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In this paper we determine the lower and upper estimates for the essential
norm of finite sum of weighted Frobenius-Perron and weighted composition
operators on LP spaces under certain conditions.
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1. INTRODUCTION AND PRELIMINARIES

Let (X, X, 1) be a o-finite measure space. The support of a measurable function
f is defined by o(f) = {x € X : f(x) # 0}. All comparisons between two
functions or two sets are to be interpreted as holding up to a u-null set. We denote
the linear space of all complex-valued Y-measurable functions on X by LO(X).
For a sub-o-finite algebra A C 3, the conditional expectation operator associated
with A is the mapping f — E“f, defined for all non-negative f as well as for
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all f € LP(X), 1 < p < oo, where EAf is the unique .A-measurable function
satisfying

/fdu:/EAfdu, Aec A
A A

As an operator on LP(X), E4 is idempotent and EA(LP(X)) = LP(A). For
more details on the properties of E- see [12] and [15].

Suppose ¢ : X — X is a non-singular transformation; i.e. jt o0 o' < p, and
letu € L°(X). Let foreach A € ¥ and f € L'(%), f¢—1(A) ufdp exists. Define
the measure 1 f(A) = fw—l(A) ufdu, A € . The assumption o ! < p
implies that i » < pu. By the Radon-Nikodym theorem there exists a pi-unique
function ]?f; € L} () such that fg 1 (A) = N f;‘du, for any A € ¥. This may

be expressed alternatively as

/ fgd,u:/ ufdpu, AelX.
A p=1(A)

It follows that the weighted Frobenius-Perron operator associated with the pair
(u, ) defined as P(f) = f is well defined on L' (X). Take hy, = dpo ™! /dp.
As an application of the properties of the conditional expectation and using the

change of variable formula we have

/ Pifdp = / ufdp = / B9 O (uf)du
A P=1(4) P=1(A)
N /E“"”(E)(ttf)ocp1duo¢1=/hwE“’_1(E)(uf)w1d/~u
A A

forall f € L'(X) and A € ¥ with 0 < p(A) < oo. It follows that Pof =
h¢E@_1(E) (uf) o @™, Note that (P%)* = uCy, where uC, is a weighted com-
position operator defined on L*°(X) as uCy,(f) = u.f o ¢, see [9, Proposition
2.3(vi)].

In this paper we consider finite sum of weighted Frobenius-Perron operators
and weighted composition operators defined on L*(X) and LP () respectively of
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the form
n n
P=y P W=Yuc,
i=1 i=1

where for each 1 <4 < n, u; : X — C is measurable function and ¢; : X — X
is nonsingular transformation. Also we assume that foreach 1 <i < n, gb;l(E) is
a sub-o-finite algebra of 3. Put h; = du o gzs,i_l/du and F; = E% ()| It follows
that P* = W and for all f € L'(), P(f) = S0, hiEi(uif) o ¢; '. Note that
the set of all these kind bounded operators is an operator algebra.

The basic properties of weighted composition operators on measurable func-
tion spaces are studied by Lambert [12, 13], Singh and Manhas [17], Takagi [18],
Hudzik and Krbec [3], Cui, Hudzik, Kumar and Maligranda [4], Arora [1] and
some other mathematicians. Also for a beautiful exposition of the study of classic

Frobenius-Perron operators on L'(X), see [5, 6] and the references therein.

In this paper, first we give some sufficient and necessary conditions for bound-
edness and compactness of finite sum of weighted Frobenius-Perron operator P on
L'(X) and finite sum of weighted composition operator W on LP(X). Then, by
making use of these conditions we determine the lower and upper estimates for the

essential norm of these type operators.

2. BOUNDEDNESS OF W AND P

Recall that the weighted Frobenius-Perron operator P! is a bounded operator on
L'(%) if and only if u; € L°(X) and its norm is given by [|P% || = [Ju;]|o (see
[9]). Thus, if u;’s are nonnegative and u; € L*°(X), then ||P]| < || Y illoo-
Now, suppose that P is bounded. Then for each f € L!(X), there exists complex
valued function w : X — C such that wuf = |uf|, where uw = ;" | u;. Thus

sl = [wvsau=Y" [ wdn=3 [ hibitour) o o
X i=17X i=17X

= ;/){P%(wf)dﬂ = /XP(U_)f)d,u <\P@H < IPIIf]1-

265
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Hence [| 35 willoo = l[ulloo = [[Mull < [[P]| and so || 325, uillo < [P

These observations establish the following proposition.

