oerators
nd
atrices

Volume 7, Number 1 (2013), 101-116 doi:10.7153/0am-07-05

WEIGHTED LAMBERT TYPE OPERATORS ON L? SPACES

Y. ESTAREMI AND M. R. JABBARZADEH

(Communicated by I. M. Spitkovsky)

Abstract. In this paper, we investigate some classic properties of weighted Lambert type opera-
tors on LP spaces.

1. Introduction and preliminaries

Let (X,X, 1) be a complete o -finite measure space. For any sub- o -finite algebra
o/ C X with 1 < p < oo, the LP-space LI’(X,JZY’,LLW) is abbreviated by LP(</), and
its norm is denoted by ||.||,. All comparisons between two functions or two sets are to
be interpreted as holding up to a p-null set. The support of a measurable function f
is defined as o(f) = {x € X; f(x) # 0}. We denote the vector space of all equivalence
classes of almost everywhere finite valued measurable functions on X by L°(X).

For a sub- o -finite algebra .7 C X, the conditional expectation operator associated
with o7 is the mapping f — E“ f, defined for all non-negative f as well as for all
feLP(E), 1< p< oo, where EY f, by the Radon-Nikodym theorem, is the unique
o/ -measurable function satisfying

/fdu:/E‘?ffdu, VA o.
A A

As an operator on LP(X), E< is idempotent and E (L (X)) = LP(.</). If there is no
possibility of confusion, we write E(f) in place of E(f). This operator will play a
major role in our work and we list here some of its useful properties:

o If g is o/ -measurable, then E(fg) = E(f)g.
E(NIP <E(fIP).
e If f>0,then E(f) >0;if f>0,then E(f) >0.

1 ;oL

E(f)| <E(fIP)IPE(|g|”)]? , where 11—7 % =1 (Holder inequality).
Foreach f >0, o(f) Co(E(f)).

A detailed discussion and verification of most of these properties may be found in
[10]. We recall that an 7 -atom of the measure (1 is an element A € .7 with ©(A) >0
such that foreach F € o7 ,if F C A, theneither u(F) =0 or u(F) = u(A). A measure
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space (X,X,u) with no atoms is called non-atomic measure space. It is well-known
fact that every o -finite measure space (X,/, 1 ) can be partitioned uniquely as X =
(UpenAn) UB, where {A, },¢cn is a countable collection of pairwise disjoint <7 -atoms
and B, being disjoint from each A,, is non-atomic (see [12]).

Let u € L°(X). Then u is said to be conditionable with respect to E if u € Z(E) :=
{fel’X):E(|f]) € L°(</)}. Take u and w in Z(E). Then the pair (u,w) induces
a linear operator T from LP(X) into L°(X) defined by T := M,,EM,, where M, and
M,, are multiplication operators. Note that for all f € LP(X), uf € Z(E) (see [2]).
If T takes LP(X) into L?(X) (1 < p,q < ), then we call T a weighted Lambert type
operator from L?(X) into L?(X). An easy consequence of the closed graph theorem and
the result guaranteing a pointwise convergent subsequence for each L”(X) convergent
sequence assures us that every weighted Lambert type operator from L?(X) into L9 (X)
is a bounded linear operator from LP(X) into LY(X). Throughout this paper we assume
that u and w are in Z(E), E = E and T = M,EM, .

Combination of conditional expectation operator E and multiplication operators
appears more often in the service of the study of other operators such as multiplica-
tion operators and weighted composition operators. Specifically, in [9], S.-T. C. Moy
has characterized all operators on L? of the form f — E(fg) for g in L7 with E(|g]|)
bounded. In [1], R. G. Douglas analyzed positive projections on L; and many of his
characterizations are in terms of combinations of multiplications and conditional ex-
pectations.

Some results of this article are a generalization of the work done in [3, 4] and
[7]. In the next section, boundedness of T = M, EM, acting between two different
LP(X) spaces are characterized by using some properties of conditional expectation
operator. Also a necessary and sufficient condition for compactness of these type oper-
ators will be investigated. In section 3, we discuss measure theoretic characterizations
for weighted Lambert type operators in some operator classes on L?(Z) such as, p-
hyponormal, p-quasihyponormal. Next, we shall obtain the polar decomposition and
the Aluthge transformation of 7.

