A CONDITIONAL EXPECTATION TYPE OPERATOR ON LP
SPACES

M. R. JABBARZADEH

ABSTRACT. In this paper we discuss some of the basic operator-theoretic char-
acterizations for conditional expectation type operator T' = EM,, on LP spaces.

1. Introduction and Preliminaries

Let L(X, X, 1) be a o-finite measure space. For any complete o-finite sub-algebra
A C ¥ with 1 <p < oo, the LP-space LP(X, A, u|A) is abbreviated by LP(A), and
its norm is denoted by ||.||,- We understand LP(A) as a Banach subspace of L?(X).
The support of a measurable function f is defined by o(f) = {x € X : f(z) # 0}.
All comparisons between two functions or two sets are to be interpreted as holding
up to a p-null set.

For any non-negative Y-measurable function f as well as for any f € LP(X), by
the Radon-Nikodym theorem, there exists a unique A-measurable function E(f)
such that

/ Efdu = / fdu, for all A € A.
A A

Hence we obtain an operator E from LP(X) onto LP(A) which is called conditional
expectation operator associated with the o-algebra A. This operator will play a
major role in our work, and we list here some of its useful properties:

If g is A-measurable then E(fg) = E(f)g.
[E(f)IP < E(|f[P).

IE)p < [1f1lp-

If f >0 then E(f) > 0;if f > 0 then E(f) > 0.

Let f be a real-valued measurable function. Consider the set By = {z € X :
E(f*)(z) = E(f7)(x) = co}. The function f is said to be conditionable with
respect to A, if u(By) = 0. If f is complex-valued, then f is conditionable if the
real and imaginary parts of f are conditionable and their respective expectations
are not both infinite on the same set of positive measure. We denote the linear
space of all conditionable ¥-measurable functions on X by L°(X). It is known that
|E(f)|> = E(]f]?) if and only if f € L°(A). For more details on the properties of
E see [5], [6] and [9].

Recall that an A-atom of the measure p is an element A € A with p(A4) > 0
such that for each F € X, if FF C A then either p(F) = 0 or u(F) = p(A4). A
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measure with no atoms is called non-atomic. It is well-known fact that every o-
finite measure space (X, A, |, ) can be partitioned uniquely as X = (UneN An) UB,
where {4, }en is a countable collection of pairwise disjoint A-atoms and B, being
disjoint from each A,,, is non-atomic (see [12]). Note that since A is o- finite, it
follows that p(A,) < oo for every n € N.

Combination of conditional expectation operator £ and multiplication operator
M, appears more often in the service of the study of other operators such as multi-
plication operators, weighted composition operators and Lambert operators (see [8]
and [7]). These operators are closely related to averaging operators on order ideals
in Banach lattices and to operators called conditional expectation-type operators
introduced in [1]. In this paper, we investigate some of the basic operator-theoretic
questions for the conditional type operator T' = EM, between LP spaces. For a
beautiful exposition of the study of weighted conditional expectation operators on
LP-spaces, see [6] and the references therein.

2. The Operator T = EM,

Let 1 < p < oo. We shall always take u € L°(X) for which uf € LX) for
all f € LP(X). In other words, the operator T = EM, is defined on all LP(X).
A straightforward calculation shows that for 1 < p < oo, the adjoint operator
T : L1(A) — L9(X) is given by T*f = uf, where % + % = 1 (note that we can
consider T* : L9(X) — L9(X) as T* = MzFE). Let 1 < g < co. It is proved by Alan
Lambert in [8] that T* is a bounded operator if and only if E(|u|?) € L*(A). In
this case | T*|| = ||E(|u\q)||c1x/3q In the case ¢ = 0o, we claim that T* is bounded if
and only if u € L*°(X) and its norm is given by || T7*|| = ||¢|/co. Indeed, if u € L>®(X)
and f € L>(A), we have

fllLoe(ay = /|uf|du
A€A, 0<;4(A)<<>oﬂ

<lulw  sup /If\du lalloell 11z -

AcA, 0<p(A)<oo :u

It follows that T*(L>°(A)) C L*(A) C L*>®°(X), and || T*|| < ||u||co- On the other
hand, if T* is bounded, then

[ulloo = llx s lloo = [1T*Xx lloo < 1T < o0

These observations establish the following proposition.

