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In this paper we determine the lower and upper estimates for the essential

norm of finite sum of weighted Frobenius-Perron and weighted composition

operators on Lp spaces under certain conditions.
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1. INTRODUCTION AND PRELIMINARIES

Let (X,Σ, μ) be a σ-finite measure space. The support of a measurable function

f is defined by σ(f) = {x ∈ X : f(x) �= 0}. All comparisons between two

functions or two sets are to be interpreted as holding up to a μ-null set. We denote

the linear space of all complex-valued Σ-measurable functions on X by L0(Σ).
For a sub-σ-finite algebra A ⊆ Σ, the conditional expectation operator associated

with A is the mapping f → EAf , defined for all non-negative f as well as for
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all f ∈ Lp(Σ), 1 ≤ p ≤ ∞, where EAf is the unique A-measurable function

satisfying ∫
A

fdμ =
∫

A
EAfdμ, A ∈ A.

As an operator on Lp(Σ), EA is idempotent and EA(Lp(Σ)) = Lp(A). For

more details on the properties of EA see [12] and [15].

Suppose ϕ : X → X is a non-singular transformation; i.e. μ ◦ ϕ−1 
 μ, and

let u ∈ L0(Σ). Let for each A ∈ Σ and f ∈ L1(Σ),
∫
ϕ−1(A) ufdμ exists. Define

the measure μu
ϕ,f (A) =

∫
ϕ−1(A) ufdμ, A ∈ Σ. The assumption μ ◦ ϕ−1 
 μ

implies that μu
ϕ,f 
 μ. By the Radon-Nikodym theorem there exists a μ-unique

function f̃u
ϕ ∈ L1

loc(Σ) such that μu
ϕ,f (A) =

∫
A f̃u

ϕdμ, for any A ∈ Σ. This may

be expressed alternatively as∫
A

f̃u
ϕdμ =

∫
ϕ−1(A)

ufdμ, A ∈ Σ.

It follows that the weighted Frobenius-Perron operator associated with the pair

(u, ϕ) defined as Pu
ϕ(f) = f̃u

ϕ is well defined on L1(Σ). Take hϕ = dμ ◦ϕ−1/dμ.

As an application of the properties of the conditional expectation and using the

change of variable formula we have∫
A
Pu

ϕfdμ =
∫

ϕ−1(A)
ufdμ =

∫
ϕ−1(A)

Eϕ−1(Σ)(uf)dμ

=
∫

A
Eϕ−1(Σ)(uf) ◦ ϕ−1dμ ◦ ϕ−1 =

∫
A

hϕEϕ−1(Σ)(uf) ◦ ϕ−1dμ,

for all f ∈ L1(Σ) and A ∈ Σ with 0 < μ(A) < ∞. It follows that Pu
ϕf =

hϕEϕ−1(Σ)(uf) ◦ ϕ−1. Note that (Pu
ϕ)∗ = uCϕ, where uCϕ is a weighted com-

position operator defined on L∞(Σ) as uCϕ(f) = u.f ◦ ϕ, see [9, Proposition

2.3(vi)].

In this paper we consider finite sum of weighted Frobenius-Perron operators

and weighted composition operators defined on L1(Σ) and Lp(Σ) respectively of
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the form

P =
n∑

i=1

Pui
ϕi

, W =
n∑

i=1

uiCϕi ,

where for each 1 ≤ i ≤ n, ui : X → C is measurable function and ϕi : X → X

is nonsingular transformation. Also we assume that for each 1 ≤ i ≤ n, φ−1
i (Σ) is

a sub-σ-finite algebra of Σ. Put hi = dμ ◦ φ−1
i /dμ and Ei = Eφ−1

i (Σ). It follows

that P∗ = W and for all f ∈ L1(Σ), P(f) = ∑n
i=1 hiEi(uif) ◦ ϕ−1

i . Note that

the set of all these kind bounded operators is an operator algebra.

The basic properties of weighted composition operators on measurable func-

tion spaces are studied by Lambert [12, 13], Singh and Manhas [17], Takagi [18],

Hudzik and Krbec [3], Cui, Hudzik, Kumar and Maligranda [4], Arora [1] and

some other mathematicians. Also for a beautiful exposition of the study of classic

Frobenius-Perron operators on L1(Σ), see [5, 6] and the references therein.