2. Bounded and compact weighted Lambert type operators

THEOREM 2.1. (a) Let 1 < p < o and p’ be the conjugate exponent to p. Then
the pair (w,u) induces a weighted Lambert type operator T = M, EM,, from LP(X)

L
into LP(X) if and only if (E|w|p)%(E|u\p )P € L”(47), and in this case its norm is
1 / l/
given by ||T|[ = [(E(jw|")) 7 (E(|u]”)) " [|oo-

(b) The pair (w,u) induces a weighted Lambert type operator T from L'(X) into
L'(Z) if and only if uE(|w|) € L*(Z) and ||T|| = [[uE(|w])]|-.

Proof. (a) Let f € LP(X). As an application of the properties of the conditional
expectation operator we have
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1771 = [ Wl EGunIPdu = | E(wl")|Ep) du

= [ IE@EWI")? HIPan = ML,

where v := u(E (|w|p))l’ Hence T is bounded from L?(X) into L?(X) if and only if
R, := EM, from L?(X) into L” (%) is bounded. A straightforward calculation shows
that the adjoint operator R* : L («/) — L” () is given by R*f = iif. Note that we
can consider R : L7 (%) — LV () as R* = MyE. It is proved by Alan Lambert in
[7] and subsequentially proved by John David Herron in a different method in [3] that
R* is a bounded operator if and only if E(|v|’') € L(</) and ||R?|| = HE(‘V‘F,)HL/#.
Thus, the pair (w,u) induces a weighted Lambert type operator 7 from L”(X) into
LP(X) if and only if (E\W\P)%(EMP’)I%’ — R/E(V|P") € L~(«7), and in this case

17 = 1 CEwlP) 7 (Eul” )P |

(b) Let f € L'(X). Then we have

1770 = [ IwEG)dn = [ EE (sl = [EMg .

Hence T from L!(Z) into L'(X) is bounded if and only if E(|w|)u € L*(X) and in
this case ||T|| = [EMg(u|yull = [#E(IW])||«. To check this fact, one may refer to [3,
Theorem 2.1.1] or [6]. [

THEOREM 2.2. Let 1 < g < p < andlet p' and q' be conjugate components to
p and q respectively. Then the pair (w,u) induces a weighted Lambert type operator T

Sfrom LP(X) into L1(X) if and only if (E|u|1’) (E\w\‘f)‘l e L"(f), where %4—% = %.
In this case, its norm is given by ||T|| = ||(E |u|?”’ )I” (E|w|‘1)?f Il

Proof. Let f € LP(Z). Then
711 = | B e = | E(wl)|Eu)

1
= [ IEGE (i) 30) 9 = | ML,

1
where v := u(E(|w|?))4. It follows that the pair (w,u) induces a weighted Lambert
type operator T from LP(Z) into L4(Z) if and only if R* = MyE = My : LY (o) —
L” (Z) is bounded. We claim that M; : LY (o) — L () is bounded if and only if

fL
(E(Jv|P))r € L’(%) Suppose that M5 is bounded. Define A : LP (o) — C given
by A( ) Jx E(|v|?") fdu . We show that the linear functional A is bounded. For each

fELP («7) we have
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/ / L /
A< [ B Ifldi = [ 117 flan = [ (o117 )" d
L / Lo /
= s 17 12, < 15l L1712 = I 51 .
P
, / ,
This implies that sup{ [y E(Ju|”)|f|du : f isaunit vectorin L/ ()} < ||M,||7. It
1

follows that ||A| < |[(E([u|”))7 ||, < |[M;]|. By the Riesz representation theorem,
there exists a unique function g € L»' (<) such that A(f) = [y gfdu, for each f €

!

q / N
L¥ (/). Therefore, g =E(|v|P") on X, and so (E(|v|P))? € L'(«).
s
Conversely, if (E(|v|?))? € L"(<7), by Holder’s inequality we have

Moty = [ WU = | B 17 au

<HEWMPII 171l = ICEW )7 IZ 171G

3=

r L
Thus ||M;|| < ||(E(Ju|”))?" || and hence M5 is bounded. Therefore, the proof of
theorem is completed. [

THEOREM 2.3. Let 1 < p < q < and let p',q' be conjugate components to p
and q respectively. Then the pair (w,u) induces a weighted Lambert type operator T
Sfrom LP(X) into L1(X) if and only if

(i) E(|u|”)(E(w]9))'s =0 on B;
(ii) M := sup, E(‘"‘p,)(A")(E(lzlq))%(A") < oo, where 4, —|—% =15
uan)' ! !