Proposition 2.1. (a) T = EM, defines a bounded linear operator from L!(¥)
into L*(A) if and only if u € L°°(X). In this case | T = |/ co-
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(b) Let 1 < p < oo. T defines a bounded operator from LP(X) into L?(A) if and
only if E(|u|?) € L>(A), where ]% + % = 1. In this case ||T'|| = ||E(|u\‘1)||c1,éq

In the following theorem we investigate a necessary and sufficient condition for
T to be compact.

Theorem 2.2. Let 1 < p < oo. Suppose (X,.A,p,) can be partitioned as
X = (U,,en An) UB. Then the bounded linear operator T' = EM,, from LP(X) into
LP(A) is compact if and only if u(B) =0 (u(x) = 0 for p-almost all z € B) and for
any € > 0, the set {n € N: u(A4,, N D.(u)) > 0} is finite, where D.(u) = {x € X :
E(lul)(z) = €}

Proof. Suppose T is a compact operator. First we show that u(B) = 0. Suppose
the contrary i.e., u{z € B : u(x) # 0}) > 0. Then there is 6 > 0 and By € AN B
such that 0 < pu(BoN Ds(u)) < co. Since Jp := By N Ds(u) € AN By has no atoms,
hence we can choose a sequence {By,}nen € AN By, such that J,+1 C J, C Jo,
0 < p(Jnp1) = M2 where J, := B, N Ds(u). Note that for all n € N, J,, is
A-measurable. Put

il |u
uju| p
fo = X peN.

{IE(ul)lloop(In)} 7
Boundedness of T implies that E(|u|?) € L*°(A) and hence ||f,|l, < 1. Now, for
any m,n € N with m > n we have

ITfs — Thal = / Eu(fn — f))Pdp
[B(ul7 P | X, X | §(G+0p dp
n _ m d
/X Qe | a:  wmr| ™ TEume /Jn\.fm 1(Jn)
_ 5q+p ,U(Jn\']m) _ 5q+p ( _ IJ’(']’H'L> 5q+p
TIE() e #(n) TEu)]w 1))~ 20E(ul)]o’

which shows that the sequence {T'f,}nen dose not contain a convergent subse-
quence. But this is a contradiction.

Now, we show that for any € > 0 the set {n € N : pu(4, N D:(u)) > 0} is
finite. By the way of contradiction, for some € > 0, there is a subsequence { Ay }ren
of disjoint atoms in A such that p(Ax N De(uw)) > 0, for all K € N. Put G, =
Ay N D.(u). Hence, we obtain a sequence of pairwise disjoint sets {Gy}ren such
that for every k € N, G, € A and 0 < pu(Gy) = p(Ax) < oco. For any k € N, take

fo = tlul 7 xa, /(IE(u|®)||lspt(Gr))Y/P. Then | fullp < 1. Since for each n # m,
Gn NGy, =0, it follows that

E([u])) q+pXGn d n E(|u]))"Pxc,, dy 2e7*P ,
||E (lul D oo (G ||E W) plGo) ™ = TE(u

which contradicts the compactness of T.

ITfn=Tfmly =

Conversely, suppose that w(B) = 0 and for an arbitrary e > 0, there exist
at most finite A-atoms {A*}?_, C {A,}nen such that u(A¥ N D.(u)) > 0. Put
B. =Un_, Ak, Then E(|u|) < e on X \ B. and hence |u| < e on X \ (B. U B). Set
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v=xp.uand T} = EM,. It is easy to see that u =v =0 on B and v = v on B,.
Now, since B: U B € A, then foe each f € LP(X) we have that

I =1orl = [ (Ba-osPde= [ B

X\(B.UB)

< / E(juf|P)du = / fufd < P / \FIPdu = <P £
X\(B.UB) X\(B-UB) X
On the other hand, we have

Tif = E(xp.uf) = ZXAka Z (xaruf)

Z (uf)( Ak Z XAk

k=1

Therefore, T} has finite rank and hence T is compact.

Remark 2.3. Under the same assumptions as in Theorem 2.2, if we take f,, =
ax,/(|ullcopt(Jn)), then by the same method used in the proof of Theorem 2.2,
T = EM,, from L'(X) into L'(A) is compact if and only if u(B) = 0 and for any
e >0, the set {x € X : E(Ju|)(x) > €} consists of finitely many atoms.