In this paper, first we give some sufficient and necessary conditions for bound-

edness and compactness of finite sum of weighted Frobenius-Perron operator P on

L1(Σ) and finite sum of weighted composition operator W on Lp(Σ). Then, by

making use of these conditions we determine the lower and upper estimates for the

essential norm of these type operators.

2. BOUNDEDNESS OF W AND P

Recall that the weighted Frobenius-Perron operator Pui
ϕi

is a bounded operator on

L1(Σ) if and only if ui ∈ L∞(Σ) and its norm is given by ‖Pui
ϕi
‖ = ‖ui‖∞ (see

[9]). Thus, if ui’s are nonnegative and ui ∈ L∞(Σ), then ‖P‖ ≤ ‖∑n
i=1 ui‖∞.

Now, suppose that P is bounded. Then for each f ∈ L1(Σ), there exists complex

valued function w : X → C such that w̄uf = |uf |, where u =
∑n

i=1 ui. Thus

‖Muf‖1 =
∫

X
w̄ufdμ =

n∑
i=1

∫
X

w̄uifdμ =
n∑

i=1

∫
X

hiEi(w̄uif) ◦ ϕ−1
i dμ

=
n∑

i=1

∫
X
Pui

ϕi
(w̄f)dμ =

∫
X
P(w̄f)dμ ≤ ‖P(w̄f)‖1 ≤ ‖P‖ ‖f‖1.
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Hence ‖∑n
i=1 ui‖∞ = ‖u‖∞ = ‖Mu‖ ≤ ‖P‖ and so ‖∑n

i=1 ui‖∞ ≤ ‖P‖.

These observations establish the following proposition.

Proposition 2.1 — Let P be a finite sum of weighted Frobenius-Perron opera-

tors on L1(Σ). If P is bounded, then
∑n

i=1 ui ∈ L∞(Σ) and ‖∑n
i=1 ui‖∞ ≤ ‖P‖.

Moreover, if ui’s are nonnegative, then P is a bounded operator if and only if

for each 1 ≤ i ≤ n, Pui
ϕi

is bounded and in this case its norm is given by

‖P‖ = ‖∑n
i=1 ui‖∞.

Remark 2.2 : (a) Let U = {α ∈ L∞(Σ) : α(Pf) = |Pf |} and ‖W (α)‖∞ ≤
‖W (1)‖∞ for each α ∈ U . Then P is bounded if and only if W (1) ∈ L∞(Σ)
and ‖P‖ = ‖∑n

i=0 ui‖∞. For, if W (1) ∈ L∞(Σ) and f ∈ L1(Σ), then ‖Pf‖1 =∫
X W (α)fdμ ≤ ‖W (1)‖∞‖f‖1, and so ‖P‖ ≤ ‖W (1)‖∞.

(b) Let ca(X,Σ, μ) be the set of all complex measures absolutely continu-

ous with respect to σ-finite measure μ. Define a mapping Ψ : L1(X,Σμ) −→
ca(X,Σ, μ) by Ψ(f) = μ

f
with inverse Ψ−1(ν) = dν

dμ , where μf (A) :=
∫
X fdμ

for all A ∈ Σ. Then Ψ is bounded and Ψ−1W ∗Ψ = Σn
i=1Ψ

−1(uiCϕi)
∗Ψ =

Σn
i=1Puj

φj
= P (see [5, 9]). Thus, P is bounded (compact) on L1(Σ) if and only if

W is bounded (compact) on L∞(Σ).

Recall that the weighted composition operator uCϕ on Lp(Σ) (1 ≤ p < ∞)

is bounded if and only if Jϕ := hϕEϕ−1(Σ)(|u|p) ◦ ϕ−1 ∈ L∞(Σ) (see [8]). It is

easy to see that Jϕ =
dμu,ϕ

dμ , where μu,ϕ(A) :=
∫
ϕ−1(A) |u|pdμ, for every A ∈ Σ.

Put Ji = Jϕi . In the following we determine the lower and upper estimates for the

norm of W . If Ji ∈ L∞(Σ), then ‖W‖ ≤ n
p−1

p ‖∑n
i=1 Ji‖

1
p∞ ≤ ∑n

i=1 ‖Ji‖1/p
∞ .