In this case, it’s norm is given by | T||? =M.

Proof. Let f € LP(X). Then || T f||, = |[EM, f||4, where v := u(E(|w|‘1))% . Hence
T:LP(X) — L4(X) is bounded if and only if EM, : LP(X) — L9(</) is bounded if and
only if (EM,)* = M;E = M; : LY (/) — LP'(Z). So, in order to prove theorem, it
suffices to show that My : LY (/) — LP' (2) is bounded if and only if

(1) E(]v|”") =0 on B;

) M = SUP,eN M)(Ij}’l) < oo,
W(An) T

Suppose that (1) and (2) hold. Since .27 -measurable functions are constant on each
</ -atom, then for every f € LY (/) with | f||, < 1, we get that
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sl = [ aw= [ B
=2/EMUWW 3 E( ) (An) F(AD7 (42
neN neN

=3 B, ) aan) ¥ <M1, Gince -2 < 1),
nel pi(An)7 1

This implies that |[M;]|”" < M, and so M; is bounded.

Conversely, suppose that the multiplication operator My is bounded. First, we
show that E(|[v[?") =0 on B. Suppose on the contrary. Thus we can find some & > 0
such that u({x € B: E(]v|"')(x) > 8}) > 0. Take F = {x € B: E(|v|"')(x) > 8} . Since
F C B is a &/ -measurable set and o7 is o -finite, then foe each n € .4, there exists
F, C F with F, € & such that u(F,) = (F) . Define f, = XF)”I 7 It is clear that

fa €LY (/) and ||fy]l, = 1. Thus

/ - /
o> |M5]|7 = [V Aully =

— [ > 2 s
W(F) 7 Y

when n — oo, since fii: > 1. But this is a contradiction. It remains to prove (2). Let
= %M Thus £, € L9 (<7) and || .||, = 1. Then we get that
q g

(Al
Ewﬂma_mMﬂm»ma_/Ew”u
A i - o
KA ” H(An) 7 "1 (An)
E(|v|P y|P' _ / /
a/JUJ%—u—/"@wu:MMﬁ<mmw
X 7

X =
(An) 9 1(An)
This implies that M’ < ||M;||”" < . Hence the proof is completed. [J

Suppose that X = (U,enG,) UC, where {C, },,en is a countable collection of pair-
wise disjoint X-atoms and C € X, being disjoint from each C,, is non-atomic. Note
that (UpenGy) N C UpenA, and BC C.

THEOREM 2.4. (a)Let 1 < p < and let p' be conjugate component to p. Then
the pair (w,u) induces a weighted Lambert type operator T from LP(X) into L'(Z) if
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and only if uE(|w|) € L' (Z). In this case, its norm is given by ||T|| = [uE([w])|l,-

(b) Let 1 < q < o and let q' be conjugate component to q. If T from L'(X) into
L4(X) is bounded, then E(|u|?)(E(|w|9)4/1 =0 on B and

ul n w '/ n
M ::iggE( [7)(A )p(ﬂ',,)mq “(An) _

7 > M.

(c)Let 1 < g < oo andlet q' be conjugate component to q. If u(E(|w|9)"/4 =0 on

C and M :=sup, .y |u(Ca) |7 (i%g))q /a(c,)

Lambert type operator T from L'(Z) into L4(X). In this case, | T[4 < M.

Proof. (a) Let f € LP(X). Then ||Tf|1 = ||[EM,f||1, where v := uE(|w|). Thus
the boundedness of T : L”(X) — L'(X) implies that R, and so R} = My : L*(o/) —
L”' () is bounded. It follows that

< oo, then the pair (w,u) induces a weighted

/ _ / / / / /
VI = 115 = 1M5 Qo) < IMG 1P 1 12 = IM5]]7 < oo,

andso v € L (Z) and [v[l,r < [[M5|| = || T||. Conversely, suppose that v € L7 (Z) and
f € L=(<). Then by Holder’s inequality, we have

I1Tfh = [ G an = [ E(vfhdu = [ Iofidi <] 111

Thus, ||T|| <|[v||,» and hence T is bounded.

