
results and computations.

Lemma 2.1. Let f ∈ L2(F) and Af := u(h◦T )E(uf). Then for all p ∈ (0,∞)

Apf = u(hp ◦ T )[E(u2)]p−1E(uf).
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Proof. Suppose f ∈ L2(F), then by induction we obtain

A
1
n f = u n

√
h ◦ T

[E(u2)]n−1
E(uf), n ∈ N.

Now the reiteration of powers of operator A
1
n , yields

A
m
n f = u(

h ◦ T

[E(u2)]n−1
)

m
n [E(u2)]m−1E(uf), n ∈ N, m ∈ Z.

Finally, by using of the functional calculus the desired formula is proved. ¤

The function which plays the role for W , analogous to that which h plays
for CT , is J . According to Theorem 2.3 in [3], one might conjecture that a
generalization to the weighted case would say: W is p-quasihyponormal if and
only if E(Jp) ≥ Jp ◦ T . But, this fails to hold if u is not A-measurable.

In what follows, since for each p > 0 and f ≥ 0 a.e., σ(f) ⊆ σ(E(fp)), we
use the notational convention of u

E(u2) for u
E(u2)χσ(u) (see [4]).

Theorem 2.2. Let W be a weighted composition operator on L2(F). Then the
following statements are equivalent:

(i) W is p-quasihyponormal.
(ii) E(u2Jp) ≥ hp ◦ T [E(u2)]p+1.
(iii) W is p-paranormal.

Proof. (i)⇔(ii). Let f ∈ L2(F). By Lemma 2.1, it is easy to verify that

W ∗(WW ∗)pWf = hp+1[E(u2)]p+1 ◦ T−1f.

Since (W ∗W )pf = hp[E(u2)]p ◦ T−1f = Jpf , then we get that

W ∗(W ∗W )pWf = h[E(u2Jp)] ◦ T−1f.

Therefore, W ∗(W ∗W )pW ≥ W ∗(WW ∗)pW if and only if

h[E(u2Jp)] ◦ T−1 ≥ hp+1[E(u2)]p+1 ◦ T−1.

Now composing with T and using the fact that h ◦ T > 0, this is equivalent to
E(u2Jp) ≥ hp ◦ T [E(u2)]p+1.

(ii)⇔(iii). Notice that the parts of the polar decomposition U , |W | for W
are given by

|W |f =
√

Jf, Uf =
u·f ◦ T√

h ◦ TE(u2)
for all f ∈ L2(F). By a direct computation we have

U∗f = h
1
2 [[E(u2)]−

1
2 E(uf)] ◦ T−1

and
|W |pU∗|W |2pU |W |pf = hp[E(u2)]p−1E(u2Jp) ◦ T−1f.

By the condition (∗), W is p-paranormal if and only if

hp[E(u2)p−1E(u2Jp)] ◦ T−1 − 2khp[E(u2)p] ◦ T−1 + k2 ≥ 0
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⇔hp[[E(u2)]p−1E(u2Jp)] ◦ T−1 ≥ h2p[E(u2)2p] ◦ T−1

⇔E(u2Jp) ≥ hp ◦ T [E(u2)]p+1.

Thus the theorem is proved. ¤

To avoid tedious calculations the following theorem is stated only for com-
position operators.

Theorem 2.3. For a composition operator CT on L2(F), the following asser-
tions hold.

(i) C∗T is p-quasihyponormal if and only if hp ◦ TE(h) ≥ hp+1.
(ii) C∗T is p-paranormal if and only if hp ◦ TE(h

p+1
2 ) ≥ h

3p+1
2 .

Proof. (i) It is well known that, for each f ∈ L2(F),

C∗T f = hE(f) ◦ T−1, C∗T CT f = hf, CT C∗T f = h ◦ TE(f).

Also, by Lemma 2.1 we have (CT C∗T )pf = (h ◦ T )pE(f),

CT (CT C∗T )pC∗T f = hp ◦ T 2E(hE(f) ◦ T−1) ◦ T

and
CT (C∗T CT )pC∗T f = hp+1 ◦ TE(f).