Proposition 2.1 — Let P be a finite sum of weighted Frobenius-Perron opera-
tors on L(X). If P is bounded, then Y"1, w; € L>®(X) and || 1 uilleo < ||P]-
Moreover, if u;’s are nonnegative, then P is a bounded operator if and only if

for each 1 < ¢ < n, PZi is bounded and in this case its norm is given by

IPIF= 1122 willoo-

Remark 2.2 : (a) Let U = {a € L>®(X) : a(Pf) = [Pf|} and [|[W ()| 00 <
|IW(1)||co for each & € U. Then P is bounded if and only if W (1) € L*>(X)
and ||73H = || S8 til| o For, if W(1) € L®(X) and f € LY(X), then |Pf|1 =

Jx W(a) fdp < |[W(1)llso || f]l1, and so [[P]| < [W(1)]|oc.

(b) Let ca(X, X, ) be the set of all complex measures absolutely continu-
ous with respect to o-finite measure . Define a mapping ¥ : LY(X,Yu) —
ca(X, %, p) by W(f) = p, with inverse ¥~ (v) = Z—Z, where 5 (A) == [y fdu
for all A € . Then ¥ is bounded and U—'W*¥ = X0 0~ (y;C,, )"0 =
E;?:lPuj = P (see [3, 9]). Thus, P is bounded (compact) on L*(X) if and only if
W is bounded (compact) on L>°(¥).

Recall that the weighted composition operator uCy, on LP(X) (1 < p < o0)
is bounded if and only if J, := hyE¥ &) ([uP) 0 o1 € L®(Z) (see [8]). It is
easy to see that J, = d‘;’;’“’ where f1,,,(A) := f ]u|pd,u, for every A € X.

Put J; = J,,,. In the following we determine the 1ower and upper estimates for the

norm of W. If J; € L(S), then W] < n'7 || 32 1JHOO < S0 AR
Indeed, for each f € LP(X) we have

1WA = / 1> wif o pifPdy < Pt / (> [l IfP o 9i)dp
X =1 X =1
= ! /X S I fPdu < S Tl £12
=1 =1

1 1
and so |[W|| < n's | 3= Jill&. Now, suppose that u;’s are nonnegative and W

is bounded. It follows that u;C,,’s are bounded, because 0 < u;C,, < W. Let
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A € ¥ with 0 < (A) < oo. Then

n

/A(ZJi)du - Z/hE Jowidn
=
= Z/E ) o i xaduo ;!
- Z/ ) (xa 0 wi)dp
- /XZuxlA)d/l</ ZuZx Sy’

n
= /X > wixaopilPdu = [Wxalh < [WIPlxall
=1

/ W Pdp.
A

It follows that || S, Ji||5P < |W].

Proposition 2.3 — Let 1 < p < oo. Then the following assertions hold.
1 1

(@) If J; € LX), then [W| < n'7 | S0, Ji|%.

(b) If u;’s are nonnegative, then W is bounded if and only if J; € L*°(X) and
1D Jillse < W <o 1) Jill.
i=1 i=1

Remark 2.4 : Let T' = uCy,. Without lose of generality, we can assume that
u > 0. In fact, write v = s|u| where s € L>(X) satisfies |s| = 1. Since M; :
LP(X¥) — LP(X) is an isometric isomorphism, 7" is bounded (compact) if and only
if |u|C, has this property. However, in general, in the setting of " | 7; we can
not assume that the u;’s are nonnegative. Note that if 77 = —T5 is unbounded, then
Ty +T» = 0is bounded. In general, it may be happen for A C {1, ,n}, Jica ¢

267



268 M. R. JABBARZADEH AND Y. ESTAREMI

L>(X) but )" | T; is bounded. By the similar argument, we conclude that the
converse of Proposition 2.1(a) and Proposition 2.3(a) are not true in general.