Indeed, for each f ∈ Lp(Σ) we have

‖Wf‖p
p =

∫
X
|

n∑
i=1

uif ◦ ϕi|pdμ ≤ np−1

∫
X
(

n∑
i=1

|ui|p|f |p ◦ ϕi)dμ

= np−1

∫
X
(

n∑
i=1

Ji)|f |pdμ ≤ np−1‖
n∑

i=1

Ji‖∞‖f‖p
p

and so ‖W‖ ≤ n
p−1

p ‖∑n
i=1 Ji‖

1
p∞. Now, suppose that ui’s are nonnegative and W

is bounded. It follows that uiCϕi’s are bounded, because 0 ≤ uiCϕi ≤ W . Let
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A ∈ Σ with 0 < μ(A) < ∞. Then

∫
A
(

n∑
i=1

Ji)dμ =
n∑

i=1

∫
A

hiEi(u
p
i ) ◦ ϕ−1

i dμ

=
n∑

i=1

∫
X

Ei(u
p
i ) ◦ ϕ−1

i χAdμ ◦ ϕ−1
i

=
n∑

i=1

∫
X

Ei(u
p
i )(χA ◦ ϕi)dμ

=
∫

X
(

n∑
i=1

up
i χϕ−1

i (A))dμ ≤
∫

X
(

n∑
i=1

uiχϕ−1
i (A))

pdμ

=
∫

X
|

n∑
i=1

uiχA ◦ ϕi|pdμ = ‖WχA‖p
p ≤ ‖W‖p‖χA‖p

p

=
∫

A
‖W‖pdμ.

It follows that ‖∑n
i=1 Ji‖1/p

∞ ≤ ‖W‖.

Proposition 2.3 — Let 1 ≤ p < ∞. Then the following assertions hold.

(a) If Ji ∈ L∞(Σ), then ‖W‖ ≤ n
p−1

p ‖∑n
i=1 Ji‖

1
p∞.

(b) If ui’s are nonnegative, then W is bounded if and only if Ji ∈ L∞(Σ) and

‖
n∑

i=1

Ji‖
1
p∞ ≤ ‖W‖ ≤ n

p−1
p ‖

n∑
i=1

Ji‖
1
p∞.

Remark 2.4 : Let T = uCϕ. Without lose of generality, we can assume that

u ≥ 0. In fact, write u = s|u| where s ∈ L∞(Σ) satisfies |s| = 1. Since Ms :
Lp(Σ)→ Lp(Σ) is an isometric isomorphism, T is bounded (compact) if and only

if |u|Cϕ has this property. However, in general, in the setting of
∑n

i=1 Ti we can

not assume that the ui’s are nonnegative. Note that if T1 = −T2 is unbounded, then

T1+T2 = 0 is bounded. In general, it may be happen for A ⊂ {1, · · · , n}, Ji∈A /∈
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L∞(Σ) but
∑n

i=1 Ti is bounded. By the similar argument, we conclude that the

converse of Proposition 2.1(a) and Proposition 2.3(a) are not true in general.

Example 2.5 : (a) Let X = [0, 1], dμ = dx and Σ be the Lebesgue sets. Define

the non-singular transformations ϕi : X → X by

ϕ1(x) =

{
2x x ∈ [0, 1

2 ];
2x − 1 x ∈ (12 , 1],

ϕ2(x) =

{
1− 2x x ∈ [0, 1

2 ];
2x − 1 x ∈ (12 , 1].

Note that h1(x) = h2(x) = 1. Then for each 0 ≤ a < b ≤ 1 and f ∈ L1(Σ)
we have

∫
ϕ−1

1 (a,b)
f(x)dx =

∫ b
2

a
2

f(x)dx+
∫ b+1

2

a+1
2

f(x)dx

=
∫

(a,b)

1
2
{f(x

2
) + f(

1 + x

2
)}dx.

Similarly, we get that

∫
ϕ−1

2 (a,b)
f(x)dx =

∫ 1−a
2

1−b
2

f(x)dx+
∫ b+1

2

a+1
2

f(x)dx

=
∫

(a,b)

1
2
{f(1− x

2
) + f(

1 + x

2
)}dx.