Thus C∗T is p-quasihyponormal if and only if

0 ≤ 〈(CT (CT C∗T )pC∗T − CT (C∗T CT )pC∗T )f, f〉.
Since (X,A, µ) is a σ-finite measure space, let f := χT−1B with µ(T−1B) < ∞.
Hence, the above inner product is non-negative if and only if

0 ≤
∫

T−1B

(
hp ◦ T 2E(hE(χT−1B) ◦ T−1) ◦ T − hp+1 ◦ TE(χT−1B)

)
dµ.

Since E(χT−1B) ◦ T−1 = E(χB ◦ T ) ◦ T−1 = χB on σ(h), by change of variable
theorem the previous integral is non-negative if and only if

0 ≤
∫

B

(hp ◦ TE(hχB)− hp+1χB)hdµ =
∫

B

(hp ◦ TE(h)− hp+1)hdµ.

But this is equivalent to hp ◦ TE(h) ≥ hp+1.
(ii) Let f ∈ L2(F). The partial isometry operator and its adjoint in the

polar decomposition of C∗T are

Uf = h
1
2 E(f) ◦ T−1 and U∗f = (h ◦ T )−

1
2 f ◦ T.

Therefore, by Lemma 2.1

|C∗T |pU∗|C∗T |2pU |C∗T |pf = h
p−1
2 ◦ Thp ◦ T 2E(h

p+1
2 E(f) ◦ T−1) ◦ T.

Now, by the condition (∗), C∗T is p-paranormal if and only if

〈h p−1
2 ◦ Thp ◦ T 2E(h

p+1
2 E(f) ◦ T−1) ◦ T − 2hp ◦ TE(f)k + k2, f〉 ≥ 0.
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Put f := χT−1B with µ(T−1B) < ∞. Hence the above inner product is non-
negative if and only if
∫

χT−1B

(h
p−1
2 ◦Thp◦T 2E(h

p+1
2 E(χT−1B)◦T−1)◦T−2hp◦TE(χT−1B)k+k2)dµ

=
∫

B

(
h

p−1
2 hp ◦ TE(h

p+1
2 χB)− 2hpχBk + k2

)
hdµ ≥ 0.

But this is possible if and only if h2p − h
p−1
2 hp ◦ TE(h

p+1
2 ) ≤ 0, since h is a

non-negative function in L2(F) and B is an arbitrary element of sigma finite
algebra F . So the proof of (ii) is therefore complete. ¤

Corollary 2.4. Let h ∈ L∞(A). The followings are equivalent.
(i) C∗T is p-quasihyponormal.
(ii) h ◦ T ≥ h on σ(h).
(iii) C∗T is p-paranormal.

Proof. Since h ∈ L∞(A), then E(h) = h and E(h
p+1
2 ) = h

p+1
2 . Now the rest is

obvious by Theorem 2.3. ¤

Lemma 2.5. For every f ∈ L2(F),
∫

X

α|f |2dµ ≥
∫

X

|E(βf)|2dµ

if and only if σ(β) ⊂ σ(α) and E(β2

α χσ(α)) ≤ 1.

Proof. See [4] and [8]. ¤

The following theorem is a generalization of Theorem 2.4 in [4].

Theorem 2.6. W is p-hyponormal if and only if σ(u) ⊆ σ(J) and

hp ◦ TE

(
u2(E(u2))p−1χσ(J)

Jp

)
≤ 1.

Proof. First notice that for every f ∈ L2(F),

〈(W ∗W )pf, f〉 =
∫

X

hp[E(u2)]p ◦ T−1|f |2dµ

and

〈(WW ∗)pf, f〉 =
∫

X

uhp ◦ T [E(u2)]p−1E(uf)f̄dµ

=
∫

X

|E(h
p
2 ◦ T [E(u2)]

p−1
2 uf)|2dµ.