(b)Let f € L'(Z). Then ||Tf|; =||Rvf||4, where v:= u(E(|w|’1))$ . So bounded-
ness of T implies that M : LY () — L=(Z) is also bounded. Then forall f € L7 (<)
we have

M, . ¢ = /E ) fl19d
1M ¢ iy o) rerr Sﬁﬁ( I dp
= s s [t
Acd/, O<u(A
< s [t = eI
AeZ, 0<u(A)
It follows that M ,(L‘/(Jz{))QL""(M)QLM(Z),andhenceM/ LY ()
E(|v|d") E(|v|7)

— L~(X) is also bounded. Now, by the same argument in the proof of the Theorem 2.3,

if we put f, = xr,/ {/1(F,), we have then

oo , q , 51/
= “qu\\ = \\Mq\/m(fn)“p(z)
o SUP, s 0<u(A p(lA fA (‘ ‘q/)%Fndlu’ . o) o2
u(F) ZwE) im0
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which is a contradiction. Hence we conclude that E(|v|) =0 on B. Also, for any
m € N we have

XA
oo |14 m
> |My||7 > | M5 “(Am)um)
Xa / 1 vy
> My = s [y
Vu(Am) (@)~ Acd, 0<u(A )<o<nu(A) A W(An)

_ 1 E(V7)xa, E(]v]7)(An)
_Zggu(/&)/An 1(An) ah > wAn)

It follows that sup,,cy W =M < ||M;]|7 = HTH‘/ <ee.

(c) Suppose that v =10 on C and sup,,.y v ((”)‘) < oo, where v := u(E (|w|’1))$
Then for each f € L7 (<) we have

Ms()]|9. o = du < /q
MOy = s [ < s s / fl7 d
A y
—::g(m >)'f< IITHG) <M 3 TGN ()

< Mz”fHZq/(Q/)

where we have used the fact that “”’ < max{4, g}, for each a,b,c,d € (0,0). Hence
the operator M;E : LY (Z) — L°°( ) is bounded. It follows that 7 = (M,;E)ikLl 5"
L' (X) — L4(X) is also bounded. [

LEMMA 2.5. Let 1 < p < oo. The bounded operator M, : LP (/) — LP(X) is
compact if and only if for each € > 0 the set {x € X : (E(|[v|"))"/P(x) > €} consists of
finitely many < -atoms.

Proof. Suppose M, is compact. We show that for each € > 0 the set K, := {x €
X : (E(|v|P))"/?(x) > €} consists of finitely many .7 -atoms. Assume the contrary; then
for some € > 0 the set K, either contains a subset of non-atomic part B with positive
measure or has infinitely many .o/ -atoms. Since <7 is o -finite, in both cases we can
find a sequence of pairwise disjoint measurable subsets {A, },en With 0 < (1(A,) < eo.

Define f, = ﬁ. Then || f,||, =1 and for n # m we have

Mty = Mofallp = [ o= vfalrdi> [ lufy = vl

n m

:/ |an|pd”+/ v fm|Pdp
A)'l Am
= [ EWP)flrdu+ | B0 ol dp > 267,
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which shows that the sequence {M, f,} dose not contain any convergent subsequence,
and so T is not compact.

Conversely, suppose that for each € >0, K. = U}_ A} . Define M, (f) = M,(fxx.)
=X vf g, forall felLP (). Itis clear that M,, is a finite rank operator on L?(X)
and |M, —M,,|| < €. Thus M, is compact. [J

In the following theorem, we give a necessary and sufficient condition for the
compactness of T on LP(X).

THEOREM 2.6. Let 1 < p < o and let p' be the conjugate componentto p. Then
the weighted Lambert type operator T : LP(X) — LP(X) is compact if and only if for
L 1
each € > 0 the set {xe X : (E(|u|""))? (x)(E(|w|"))? (x) = €} consists of finitely many
o -atoms.