Hence

(E1(f) ◦ ϕ−1
1 )(x) =

1
2
{f(x

2
) + f(

1 + x

2
)},

(E2(f) ◦ ϕ−1
2 )(x) =

1
2
{f(1− x

2
) + f(

1 + x

2
)}.

It follows that

E1(f)(x) =
1
2
{f(x) + f(

1 + 2x
2

)}χ[0, 1
2
] +

1
2
{f(2x − 1

2
) + f(x)}χ( 1

2
,1],

E2(f)(x) =
1
2
{f(x) + f(1− x)}χ[0, 1

2
] +

1
2
{f(−x) + f(x)}χ( 1

2
,1].
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Put u1(x) = 8x2 and u2(x) = 4(x+ 1
2). Then we have

(Pϕ1
u1

f)(x) = x2f(
x

2
) + (x2 + 2x+ 1)f(

1 + x

2
),

(Pϕ2
u2

f)(x) = (2− x)f(
1− x

2
) + (2 + x)f(

1 + x

2
).

Since u1 and u2 are nonnegative, by Proposition 2.1 we have ‖P‖ = ‖u1 +
u2‖∞ = 14 = ‖Pϕ1

u1 ‖+ ‖Pϕ2
u2 ‖, where

(Pf)(x) = x2f(
x

2
) + (x2 + 3x+ 3)f(

1 + x

2
) + (2− x)f(

1− x

2
).

Direct computations show that

J1(x) = 2p−1{x2p + (1 + 2x+ x2)p},

J2(x) = 2p−1{(2 + x)p + (2− x)p}.
Thus, ‖u1Cϕ1‖p = ‖J1‖∞ = 2p−1(1 + 4p), and ‖u2Cϕ2‖p = ‖J2‖∞ =

2p−1(1 + 3p). Hence by Proposition 2.3 we have

2
p−1

p (2 + 3p + 4p)1/p ≤ ‖W‖ ≤ 4
p−1

p (2 + 3p + 4p)1/p.

(b) Let X = [0, 1], dμ = dx and Σ be the Lebesgue sets. Take u1(x) = x2,

u2(x) = (2 − x)2, u3(x) = 1√
x

and ϕ1(x) = ϕ2(x) = x2, ϕ3(x) = x. Let

Ti := uiCϕi : L
1(Σ)→ L1(Σ). It follows that

J1(x) =
√

x

2
, J2(x) =

2√
x
− 3

√
x

2
, J3(x) =

1√
x

.

Then T1 is bounded but T2, T3 and T1 − T2 = (2x − 4)Cϕ1 are not bounded

operators on L1(Σ). Since ‖(T2+T3)f‖1 ≥ ‖MJ2−J3f‖1, T2+T3 and T1 −T2+
T3 = (2x−4)Cϕ1+

1√
x
Cϕ3 are not bounded, because J2(x)−J3(x) = 1√

x
− 3

√
x

2

and J1(x) − J2(x) + J3(x) = 2
√

x − 1√
x

are not in L∞(Σ). By the similar

computations we get that

Pu1
ϕ1
= M√

x
2

C√
x, Pu2

ϕ2
= M (2−√

x)2

2
√

x

C√
x, Pu3

ϕ3
= M 1√

x
,

and so ‖Pu1
ϕ1
‖ = 1, ‖Pu2

ϕ2
‖ = 4, ‖Pu3

ϕ3
‖ =∞. It follows that P := Pu1

ϕ1
±Pu2

ϕ2
±Pu3

ϕ3

is not bounded on L1(Σ) and
∑3

i=1 uiphi−1
i otinL∞(Σ).
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3. COMPACTNESS OF W AND P

In this section we shall give necessary and sufficient conditions for P and W to

be compact on L1(Σ) and Lp(Σ) respectively. Let T be a linear operator on a

Banach space B. Then T is said to be compact if, for every bounded sequence

{fn}n∈N in B, the sequence {Tfn}n∈N has a convergent subsequence in B. When

1 ≤ p < ∞, a characterization for compact weighted composition operator Lp(Σ)
spaces was obtained by Takagi [18] and independently around the same time by

Chan [2]. Chan has showed that uCϕ is compact on Lp(Σ) if and only if

for each ε > 0, {x ∈ X : Jϕ(x) ≥ ε} consists of finitely many atoms. (1)