Hence by Lemma 2.5, W is p-hyponormal if and only if

σ((uh
p
2 ◦ T (E(u2))

p−1
2 )) ⊆ σ(J)
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and

E

(
hp ◦ Tu2(E(u2))p−1

hp(E(u2))p ◦ T−1
χσ(J)

)
≤ 1.

But these are then equivalent to σ(u) = σ
(
uE(u2)

p−1
2

)
⊆ σ(J) and

hp ◦ TE

(
u2(E(u2))p−1χσ(J)

Jp

)
≤ 1. ¤

Recall that the Aluthge transform of operator A ∈ L(H) is the operator Ã

given by Ã := |A| 12 U |A| 12 . For a such operator A ∈ L(H) and 0 < r ≤ 1,
put Ar := |A|rU |A|1−r (see [1]). Then A 1

2
is exactly the Aluthge transform

of operator A. Here, the following lemma describes Ar, |Ar| and |A∗r | of a
weighted composition operator by using conditional expectation operator.

Lemma 2.7. For a weighted composition operator W we have the following
entities

Wrf = ωr · f ◦ T, |Wr|f =
√

h[E(ω2
r)] ◦ T−1f

and
|W ∗

r |f = Pυrf := υrE(υrf),

where ωr := u
(

Jχσ(E(u))

h◦TE(u2)

) r
2

and υr := ωr

√
h◦T

4
√

E([ωr

√
h◦T ]2)

.

Proof. Since σ(υr) = σ(ωr) = σ(J) ∩ σ(u), one may verify that the mentioned
results hold. ¤

The purpose of the next theorem is to characterize weakly hyponormal wei-
ghted composition operators which is similar to Theorem 2.8 in [4].

Theorem 2.8. Let W be a weighted composition operators on L2(F). Then
(i) |Wr| ≥ |W | if and only if E(ω2

r) ≥ E(u2).
(ii) |W | ≥ |W ∗

r | if and only if E
(

υ2
r√
J
χσ(J)

)
≤ 1.

Proof. (i) It is trivial.
(ii) As for this assertion, since |W ∗

r | = Pυr we have,

|W | ≥ |W ∗
r | ⇔ ∀f ∈ L2(F), 〈(W ∗W )

1
2 f, f〉 ≥ 〈|W ∗

r |f, f〉

⇔
∫

X

√
J |f |2dµ ≥

∫

X

υrE(υrf)f̄dµ =
∫

X

|E(υrf)|2dµ.

Since σ(ωr) ⊆ σ(J), then by Lemma 2.5, |W | ≥ |W ∗
r | if and only if σ(ωr) ⊂

σ(J) and E
(

υ2
r√
J
χσ(J)

)
≤ 1. ¤

Now, we are going to investigate when the weighted composition operator
is normaloid. Suppose that W is a bounded weighted composition operator on
L2(F). We define the measure µu2,T n by

µu2,T n(F ) =
∫

T−n(F )

|u|2dµ, n ∈ N , F ∈ F .
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The assumption µ ◦ T−1 ¿ µ implies that µu2,T n ¿ µ. Consequently, there

exists the Radon-Nikodym derivative Hn :=
dµu2,T n

dµ . Also we have a chain

µu2,T n ¿ µ ◦ T−n ¿ · · · ¿ µ ◦ T−2 ¿ µ ◦ T−1 ¿ µ.

Proposition 2.9. Let W be a weighted composition operator on L2(F). Then
‖Wn‖ = ‖M√

Hn
‖ for all n ∈ N, where Mα means a multiplication operator,

i.e., Mαf = αf.

Proof. Let f ∈ L2(F), by calculating the nth iteration of W we will have

Wnf =
n−1∏

i=0

(u ◦ T i)(f ◦ Tn).

Thus,

‖Wnf‖2 =
∫

X

|
n−1∏

i=0

(u ◦ T i)(f ◦ Tn)|2dµ

=
∫

X

n−2∏

i=0

|u ◦ T i|2|f ◦ Tn−1|2dµu2,T

=
∫

X

n−3∏

i=0

|u ◦ T i|2|f ◦ Tn−2|2dµu2,T 2

...