1
Proof. Let f € LP(X). Then ||Tf||, = |[EM,f|,, where v:=u(E(|w|?))? . Thus
T:LP(X) — LP(X) is compact if and only if EM, : LP(X) — LP(</) is compact. But
by Lemma 2.5, MyE =M : L (/) — LP () is compact if and only if for each & > 0,
the set

L 1
7 P

e X (E(W")7 () > &} = {x e X = (E(ul”) 7 (E(w]"))? (x) > e}

consists of finitely many .o/ -atoms. [

THEOREM 2.7. The weighted Lambert type operator T : L' (£) — L'(X) is com-
pact if and only if for each € > 0 the set K¢ := {x € X 1 u(x)E(|w|)(x) > €} consists of
finitely many X-atoms.

Proof. Suppose that T is compact but for some € > 0 the set K, either contains

a subset of non-atomic part C with positive measure or has infinitely many X-atoms.

In both cases we can find a sequence of pairwise disjoint measurable subsets {Cy},en

with 0 < §(G,) < . Define f, = 5"V Then £/l < 1/||7] and 6(f,) N
o (fim) =0, for n# m. Then

ITh=Thulr > [ EQwDIEG —ufy)ldu

g (P, w)PE (e 2
e (et ) “+/ e (et ) > e

which shows that the sequence {7 f,} dose not contain a convergent subsequence, and
so T is not compact.

Conversely, suppose that for each € >0, K. = U}_,C; . Define T (f) =T (fxk,) =
T (fxee). forall f e L'(Z). Itis clear that T; is a finitely rank operator on L'(X)
and || T —T¢|| < €. Thus T is compact. [J
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COROLLARY 2.8. Let 1 < p < oo. If the measure space (X, <, L) is non-atomic,
then the weighted Lambert type operator T : LP(X) — LP(X) is compact if and only if
T=0.

Proof. Suppose that T is a nonzero compact weighted Lambert type operator.
il
Then 0 # ||T|| = ||(E(|w|p))%(E(|u\1’ )7 ||, and so there exists 6 > 0 such that the
i
set {xeX: (E(|w|p))%(x)(E(|u\P ))¥ (x) > 8} contains an 7 -measurable subset B

with positive measure. Hence, we obtain a sequence of pairwise disjoint subsets B, C B
such that for every n € N, B, € &/ and 0 < l(B,,) < 0. Define

p/fl

P E(w]) T
17|17 (u(B,))

f" xBn .

==

It is easy to see that || f,||, < 1 and

ITha=Thly = [ w7 Euf = uf)Pdn

(E(w]P))? (E(|u]?))” (E(w]P))? (E(|ul?))”
>/n G Y T
2607
Z .

T

But this is a contradiction. [

3. Weighted Lambert type operators on L>(X)

Let . be the infinite dimensional complex Hilbert space and let . (.7¢) be the
algebra of all bounded operators on 7. An operator A € £ () is a partial isometry
if ||Ah|| = ||A|| for h orthogonal to the kernel of A. It is known that an operator A on a
Hilbert space is partial isometry if and only if AA*A = A. The operator A is said to be
positive operator and write A > 0, if (Ah,h) >0, forall h € 5. Let p € (0,00). An
operator A € .Z () is p-hyponormal if (A*A)? > (AA*)?, A is p-quasihyponormal
if A*(A*A)PA > A*(AA*)PA, and A is normaloid if ||A||" = ||A"|| for all n € N. The
hierarchical relationship between the classes is as follows:

p-hyponormal = p-quasihyponormal = normaloid.

The next collection of results addresses the question as to when a Lambert type operator
is of those various operator theoretic types. Also, the polar decomposition and the
Aluthge transformation for these type operators are calculated.

LEMMA 3.1. Let g € L(o/) and let T : L*(X) — L*(X) be a weighted Lambert
type operator. If M,T =0, then g =0 on o (E(|w|*)E(|u|?)).

Proof. Let f € L*(X). Then gwE (uf) = M,T(f) = 0. Now, by Theorem 2.1,

0=|MT > = [[[gPE (W) E (Juf*) o=,



110 Y. ESTAREMI AND M. R. JABBARZADEH

which implies that |g|*E(|w|?)E(|u|*) =0, and so g =0 on o (E(|w|>)E(|u|?)). O
THEOREM 3.2. The weighted Lambert operator T is a partial isometry if and

only if E(w|>)E(|u|*) = xa for some A € o .