Recall that an atom of the measure μ is an element A ∈ Σ with μ(A) > 0
such that for each F ∈ Σ, if F ⊆ A then either μ(F ) = 0 or μ(F ) = μ(A).
A measure space (X,Σ, μ) with no atoms is called non-atomic measure space. It

is well-known fact that every σ-finite measure space (X,Σ, μ) can be partitioned

uniquely as X = B ∪ {Aj : j ∈ N}, where {Aj}j∈N is a countable collection

of pairwise disjoint atoms and B ∈ Σ, being disjoint from each Aj , is non-atomic

(see [19]). Since Σ is σ-finite, so aj := μ(Aj) < ∞, for all j ∈ N.

Let (X,Σ, μ) be a non-atomic σ-finite measure space. Then no bounded weighted

Frobenius-Perron operator on L1(Σ) is compact unless it is the zero operator (see

[9]). Also, in [11] has been showed that the bounded operator Pui
ϕi

is a compact op-

erator on L1(Σ) if and only if ui(ϕ−1
i (B)) = 0 and for any ε > 0, the set {n ∈ N :

μ(ϕ−1
i (An) ∩ Nε(u)) > 0} is finite, where Nε(u) = {x ∈ X : |ui(x)| ≥ ε}. In

the following we give an another sufficient condition and, under certain conditions,

a necessary condition for the operator P to be compact.

Theorem 3.1 — Let u =
∑n

i=1 |ui|, aj = μ(Aj) < ∞ and let Nε(u) = {x ∈
X : |u(x)| ≥ ε}.

(a) If for each ε > 0, Nε(u) consists of finitely many atoms, then P is compact.

(b) Let (X,Σ, μ) be a purely atomic measure space and let the sequence {aj}j∈N
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has no subsequence that converges to zero. If ui’s are nonnegative, then P is com-

pact if and only if for each ε > 0, Nε(u) consists of finitely many atoms.

PROOF : (a) Let ε > 0 and A = Nε(u) = ∪k
j=1A

j
ε, where Aj

ε’s are disjoint

atoms. Suppose that P ′ = PMχA , where MχAf = χAf =
∑k

j=1 f(Aj
ε)χAj

ε
. It

follows that P ′ is a finite rank operator on L1(Σ). Since for every f, g ∈ L1(Σ),
Ei(f) ◦ ϕ−1

i − Ei(g) ◦ ϕ−1
i = Ei(f − g) ◦ ϕ−1

i , we have

‖Pf −P ′f‖1 =
∫

X
|

n∑
i=1

hiEi(uifχ
X\A

) ◦ ϕ−1
i |dμ

≤
∫

X

n∑
i=1

hiEi(|uif |χX\A
) ◦ ϕ−1

i dμ

=
n∑

i=1

∫
X

Ei(|uif |χX\A
) ◦ ϕ−1

i dμ ◦ ϕ−1
i

=
n∑

i=1

∫
X

Ei(|uif |χX\A
)dμ

=
n∑

i=1

∫
X
|uif |χX\A

dμ =
∫

X

n∑
i=1

|uif |χX\A
dμ

=
∫

X\A
u|f |dμ ≤ ε‖f‖1.

Hence ‖P − P ′‖ ≤ ε, and so P is compact.

(b) By part (a) we only show that if P is compact, then for each ε > 0, Nε(u)
consists of finitely many atoms. Suppose on the contrary. Then there exists ε > 0
such that Nε(u) contains infinitely many atoms. Let {Aj}j∈N be disjoint atoms in

Nε(u). Put gj =
χAj

μ(Aj)
. Let A ∈ Σ with 0 < μ(A) < ∞. Since the sequence

{aj}j∈N has no subsequence that converges to zero, {j ∈ N : Aj ⊆ A} is finite,

and so μ(Aj ∩ A) = 0 for sufficiently large j. Since characteristic functions are

dense in L∞(Σ) and ∣∣∣∣
∫

X

χAj

μ(Aj)
χAdμ

∣∣∣∣ = μ(Aj ∩ A)
μ(Aj)

→ 0,
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as j → ∞, it follows that gj → 0 weakly. Now, Since a compact operator maps

weakly convergent sequences into norm convergent ones, it follows ‖Pgj‖1 → 0.