In the following theorem we show that if T = EM,, is weakly compact on L*(X),
then it is compact. Recall that the operator T : L' () — L(X) is said to be weakly
compact if it maps bounded subsets of L!(X) into weakly sequentially compact
subsets of L!(X). We begin with the following lemma, which can be deduced from
Theorem IV.8.9, and its Corollaries 8.10, 8.11 in [4].

Lemma 2.4. Let H be a weakly sequentially compact set in L!(X). Then for
each decreasing sequence {FE,} in ¥ such that lim, ., u(E,) =0 or N5, E, = 0,
the sequence of integrals { [}, |h|du} converges to zero uniformly for h in H.

Theorem 2.5. Suppose (X, ¥, 1) can be partitioned as X = (UnEN An) U B.
Then the bounded operator T' = EM,, is a weakly compact operator on L*(%) if
and only if it is compact.

Proof. It suffices to show the “ only if 7 part. To prove the theorem, we use
the method which inspired by Takagi [10]. Let T be a weakly compact operator on
L'(X). We first show that u(B) = 0. To obtain a contradiction, we may assume
that for some d > 0 and By C B, 0 < u(By N Ds(u)) < co. By the same argument
in the proof of Theorem 2.2, as By is non-atomic, we can find a decreasing sequence
{B,} € BoNY with 0 < p(By,) < + and 0 < u(B, N Ds(u)) < co. Let U be the
closed unit ball of L*(X). Since T'(U) is weakly sequentially compact, we can apply
Lemma 2.4, with H = T(U) and E,, = B,. Choose ¢ = §?/||u|ls~. Then there
exists an n, € N such that

2

(2.1) / T fldp < feu.

[lufloo’
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On the other hand if we take f,, = uxy,, /(||ullcopt(Jn,)), we have

Uy g
Tfldu = El———" ) |d
[, o= (WMMU%JM

ne ne

lul®x s ) 1 / 9
= B~ |dp= ———— ul“xJ,, dp
Lé% (MMmMLM Tlon ) Js, 10X

Mo

1 / ) 52
= uPdp= 2
lulloopi(In,) J1,, l[ulloo

Since f,,, € U, this contradicts (2.1). According to the Theorem 2.2, it remains to
show that for any € > 0, the set A := {n € N : pu(A, N D.(u)) > 0} is finite. To
this end, without loss of generality, we can assume that A = N for some € > 0. Put
K, = {Ay : kK > n}. It follows that N>, K,, = . Applying Lemma 2.4 once more,
there exists an N € N such that

82

/ T fldu < , JeU
Kn llulloo

Now, for any n with n > N, let g, = axa, /(||¢]|copt(Ar)). Then we have

|U‘2XA 1 2 e
Tald = | E("du= uPdp > ——.
/KN Ky 2] oot (An) [l oo it (An) A 2]

Since g, € U, this contradicts (2.1). This completes the proof of the theorem.

Corollary 2.6. Let 1 < p < oo and E(|u]) > 0 a.e. on X. If the bounded
operator T = EM,, : LP(X) — LP(A) is (weakly) compact, then A is purely atomic.

Let H and K be separable Hilbert spaces. The set of all bounded linear operators
from K into H is denoted by B(K,H). If H = K, B(H, H) will be written by B(H).
For A € B(K,H), the range and the null-space of A are denoted by R(A) and
N (A), respectively. If A € B(H), the spectrum of A is denoted by Sp(A).

Now, we consider matrix form of T'= EM,,. Notice that L?(X) is the direct sum
of the R(E) = L?(A) with N(E) = {f — Ef : f € L?>(X)}. With respect to the
direct sum decomposition, L?(X) = L*(A) @ N (E), the matrix form of T is

2.2) - ETE ET(I - E) ] _ { Mg, EM, } .

(I-ETE (I-E)T(I-E) 0 0

In this sequel, we investigate closedness of range and spectrum of T on L?(X). We
begin with the following lemma, which can be deduced from Theorem 2.3 in [2] and
Example 7 in [3].