Proof. Suppose T is partial isometry. Then TT*T =T, that is
Tf =E(w)E(|lul*)Tf,

and hence (E(|w|?)E(|u|*) —1)Tf =0 for all f € L*(X). Put S = o(E(|u|*)) and
G = o(E(Jw|?)). By Lemma 3.1 we get that E(|w|>)E(|u|*) =1 on SN G, which
implies that E(|w|?)E(|u|?) = xa, where A= SNG.

Conversely, suppose that E(|w|?)E(|u|*) = xa for some A € . It follows that
A =SNG, and we have

TTT(f) = E(wP)E(u)Tf = XsrawE (uf) = wE(uf),
where we have used the fact that 6(Tf) = o(|Tf]*) € SN G, which this is a conse-

quence of Holder’s inequality for conditional expectation E. [

LEMMA 3.3. Let T be a weighted Lambert type operator on L*(X) and let p €
(0,00). Then
(T7T) = Mageufeyyo- (e EMa

and
(TT")P = Moy i)yt o E(uPy EMw:
where S = 6(E(|u]?)) and G = c(E(|w]?)).
Proof. Suppose that f € L*(Z). Then by induction we obtain

(T*T)n =M

—n EM,
AE(uP)) 7 s E(wP)r

and

M L
w(E (W) T 16 (E(uP) "

-
I

(TT*) EM;

for all n € N. Now the reiteration of powers of operators (T*T)% and (TT*)% , yields

(T*T) EM,

- M m—n

(E(|juf?) "7

xs(E(w2) 7

and
TT*)" =M o w EM;
(TT") w(E(w2) T xg(E(luP) 7~ "

for all m,n € N. Finally, by using of the functional calculus the desired formula is
proved. [
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THEOREM 3.4. Let T be a weighted Lambert type operator on L*(X) and let
p € (0,00). Then the following assertions hold.

(a) T is hyponormal if and only if T is p-hyponormal.
(b) If |E(uw)|? = E(|u|?)E(|w|?), then T is p-quasihyponormal.
(c)If T is p-quasihyponormal, then |E (uw)|* = E(|u|*)E(|w|*) on o (E(u))NG.

(d)If 6(w) = o(u) =X, then T is p-quasihyponormal if and only if |E (uw)|?> >
E(lu?)E(Iw]?).
Proof. (a) Applying Lemma 3.3 we obtain that (T*T)? > (TT*)? if and only if
Mg u2))r=1 w2yt Mz (o) EMu = My 2 EMs5) 2 0.
This inequality holds if and only if
* *
T*T —TT* = Mag(py EMy — My EMi 2 0,

w2

where we have used the fact that 717, >0 if T; >0, T» > 0 and 717, = T>T; for all
T; € B(A), the set of all bounded linear operators on Hilbert space 7 .
(b) By Lemma 3.3, it is easy to check that

THTT)PT = Ma ey s i) on) PE M
T*(TT*)pT = Mﬁ(E(|w|2))”+1(E(|u|2))I’EMM'

It follows that T*(T*T)PT > T*(TT*)PT if
Mk (1u2))p=1 s (E (w2 M E @) 2= E (w2 E 2y MaEMu 2 0.

By the same argument in (a), this inequality holds if M(|E(uw)\Z—E(|w|2)E(|u|2)) >0;
ie. |E(uw)|®> —E(w]?)E(|u]?) > 0.
(c) Suppose that T is p-quasihyponormal. Then for all f € L?(.<7), we have

<T*(T*T)pT — T*(TT*)pr,f>
= [P s E () () = E () Eu) () P P > 0.
Thus
(EuP))? s (E(w2) (Euw) P~ E(wP)E(uP) Ew) >0,

and hence we obtain |E(uw)[> > E(|w|*)E(|u|?) on c(E(u))NG.
(d) It follows from (c) and (d). [
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THEOREM 3.5. Let T be a weighted Lambert type operator on L*(X). If |E (uw)|?
= E(|u|*)E(|w|?), then T is normaloid.