On the other hand we have

‖Pgj‖1 =
∫

X
|

n∑
i=1

hiEi(uigj) ◦ ϕ−1
i |dμ =

n∑
i=1

∫
X

hiEi(uigj) ◦ ϕ−1
i dμ

=
n∑

i=1

∫
X

uigjdμ =
∫

Aj

n∑
i=1

ui
χAj

μ(Aj)
dμ =

∫
Aj

u
χAj

μ(Aj)
dμ ≥ ε.

But this is a contradiction.

It is known that if (X,Σ, μ) is a non-atomic and 1 ≤ p < ∞, then uCϕ is

a compact operator on Lp(Σ) if and only if it is the zero operator (see [18]). For

ε > 0, take Nε( p
√

Ji) = {x : p
√

Ji(x) ≥ ε}. So if Nε(
p
√

J) with J =
∑n

i=1 Ji

consists of finitely many atoms, then W is compact. Now, suppose that ui’s are

nonnegative and W is compact. Since for each 1 ≤ i ≤ n, 0 ≤ uiCϕi ≤ W , then

by Dodds-Fremlin theorem ([14]) uiCϕi’s are also compact.

Theorem 3.2 — Let 1 < p < ∞, ui’s are nonnegative and the sequence

{aj}j∈N has no subsequence that converges to zero. If W is a compact operator

on Lp(Σ), then for each ε > 0, Nε(
p
√

J) = {x : p
√

J(x) ≥ ε} consists of finitely

many atoms, where J =
∑n

i=1 Ji.

PROOF : Suppose, on the contrary, there exists ε > 0 such that Nε(
p
√

J) either

contains a non-atomic subset or has infinitely many atoms. If Nε(
p
√

J) contains a

non-atomic subset B, then we can choose {Bj}j∈N ⊆ Σ such that Bj+1 ⊆ Bj ⊆
B with 0 < μ(Bj) < 1

j . For each j ∈ N, define fj =
χBj

μ(Bj)1/p . Obviously,

‖fj‖p = 1. We show that fj → 0 weakly. Let A ⊆ Σ with 0 < μ(A) < ∞. Since

p > 1, we get that∣∣∣∣
∫

X
fjχAdμ

∣∣∣∣ = μ(Bj ∩ A)

μ(Bj)
1
p

≤ μ(Bj)
1− 1

p ≤ (
1
j
)1−

1
p → 0,

as j → ∞, and so fj → 0 weakly. Since W is compact, by assumption, it fol-

lows ‖Wfj‖p → 0. Now, assume that Nε(
p
√

J) contains infinitely many atoms.
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Let {Aj}j∈N be disjoint atoms in Nε(
p
√

J). The same method used in the proof

of Theorem 3.1(b) yields gj → 0 weakly, where gj :=
χAj

μ(Aj)1/p . Therefore,

‖Wgj‖p → 0. On the other hand

‖Wfj‖p
p =

∫
X
|

n∑
i=1

ui
χBj

μ(Bj)
1
p

◦ ϕi|pdμ ≥
n∑

i=1

∫
X

up
i

χBj ◦ ϕi

μ(Bj)
dμ

=
1

μ(Bj)

n∑
i=1

∫
X

JiχBjdμ =
1

μ(Bj)

∫
Bj

Jdμ ≥ εp.

Similarly, ‖Wgj‖p ≥ ε. But this is a contradiction.

4. ESSENTIAL NORM OF W AND P

Let B be a Banach space and K be the set of all compact operators on B. For

T ∈ L(B), the Banach algebra of all bounded linear operators on B into itself,

the essential norm of T means the distance from T to K in the operator norm,

namely ‖T‖e = inf{‖T − S‖ : S ∈ K}. Clearly, T is compact if and only if

‖T‖e = 0. As is seen in [16], the essential norm plays an interesting role in the

compact problem of concrete operators. Many people have computed the essential

norm of (weighted) composition operators on various function spaces. In [10], the

essential norm of uCϕ on Lp(Σ) with 1 < p < ∞ have been computed by one of

the authors as follows:

‖uCϕ‖e = inf{r > 0 : Gr consists of finitely many atoms}, (4.1)

where Gr = {x ∈ X : p
√

J(x) ≥ r}. The question of actually calculating the

essential norm of P and W on Lp(Σ) spaces are not trivial. In this section, in spite

of the difficulties associated with computing the essential norm exactly, we will

try to determine the lower and upper estimates for the essential norm of P and W

defined on L1(Σ) and Lp(Σ) respectively.