Lemma 2.7. Let H and K be separable Hilbert spaces. Suppose that A € B(H),
B e B(K) and C € B(K,H).
A C

(i) If A and B are normal operators, then Sp({ 0 B ]) = Sp(A4)U Sp(B).
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(i) If R(A) and R(B) are closed, then the range R 1401 g ]) is closed if
and only if at least one of dim N'(A4*) or dim N (B) is finite.

Theorem 2.8. Suppose that the operator T = EM, : L*(X) — L%*(A) is
bounded. Then

(i) Sp(T) U {0} = ess range {E(u)} U {0}.
(i) Let |E(u)| > ¢ a.e. on o(E(u)) for some § > 0. Then T has closed range if
and only if |E(u)| > 0 a.e. on X except at most on finitely many atoms.

Proof. (i) If A # ¥, then R(T) C L?(A) C L*(X). Therefore T is not surjective
and so 0 € Sp(T). On the other hand, by Lemma 2.7 (i), since Sp(Mg,) = ess
range {E(u)}, the result holds.

(ii) Tt is known that the multiplication operator Mg, has closed range if and
only if |E(u)| > § a.e. on o(E(u)) for some 6 > 0. Now, by Lemma 2.7 (i) and
(2.2) we have:

Mg, EM,
0 0
<= |E(u)| > 0 a.e. on X except at most on finitely many atoms.

R(T) is closed <= R ]) is closed <= dim N (M) < oo

It is well known that every operator T' can be decomposed into T' = U|T| with a
partial isometry U, where |T| = (T*T )% . U is determined uniquely by the kernel
condition N (U) = N(T), then this decomposition is called the polar decomposition.

Now, by the operator matrices method we obtain the polar decomposition of
T = EM,,. Direct computations show that

M pe2 EM .5

o MIE(u)\2 EM, 5, — VE(|u2) VE(ul?)
rr= MaEu MﬂEMu and |T| N MﬂE(u)f\E(uH? M a—Eu EMu
E(ul?) VE(ul?)
Then for each f € L*(3) we have that
M \E(u)|2 EM uwEu Ef
T| FE - F = VE(|ul?) VE(u2)
TILES F=BI =] arpp e M g EM, By
VE(ul?) E(Jul?)
E(WE(uf) aE(uf) _ E()E(uf)

| VEWR)  VE@P)  VE(uP)

Notice that, since for each conditionable function u, E(Ju|) = 0 implies that

E(u)=0=u, d the notational tion of ———r fi (s Xo -
(u) u, We use e notational convention o JE(a) or \/E(MZ)X (u)

Now, since the mapping f — [ Ef f—Ef } is an isometric isomorphism

from L%(X) onto L2(A) @ N (E), then we get that |T|(f) = ﬂﬁﬁ;)

. Hence for any
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f € L3(X), BE(uf) =U( ﬁggﬁji)) It is easy to check that U(f) = ]?ZTZ‘)Z) and U is

a partial isometry (see [6]). These calculations establish the following proposition.

Proposition 2.9. The polar decomposition of T = EM, on L?(X) is U|T)|,
where U = M1/ E(\u|2)T and |T| = Mﬁ/ E(\u|2)T

Let p € (0,00). Recall that an operator A on a Hilbert space H is p-hyponormal
if (A*A)P > (AA*)?; A is co-hyponormal if A is p-hyponormal for all p; and A is
p-quasihyponormal if A*(A*A)PA > A*(AA*)PA. For all unit vectors z € H, if
I|A]PU|APz|| > |||A|Pz||?, then A is called a p-paranormal operator. By using the
property of real quadratic forms (see [11]), A is p-paranormal if and only if
(2.3) |A[PU*|AIPPU|AP — 2k|A|*P + k* >0, for all k > 0.

The following lemma is significant amount of consideration for the next computa-
tions.

Lemma 2.10. Let f € L3(X) and Af := @wE(uf). Then for all p € (0, 0)
AP f = alE(jul*)]P " E(uf).

Proof. Suppose f € L?(X), then by induction we obtain
An f = alB(juf)

1—n

w Euf), mneN

Now the reiteration of powers of operator A%, yields
A% f = alB(|uf?)] [E(u)]™ " E(uf), m,neN.

Finally, by using of the functional calculus the desired formula is proved.