=
∫

X

|f |2dµu2,T n =
∫

X

Hn|f |2dµ

=
∫

X

|M√
Hn

f |2dµ = ‖M√
Hn

f‖2.

Thus the proposition is proved. ¤

Remark 2.10. Put En := E( · |T−nF). Since dµu2,T n = hn[En(|u|2)] ◦ T−ndµ,

it follows that Hn = hn[En(|u|2)]◦T−n. Also, since ‖W‖ = ‖J‖
1
2∞ and ‖Wn‖ =

‖√Hn‖∞ (Proposition 2.9), W is normaloid if and only if ‖J‖∞ = ‖Hn‖
1
n∞ for

all n ∈ N.

3. Examples

Example 3.1. Let w = {mn}∞n=1 be a sequence of positive real numbers.
Consider the space lp(w) = Lp(N, 2N, µ), where 2N is the power set of natural
numbers and µ is a measure on 2N defined by µ({n}) = mn. Let u = {un}∞n=1

be a sequence of non-negative real numbers. Let T : N→ N be a non-singular
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measurable transformation; i.e., µ ◦ T−1 ¿ µ. Direct computation shows that

h(k) =
1

mk

∑

j∈T−1(k)

mj , E(f)(k) =

∑
j∈T−1(T (k)) fjmj∑
j∈T−1(T (k)) mj

for all non-negative sequence f = {fn}∞n=1 and k ∈ N.
By Theorem 2.2, W is p-paranormal (p-quasihyponormal) if and only if

∑

j∈T−1(T (k))

(u(j))2(J(j))pmj ≥ mT (k)

{∑
j∈T−1(T (k))(u(j))2mj

mT (k)

}p+1

.

Also, by Theorem 2.3, C∗T is p-quasihyponormal if and only if

1
mp

T (k)





∑

j∈T−1(T (k))

mj





p−1 



∑

j∈T−1(T (k))

h(j)mj



 ≥ 1

mp+1
k





∑

j∈T−1(k)

mj





p+1

and C∗T is p-paranormal if and only if

1
mp

T (k)





∑

j∈T−1(T (k))

mj





p−1 



∑

j∈T−1(T (k))

(h(j))
p+1
2 mj



 ≥





1
mk

∑

j∈T−1(k)

mj





3p+1
2

.

Example 3.2. Let X = [1,∞), equipped with the Lebesgue measure µ on the
Lebesgue measurable subsets. The transformation T and the weight function
u(x) are given by T (x) =

√
x and u(x) = 1√

1+x
. Then h(x) = 2x, J = 2x

1+x2 ,

h ◦ T (x) = 2
√

x, J ◦ T (x) = 2
√

x
1+x , E = I (identity operator on L2(F)) and

σ(J) = X. In this case, by Theorems 2.2 and 2.6 the p-quasihyponormality,
p-paranormality and p-hyponormality of W is equivalent to J ≥ J ◦ T . There-
fore W does not lie in the above classes while CT is p-quasihyponormal, p-
paranormal and also is p-hyponormal. Clearly, by Theorem 2.3 C∗T is not p-
quasihyponormal. But both of the operators CT and C̃T are p-quasihyponormal,
since C̃T is a weighted composition operator with weight function u = ( h

h◦T )
1
4

and then follow according to Theorem 2.2.

However, if we change only the underlying space to X = (0, 1), then by The-
orem 2.3 for each p > 0, C∗T is p-quasihyponormal while none of the operators
CT and C̃T are not p-quasihyponormal.

Example 3.3. Let X be the set of nonnegative integers, let F be the σ-algebra
of all subsets of X, and take µ to be the point mass measure determined by
the

m = 1, 1, 1, c, d, c2, d2, c3, d3, . . . ,

where c and d are fixed positive real numbers. Define

T (k) =
{

0 k = 0, 1, 2
k − 2 k ≥ 3.
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Note that this interesting example was used in [3] and [4] to show that
composition operators can separate almost all weak hyponormal classes. Define

u(k) =
{

1 k = 0, 1, 2
k k ≥ 3.