Theorem 4.1 — (a) Let P =
∑n

i=1 Pui
ϕi

be a bounded operator on L1(Σ). Put

u =
∑n

i=1 |ui| and β = inf{r > 0 : Nr(u) consists of finitely many atoms}. Then

‖P‖e ≤ β.
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(b) Let (X,Σ, μ) be a purely atomic measure space. If the sequence {aj}j∈N
has no subsequence that converges to zero and ui’s are nonnegative, then ‖P‖e ≥
β.

PROOF : (a) Take ε > 0 arbitrary. Put K = Nβ+ε(u). The definition of β

implies that K consists of finitely many atoms. Put P ′ = PMχK . It is easy to see

that P ′ is a finite rank operator on L1(Σ). Hence, for every f ∈ L1(Σ), we have

‖Pf − P ′f‖ =
∫

X
|

n∑
i=1

hiEi(uifχ
X\K

) ◦ ϕ−1
i |dμ

≤
∫

X

n∑
i=1

hiEi(|uif |χX\K
) ◦ ϕ−1

i dμ

=
n∑

i=1

∫
X

Ei(|uif |χX\K
) ◦ ϕ−1

i dμ ◦ ϕ−1
i

=
n∑

i=1

∫
X

Ei(|uif |χX\K
)dμ

=
n∑

i=1

∫
X
|ui||f |χX\K

dμ =
∫

X

(
n∑

i=1

|ui|
)
|f |χ

X\K
dμ

=
∫

X\K
u|f |dμ ≤ (ε+ β)‖f‖1.

Thus, ‖P − P ′‖ ≤ ε + β. On the other hand, compactness of P ′ implies that

‖P‖e ≤ ‖P − P ′‖ ≤ ε+ β, and so ‖P‖e ≤ ε+ β. Consequently, ‖P‖e ≤ β.

(b) Let 0 < ε < β. Then by definition, Nβ−ε(u) contains infinitely many

atoms such as {Aj}j∈N . Put gj =
χAj

μ(Aj)
. The same method used in the proof

of Theorem 3.1(b) yields gj → 0 weakly and ‖Pgj‖1 ≥ β − ε. Now, take a

compact operator T on Lp(Σ) such that ‖P−T‖ < ‖P‖e+ε. Since T is compact,

‖Tgj‖1 < ε for sufficiently large j. Therefore, we get that

‖P‖e ≥ ‖P −T‖− ε ≥ ‖Pgj −Tgj‖1 − ε ≥ ‖Pgj‖1 −‖Tgj‖1 − ε ≥ β − ε− ε.

Thus, ‖P‖e ≥ β − 2ε, and so ‖P‖e ≥ β.
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Corollary 4.2 — Let (X,Σ, μ) be a purely atomic. If the sequence {aj}j∈N has

no subsequence that converges to zero and ui’s are nonnegative, then ‖P‖e = β.

Theorem 4.3 — Let 1 < p < ∞ and let W =
∑n

i=1 uiCϕi be a bounded

operator on Lp(Σ). Put α = inf{r > 0 : Nr(
p
√

J) consists of finitely many

atoms}. Then the followings hold.

(a) ‖W‖e ≤ n
1
q α, where q is conjugate component of p.

(b) If the sequence {aj}j∈N has no subsequence that converges to zero and ui’s

are nonnegative, then ‖W‖e ≥ α.

PROOF : (a) Take ε > 0 arbitrary. Put K = Nα+ε(
p
√

J), u′
i = uiχϕ−1

i (K)

and W ′ =
∑n

i=0 u′
iCϕi . Since by definition of α, K consists of finitely many

atoms, W ′ =
∑n

i=0 uiCϕiMχK is a finite rank operator on Lp(μ). Hence for every

f ∈ Lp(Σ) we get that

‖Wf − W ′f‖p ≤ np−1
n∑

i=1

∫
X
|ui|pχX\K

◦ ϕi|f |p ◦ ϕidμ

= np−1
n∑

i=1

∫
X

hiEi(|ui|p) ◦ ϕ−1
i χ

X\K
|f |pdμ

= np−1
n∑

i=1

∫
X\K

Ji|f |pdμ

= np−1

∫
X\K

n∑
i=1

Ji|f |pdμ ≤ np−1(α+ ε)p‖f‖p.