(1—n)m
n

Lemma 2.11. Let T = EM, be a bounded operator on L?(X). Then T is
oo-hyponormal if and only id u € L™ (A).

Proof. By Lemma 2.10, it is easy to verify that (T*T)? = Mgg(ju2)»—T and
(T'T*)? = Mig(ju2)», for all 0 < p < co. Then we get that (777T)? > (T7T*) if and
only if

M[E(lu‘Q)]pfl(MﬁT — ME(lu‘Z)) >0 <= MiT — ME(|u\2) >0,
where we have used the fact that 7775 > 0if T3 > 0, To > 0 and T1T> = TxT for
all T; € B(H). Thus for any 0 < f € L?(.A) we have

0 < (MTf — Mpufs f) = /X (@E(uf) — E(uf®)f) fap

- / (@B (u) — E(|uf?))|f|2dp = / (B — E(|uf®)|fPdp.
X X

Since f > 0, this gives |E(u)|?> > E(|u/?). On the other hand we always have
|E(u)|? < E(|ul?). Hence u € L>(A). Notice that if u € L>(A), then it is easy to
see that (T*T)P > (TT*)P.

Theorem 2.12. Let T = EM, be a bounded operator on L?(X). Then the
following are equivalent:

(i) T is co-hyponormal.

(ii) T is p-hyponormal.
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(iii) T is p-quasihyponormal.
(iv) T is p-paranormal.

(v) ue L®(A).

Proof. By Lemma 2.11, we complete the proof by showing (iii)< (v) and (iv)<
(v) below.

(iii)« (v) By Lemma 2.10, it is easy to verify that T*(TT*)PT = My[g(ju2)»T
and T*(T*T)pT = Mﬂ‘E(u)P[E(lu‘Q)]pflT. Therefore, T*(T*T)p > T*(TT*)pT if
and only if M[E(‘u|2)]p71(ME‘E(U)|27EE(‘U|2)T) > 0. Therefore, for any 0 < f S
L?*(A) we have

OS/(ﬂIE(u)\2—ﬂE(IuIQ))E(U)If\Qdu=/(\E(u)l4—IE(u)\QE(IUIQ))IfIQdu-
X X

It follows that |E(u)|*> > E(Ju|?) and hence |E(u)|?> = E(|ul?). Thus u € L>(A).
Conversely, if u € L>(A), then
T*(T*T)’T = T*(TT*)PT = My T,

which proves the desired implication.

We now prove (iv)< (v). Since |T'|(f) E( , by Lemma 2.10

_ ° uf
VE(ul?) {‘/E(Iu\Q))

we get that
ITIP(f) = alB([u*))Z E(uf),  f€L*E).

Also since U*(f) = EZ‘luP)E(f), by a direct computation, we have

[TPUHTPPUITP f = alE(lu*)P2[E(u) PE(uf),  f e L*(D).
By condition (2.3), T is p-paranormal if and only if
K — QICME[E(‘Mz)]p—lT + Mﬁ[E(|u|2)]2p72|E(u)|2T >0, forall £>0

= Mapup)ze-2eweET 2 (Masue)r-1T)? = Masu2)ee-2|5(u2)T-
Therefore, for any 0 < f € L?(A) we have

/X |B(uw)*(E(|ul*)*~2 (|E@)]* = E(jul?)) |f2dp > 0.

It follows that |E(u)|? > E(|u|?) and hence u € L>°(A). Conversely, if u € L>(A),
it is easy to check that condition (2.3) holds for all ¥ > 0. Hence the proof is
complete.

Example 2.13. Let X = [-1,1], du = dz, ¥ the Lebesgue sets, and A the
o-subalgebra generated by the symmetric sets about the origin. Now any real
valued function on X can be written uniquely as a sum of an even function and
an odd function, one simply uses the functions f.(z) = (f(z) + f(—2))/2 and
fo(x) = (f(z) — f(—=x))/2. Put 0 < a < 1. Then for each f € L?(X) we have
[2 E()(@)dz = [, fe(z)de and consequently, Ef = fe. This example is due
to Alan Lambert [8]. Now, if u is an even and continuous function on X, then
T = EM,, is oco-hyponormal and hence is p-paranormal. Note that if u(x) = 1+ z,
then T is not p-paranormal.
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