Example 2.5 : (a) Let X = [0, 1], du = dx and X be the Lebesgue sets. Define
the non-singular transformations ¢; : X — X by

2z z €[0,1]; 1-2z z€[0,1];
Xr) = €Tr) =
#1() { 20 -1 € (3,1], ?2(2) 20 -1 x€(3,1].

Note that hq(x) = hg(x) = 1. Then foreach0 < a < b < land f € L}(2)
we have

/%l(ayb) flo)de = [13 f(x)d:ch/f f(x)de

1 T 1+x
= [, U@+

Similarly, we get that

l—a b+1

/w21<a,b) flaye = /1j f(m)dx—i—/l © f(@)da

+1
2 2

1 11—z 1+
= [, U IO

Hence
(BDoei)@) = G+ D),
(Bx(f)ogs)@) =SS0+ F5)

It follows that

B()(w) = 5 {(F@) + FC 20 + 550 + F@

Ex(7)() = 51 @) + £~ 2)bxe + 5 (7(-2) + F@)hx

3]



ESSENTIAL NORM 269

Put uy () = 82% and us(x) = 4(x + 1). Then we have

1+=x

(P (@) = 2 F(5) + (@® + 22 + 1) f(—5—),

1+=x

(PE2f)(@) = @~ D) f(50) + 2+ 2 f(20).

Since uy and ugy are nonnegative, by Proposition 2.1 we have ||P| = |ju1 +
uzlloo = 14 = ||[Pi} || + [P ||, where

1+x)+(2_m)f(1;x

(Pf)(@) = 22 F(5) + (2% + 3z + 3) f( ).

2 2

Direct computations show that
Ji(z) = 27 Ha® + (1 + 2z + 2?)P},
Jo(w) = 27 H(2+ @)’ + (2 — )P}

Thus, [[u1C, [P = [[/1llc = 2°7H(1 + 4P), and [[upCoo|P = | 12]lc =
2P~1(1 + 3P). Hence by Proposition 2.3 we have

"5 (2 4+ 37+ AP)P < |W < 4"F (24 37 + 4P) 1P,

(b) Let X = [0,1], du = dz and ¥ be the Lebesgue sets. Take uq(x) = 22,

us(z) = (2 — )%, uz(z) = % and ¢1(z) = pa(r) = 22, p3(z) = =. Let
T; := u;Cyp, : L1(X) — LY(X). It follows that

- ‘f,Jz(x) 2 T = o

vz 2 vz
Then T} is bounded but 75, T3 and 71 — 15 = (22 — 4)C,,, are not bounded

operators on L(X). Since ||(Ty + T3) fll1 > || M.jy— 5 fll1, To + T3 and Ty — T +
T3 = (20 —4)C,, + ﬁC’% are not bounded, because Ja(z) — J3(z) = ﬁ — %

and Ji(z) — Jo(x) + J3(x) = 2/ — ﬁ are not in L°>°(X). By the similar
computations we get that

J1(x)

P}Zi:M@C\/E, P$§IM<27\/\/§)ZC\/E’ 'ng:M%’
2Vx T

andso || Pg!|| = 1, [|Pg2[| = 4, [|PZ2]| = oo. It follows that P := Pl £P 2 +Pg3

1 2 3

is not bounded on L'(X) and 3°7_, u;phi; LotinL>® ().
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3. COMPACTNESS OF W AND P

In this section we shall give necessary and sufficient conditions for P and W to
be compact on L'(X) and LP(X) respectively. Let T’ be a linear operator on a
Banach space B. Then T is said to be compact if, for every bounded sequence
{fn}nen in B, the sequence {7 f,, },en has a convergent subsequence in 8. When
1 < p < o0, a characterization for compact weighted composition operator LP(X)
spaces was obtained by Takagi [18] and independently around the same time by
Chan [2]. Chan has showed that uC,, is compact on LP(X) if and only if

foreache > 0,{z € X : J () > €} consists of finitely many atoms. (1)

Recall that an atom of the measure 4 is an element A € ¥ with u(4) > 0
such that for each F' € %, if I C A then either u(F') = 0 or u(F) = p(A).
A measure space (X, 3, i) with no atoms is called non-atomic measure space. It
is well-known fact that every o-finite measure space (X, X, 1) can be partitioned
uniquely as X = B U {A4; : j € N}, where {A4;};en is a countable collection
of pairwise disjoint atoms and B € ¥, being disjoint from each A, is non-atomic
(see [19]). Since ¥ is o-finite, so a; := pu(A;) < oo, forall j € N,