Thus, ‖W −W ′‖ ≤ n
1
q (α+ ε). Since W ′ is compact, it follows that ‖W‖e ≤

‖W − W ′‖ ≤ n
1
q (α+ ε), and so ‖W‖e ≤ n

1
q α.

(b) If α = 0 then by Proposition 3.2, W is compact, and so ‖W‖e = 0. Let

α > 0. Then for every 0 < ε < α the set Nα−ε(
p
√

J) either contains a non-

atomic subset or has infinitely many atoms. The same method used in the proof

of Proposition 3.1(b) and 3.2 yields fj , gj → 0 weakly, as j → ∞. Now, take a
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compact operator T on Lp(Σ) such that ‖W − T‖ < ‖W‖e + ε. Then we have

‖Wfj‖p
p =

∫
X
|

n∑
i=1

ui
χBj

μ(Bj)
1
p

◦ ϕi|pdμ ≥
n∑

i=1

∫
X

up
i

χBj ◦ ϕi

μ(Bj)
dμ

=
1

μ(Bj)

n∑
i=1

∫
X

JiχBjdμ =
1

μ(Bj)

∫
Bj

Jdμ ≥ (α − ε)p.

Similarly, ‖Wgj‖p ≥ α − ε. It follows that

‖W‖e > ‖W − T‖ − ε

≥

⎧⎪⎨
⎪⎩

‖Wfj − Tfj‖p − ε ≥ ‖Wfj‖p − ‖Tfj‖p − ε ≥ α − 2ε

‖Wgj − Tgj‖p − ε ≥ ‖Wgj‖p − ‖Tgj‖p − ε ≥ α − 2ε.

Since ε > 0 was arbitrary, we obtain ‖W‖e ≥ α.

Corollary 4.4 — If the sequence {aj}j∈N has no subsequence that converges

to zero and ui’s are nonnegative then

α ≤ ‖W‖e ≤ n
1
q α.

Note that if {Aj : j ∈ N} = ∅, i.e. X = B, then Lp(Σ) dose not admit

a non-zero compact weighted Frobenius-Perron (composition operator). Thus, in

this case K = {0} and hence ‖P‖e = ‖P‖ and ‖W‖e = ‖W‖.

Example 4.5 : Let X = (−∞, 0] ∪ N, where N is the set of natural numbers.

Let μ be the Lebesque measure on (−∞, 0] and μ({n}) = 1
2n , if n ∈ N. Define

ϕi : N → N as:

ϕ1 = χ{1,2,3}+2χ{4}+3χ{5,6}+5χ{2n+1:n≥3}+(2n−2)χ{2n:n≥4}+5xχ(−∞,0],

ϕ2 = 2χ{1} + 3χ{2,3} + 4χ{4,5,6} + nχ{n:n≥7} +
2
3
xχ(−∞,0].
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Direct computations show that

h1 =
7
4
χ{1} +

1
4
χ{2} +

3
8
χ{3} +

1
3
χ{5} +

1
4
χ{2n:n≥3} +

1
5
χ(−∞,0],

h2 = 2χ{2} + 3χ{3} +
7
4
χ{4} + χ{n:n≥7} +

3
2
χ(−∞,0].

It follows that h1 + h2 = 7
4χ{1,4} + 9

4χ{2} + 27
8 χ{3} + 1

3χ{5} + 1
4χ{6} +

χ{2n+1:n≥3} + 5
4χ{2n:n≥4} + 17

10χ(−∞,0]. Put u1 = u2 = 1 and p > 1. By using

(4.1) and Theorem 4.3(b), we have

‖Cϕ1‖ = (
7
4
)1/p, ‖Cϕ1‖e = (

1
4
)1/p,

‖Cϕ2‖ = (3)1/p, ‖Cϕ2‖e = 1,

(
27
8
)1/p ≤ ‖Cϕ1 + Cϕ2‖ ≤ 2

p−1
p (
27
8
)1/p, ‖Cϕ1 + Cϕ2‖e ≤ 2

p−1
p (
5
4
)1/p.
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