Now, consider some useful computations as follows:

hn(k) =
1

mk

∑

j∈T−1(k)

hn−1(j)mj ,

J(k) =
1

mk

∑

j∈T−1(k)

(u(j))2mj , Hn(k) =
1

mk

∑

j∈T−n(k)

(u(j))2mj ,

(E(u2) ◦ T−1)(k) =

∑
j∈T−1(k)(u(j))2mj∑

j∈T−1(k) mj
.

It is easy to verify that

h = 3, c, d, c, d, . . . ,

h ◦ T = 3, 3, 3, c, d, c, d, . . . ,

E(u2) = 1, 1, 1, 9, 16, 25, . . .

and

h2 : 3 + (c + d), c2, d2, c2, d2, . . .

h3 : 3 + (c + d) + (c2 + d2), c3, d3, c3, d3, . . .

...

hn : 1 +
cn − 1
c− 1

+
dn − 1
d− 1

, cn, dn, cn, dn, . . . .

Now fix a number p > 0, then

Jp(k) =

{ 3p k = 0
(2n + 2)2pdp k = 2n
(2n + 1)2pcp k = 2n− 1,

and

E(u2Jp)(k) =

{ 1
3 (3p + 9pcp + 16pdp) k = 0, 1, 2
4n2(2n + 2)2pdp k = 2n
(2n− 1)2(2n + 1)2pcp k = 2n− 1.

By Theorem 2.2, W is p-paranormal if and only if

3pcp + (
16
3

)pdp ≥ 2

and this inequality holds if c ∈ (0.5,∞), d ∈ (0.2,∞).
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With the new weight function u given by

u(k) =

{ 1 k = 0, 1, 2
c for odd k ≥ 3
d for even k ≥ 3,

we have

J : 3, c3, d3, c3, d3, . . .

H1 : 3, c3, d3, c3, d3, . . .

H2 : 3 + (c3 + d3), c4, d4, c4, d4, . . .

H3 : 3 + (c3 + d3) + (c4 + d4), c5, d5, c5, d5, . . .

...

Hn : 3 +
cn+2 − c3

c− 1
+

dn+2 − d3

d− 1
, cn+2, dn+2, cn+2, dn+2, . . . .

If c < 3
√

3 and d < 3
√

3, then ‖J‖∞ = 3, since ‖Hn‖
1
n∞ < 3, thus W cannot be

normaloid.

Example 3.4. Let X = [0, 1], equipped with the Lebesgue measure µ on
the Lebesgue measurable subsets. The transformation T : X → X given by
T (x) = 2x(1− x). Direct computation shows that h(x) = 1

2
√

1−2x
χ[0, 1

2 )(x) and
for each f ∈ L2(F),

E(f)(x) =
1
2
[f(x) + f(1− x)]χ[0, 1

2 )(x)

and

hE(f) ◦ T−1(x) =
1

2
√

1− 2x
[f(

1
2
− 1

2
√

1− 2x) + f(
1
2

+
1
2
√

1− 2x)]χ[0, 1
2 )(x).

With given weight function u(x) = x− 1
2 , we have J(x) = 1

4

√
1− 2xχ[0, 1

2 )(x),
E(u2)(x) = (x− 1

2 )2χ[0, 1
2 )(x) and for a fix number p > 0,

E(u2Jp)(x) =
4−(p+1)

2
(1− 2x)

p
2 +2[1 + (−1)

p
2 +2]χ[0, 1

2 )(x).

Now we confine our attention to a nonnegative integer p. If p
2 +2 is an odd num-

ber, then E(u2Jp) = 0 on [0, 1
2 ), hence W cannot be p-paranormal operator.

However, if p
2 + 2 is an even number, then W is p-paranormal.
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