Let (X, 3, ) be a non-atomic o-finite measure space. Then no bounded weighted
Frobenius-Perron operator on L!(X) is compact unless it is the zero operator (see
[9]). Also, in [11] has been showed that the bounded operator ¢ is a compact op-
erator on L' (X)) if and only if u; (; ' (B)) = 0 and for any & > 0, the set {n € N :
(05 (An) N Ne(u)) > 0} is finite, where N.(u) = {z € X : |uj(z)] > ¢}. In
the following we give an another sufficient condition and, under certain conditions,

a necessary condition for the operator P to be compact.

Theorem 3.1 — Let v = Y . |u;|, aj = p(A;) < oo and let N.(u) = {x €
X :|u(x)] > e}

(a) If for each € > 0, N.(u) consists of finitely many atoms, then P is compact.

(b) Let (X, X, i) be a purely atomic measure space and let the sequence {a; } jen
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has no subsequence that converges to zero. If u;’s are nonnegative, then P is com-

pact if and only if for each € > 0, N.(u) consists of finitely many atoms.

PROOF : (a) Lete > 0 and A = N.(u) = U;?:lAg, where AZ’s are disjoint
atoms. Suppose that P’ = PM, ,, where M, , f = xaf = 25:1 f(Ag)XAg- It
follows that P’ is a finite rank operator on L'(X). Since for every f,g € L'(X),
Ei(f)ow; ' = Ei(9) o ;' = Ei(f — g) o p; ', we have

/ | Z hiBi(uifX . ,) © @5 ldp

=1

IPf =P £l

< A ZhiEi(‘uiﬂXx\A) o ‘Pi_ldﬂ

i=1

= Z/ Ei(|uif|Xx\A) © ‘P;lduo 90;1
i=17X

= Z/ Ei(|uif’XX\A)d/1’
i=17X

= Z/ ’u’ifXX\Ad:u:/ Z|uif|XX\Ad/1’
i=17X X =1

— [ alflde <<l flh.
X\A

Hence ||P — P’|| < &, and so P is compact.

(b) By part (a) we only show that if P is compact, then for each € > 0, N.(u)
consists of finitely many atoms. Suppose on the contrary. Then there exists € > 0
such that N.(u) contains infinitely many atoms. Let {A; };cn be disjoint atoms in
N:(u). Put g; = NX(—X_). Let A € ¥ with 0 < u(A) < oo. Since the sequence
{a;} jen has no subsequence that converges to zero, {j € N : A; C A} is finite,
and so p(A; N A) = 0 for sufficiently large j. Since characteristic functions are
dense in L*°(X) and

‘/ XI%XAdN‘ _ mdin4) — 0,
x 1(Aj) p(4;)

271
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as j — oo, it follows that g; — 0 weakly. Now, Since a compact operator maps
weakly convergent sequences into norm convergent ones, it follows ||Pg;|1 — 0.
On the other hand we have

1Pyl = /|ZhiEi(Ui9j)o‘Pi_1’d,U:Z/ hiEi(uig;) o @7 dp
X =1 i=17X
= uig‘duz/ UinM:/ u——~dpu > €
;/X ’ A”Z; 1(A;j) A, H(A4)

But this is a contradiction.

It is known that if (X, 3, 1) is a non-atomic and 1 < p < oo, then uCy, is
a compact operator on LP(Y) if and only if it is the zero operator (see [18]). For
e > 0, take No.(VT;) = {z : &/Ji(x) > €}. Soif No(V/J) with J = S0 | J;
consists of finitely many atoms, then W is compact. Now, suppose that u;’s are
nonnegative and W is compact. Since foreach 1 < ¢ < n, 0 < u;C,, < W, then

by Dodds-Fremlin theorem ([14]) w;C,,’s are also compact.

Theorem 3.2 — Let 1 < p < 00, u;’s are nonnegative and the sequence
{a;}jen has no subsequence that converges to zero. If W is a compact operator
on LP(X), then for each ¢ > 0, N.(V/J) = {x : /J(zx) > &} consists of finitely

many atoms, where J =Y | J;.

PROOF : Suppose, on the contrary, there exists € > 0 such that Ng(\’ﬁ ) either
contains a non-atomic subset or has infinitely many atoms. If N, (¥/.J ) contains a
non-atomic subset 33, then we can choose {B;}jeny € ¥ such that Bj;1 C Bj C
B with 0 < pu(Bj) < % For each j € N, define f; = (XB)I/p Obviously,
|| fill = 1. We show that f; — 0 weakly. Let A C ¥ with 0 < p(A) < co. Since

p > 1, we get that

'/ ijAd,UJI (](3 m)A> < u(By)' v < (j)l‘i -0,

as j — oo, and so f; — 0 weakly. Since W is compact, by assumption, it fol-
lows || W f;]l, — 0. Now, assume that N.({/J) contains infinitely many atoms.
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Let {A;},en be disjoint atoms in N.({/.J). The same method used in the proof
XA,

W . Therefore,
J

of Theorem 3.1(b) yields g; — 0 weakly, where g; :=
IWg;llp — 0. On the other hand

wlE = /rzui
X =1

n
. . O 1

XB; — o p;[Pdp > E / ufwd#
u(B;)? —Jx " (B

J— / 1
- - JiXB.d,u:/ Jdp > €.
N(Bj)iz_; b ! 1(Bj) Jg,

J

Similarly, ||Wg;||l, > e. But this is a contradiction.

4. ESSENTIAL NORM OF W AND P

Let B be a Banach space and /C be the set of all compact operators on 2. For
T € L(®8), the Banach algebra of all bounded linear operators on ‘B into itself,
the essential norm of 1" means the distance from 7" to K in the operator norm,
namely ||T|| = inf{||T — S|| : S € K}. Clearly, T is compact if and only if
IIT'|e = 0. As is seen in [16], the essential norm plays an interesting role in the
compact problem of concrete operators. Many people have computed the essential
norm of (weighted) composition operators on various function spaces. In [10], the
essential norm of uC, on LP(X) with 1 < p < oo have been computed by one of
the authors as follows:

|uCylle = inf{r > 0 : G, consists of finitely many atoms}, 4.1)

where G, = {z € X : {/J(z) > r}. The question of actually calculating the
essential norm of P and W on LP(X) spaces are not trivial. In this section, in spite
of the difficulties associated with computing the essential norm exactly, we will
try to determine the lower and upper estimates for the essential norm of P and W
defined on L!(X) and LP(X) respectively.

Theorem 4.1 — (a) Let P = " | Pl be a bounded operator on LY(X). Put
w=Y1, |u| and § = inf{r > 0 : N,(u) consists of finitely many atoms}. Then
IPlle < 8.
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(b) Let (X, 3, ) be a purely atomic measure space. If the sequence {a;}jen
has no subsequence that converges to zero and u;’s are nonnegative, then ||Plle >

O.

PROOF : (a) Take ¢ > 0 arbitrary. Put K = Ng;.(u). The definition of (3
implies that K consists of finitely many atoms. Put P’ = PM, . It is easy to see

that P’ is a finite rank operator on L'(3). Hence, for every f € L'(X), we have

/ 1> hiBi(uifx ) 095 tldp

=1

|Pf—Pfl
< /}(Zh’lE’bqulf’XX\K) O(pi_ld'u
i=1
= Z/ Ei(‘uif‘XX\K) 0 Soi_ld'u © Soi_l
i=17X
= > [ Eullusfl, e
i=17X

- > [t = [ (;w) P
:/ ulfldu < (e + B fllr-
X\K

Thus, |P — P'|| < & + 3. On the other hand, compactness of P’ implies that
IPlle <||P—="P'|| <e+p,andso ||P|le < e+ . Consequently, ||P]. < S.

(b) Let 0 < ¢ < (. Then by definition, N3_.(u) contains infinitely many
atoms such as {A;};cy. Put g; = %. The same method used in the proof
of Theorem 3.1(b) yields g; — 0 weakly and ||Pg;|[1 > B — e. Now, take a
compact operator 7" on LP (X)) such that ||P —T'|| < ||P||c+¢. Since T is compact,

|T'g;||1 < e for sufficiently large j. Therefore, we get that
[Plle 2 P =T =& = [[Pg; = Tgjllh —& = [IPgjll = [Tgjllh —e = F —e —e.

Thus, ||P|le > 8 — 2¢, and so || Pl > 5.
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Corollary 4.2 —Let (X, X, ;1) be a purely atomic. If the sequence {a; } jci has
no subsequence that converges to zero and u;’s are nonnegative, then ||P||. = (.

Theorem 43 — Let 1 < p < oo and let W = " | u;Cy, be a bounded
operator on LP(X). Put o = inf{r > 0 : N.(¥/J) consists of finitely many
atoms}. Then the followings hold.

1
(@) ||Wle < naa, where q is conjugate component of p.

(b) If the sequence {a;} jen has no subsequence that converges to zero and u;’s

are nonnegative, then |W||. > c.

PROOF : (a) Take ¢ > 0 arbitrary. Put K = Ny o(VJ), v} = UiX o= (k)
and W = > ju/C,,. Since by definition of o, K consists of finitely many
atoms, W' = Y"1 u;Cy, M, is a finite rank operator on L”(u). Hence for every
f € LP(X) we get that

n
Wr=wirr <ot S [ Pl o g
=1
n
— Y /X B Ex(uil?) 0 07 | F Pl
=1

=nP! / Ji|fPdu
; e £

— 7l /X S il P < v o+ )| £

\K i1

Thus, |[W —W'| < n%(a +¢). Since W is compact, it follows that |||, <
1 1
W —W'|| <ni(a+e),and so |[W|. < nia.

(b) If @ = 0 then by Proposition 3.2, W is compact, and so ||| = 0. Let
o > 0. Then for every 0 < ¢ < « the set N,_.({/J) either contains a non-
atomic subset or has infinitely many atoms. The same method used in the proof
of Proposition 3.1(b) and 3.2 yields f;, g; — 0 weakly, as j — oo. Now, take a
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compact operator T on LP(X) such that |W — T'|| < ||W]||e + €. Then we have

Wl = /\Zui
X =1

n
. . O i
XB; . o<pi|pd,uZ§ / ufwdu
u(B;)? —Jx ' u(By)

1 ”/ 1
,U,(Bj); X B; N(Bj) B; ( )

Similarly, |Wg;|, > a — e. It follows that

Wie > [W-T|-¢

W f; = Tfillp =& = W filly = 1T fillp —& > o = 2¢

v

IWg; —Tgjllp —e > [IWgjllp — [ Tg;lly — € > a — 2.

Since € > 0 was arbitrary, we obtain ||| > .

Corollary 4.4 — If the sequence {a;};cn has no subsequence that converges

to zero and u;’s are nonnegative then

1
a<|[[W|e<naa.

Note that if {A; : j € N} = 0, ie. X = B, then LP(X) dose not admit
a non-zero compact weighted Frobenius-Perron (composition operator). Thus, in
this case £ = {0} and hence ||P||. = ||P|| and |W|. = ||W]].

Example 4.5 : Let X = (—00,0] UN, where N is the set of natural numbers.
Let p be the Lebesque measure on (—oo, 0] and p({n}) = s, if n € N. Define
i : N — Nas:

1 = X{1,2,3) T 2X{4) +3X(5,6) T DX {2n+1:m>3} T (20— 2) X {2nm>4} TDTX(—00,0];

2
02 = 2Xx11} + 3xq2,3} T 4X{4,5,6} T WX {nn>7} T 3EX(—00,0]-
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Direct computations show that

7 1 3 1 1 1
= X ) g T gXes) F X nnza} ¥ pX (o)

7 3
ha =2x42y + 3x43) + 7X@ T X =7} + 5 X (00,00

It follows that h; + he = %X{l,zl} + %X{g} + %X{g} + %X{g,} + iX{G} +
X{2n+1m>3) T 3X{2nm>4} T ToX(—o0,0)- Put s = ug = 1and p > 1. By using
(4.1) and Theorem 4.3(b), we have
1

1/p
4) ’

7
1Co [ = (1)1“’, 1Carlle = (

ICeall = (3)7, lICulle =1,
27 27
8

p=1 p=1 5
(g)l/p <NCor +Cnll S277 ()P, (G + Cpnle <277 (PMP.
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