Proof. By induction, we have
T"f = (E(uw))" 'wE(uf), felL*(Z), neN.
Now, by Theorem 2.1(a) we obtain
- L 1
17" = 11 |E @uw) "~ (E(1ul?)) 2 (E(Iw]*))2 ||, n € N.
Since |E(uw)|> = E(Ju|>)E(|w|?), we get that
17" = 1E(ul) 2 (E(wl*) 2 [l = ITII",

for all n € N. Thus the theorem is proved. [l

It is well known that every operator A on a Hilbert space .7 can be decom-
posed into A = U|A| with a partial isometry U, where |A| = (A*A)% . U is determined
uniquely by the kernel condition .4 (U) = .4 (|A|). Then this decomposition is called
the polar decomposition.

By the operator matrices method, we shall obtain the polar decomposition of
weighted Lambert type operator T = M,,EM,,. Notice that L?>(X) is the direct sum

of the Z(E) = 1*(</) and A (E)={f—Ef: f € L*(X)}. With respect to the direct
sum decomposition, L>(X) = L*(«/) & A (E), the matrix form of T is

T [ Mg (w) ME(W)EMu] .
Mgy — Mg ew) MwEMy — Mg, EM,

THEOREM 3.6. The unique polar decomposition of T is U|T

, where

e
1100 = (5] ) rsat ()

and

XsnG 2
U(f) = (7> WE(uf),
D= EwpEmm) ")
forall feL*(X).
Proof. With respect to the direct sum decomposition, L>(X) = L*(/) ® .4 (E),

the matrix form of T*T is

*_A1A2
rr= i)

where

AL = M) e

Az = M)y EMus

A3 = Mg (pyae() — MEwp)lEw P

Ag = My 2y EMy = My o mrrEMa:

w|*
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Now, suppose that the matrix form of |T| with respect to L?(.«7) @ A (E) is

| B1 B

Since |T|> = T*T, then

Bi+ByB; =Ay;
BBy + ByBy = Ay;
B3B1 + B4B3 = A3z;
B3By+B] =As.
One of the solutions of this system is

Bi = Mg p()ps

Bz = MOCWEM”;

B3 = Mg (u) = Mojp ()2

By = MozEM, — M g EM,,

where

C(EMPNT o i

Since the mapping f — [E ff—Ef ] is an isometric isomorphism from L?(X) onto
L*(o/)® N (E), we get that

S
e

710 = @+ BB+ B+ 8 ) = (AP

Define a linear operator U whose action is given by

_(__XsnG %w u 2
o= (Eiiagrs) B Tere.

Then T = U|T| and by Theorem 3.2, U is a partial isometry. Also, it is easy to see that
N(T) =4 (U). Since for all f € L*(X), |Tf|| =] |T|f|.hence A (|T|)= .4 (U)
and so this decomposition is unique. [J

THEOREM 3.7. The Aluthge transformation of T is

= _)CSE(“W)IZ " 2
T(f)= EQu) E(uf), feL ().

Proof. Define operator V on L*(Z) as

(B Y :
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Then we have V2 = |T| and so by direct computation we obtain

70 =Irituirie) = B i, ©

REMARK 3.8. By applying of the methods, which are used in the proofs of Theo-
rem 3.6 and Theorem 3.7, we can compute the polar decomposition and Aluthge trans-
formation of T* = U*|T*| as follows:

o
10 = (F ) #e7E);

* _ XSNG %IZ W F):
v ((E(iP)E(W)) Fe
7 () = 2oe b ),
forall f € L?(%).

EXAMPLE 3.9. (a) Let X = [0,1] x [0,1], du = dxdy, ¥ the Lebesgue subsets
of X and let o/ = {A x [0,1] : A is a Lebesgue setin [0,1]}. Then, for each f in
L2(2), (Ef)(x,y) = fol S (x,t)dr, which is independent of the second coordinate. This

example is due to A. Lambert and B. Weinstock [8]. Now, if we take u(x,y) = y¥

and w(x,y) = /(4 —x)y, then \/E(|u|?)(x,y) = ,/ﬁ and \/E(|w|?)(x,y) = 1/ 4%.
Hence ||T|| = |(E(Iw[?))Z(E(Ju|?))?||» = V2, and so T is not compact, where
1 —x
(Th)xy) = VE=2y [ ¥ fleayn, £ ()
The direct computations show that

(4—x)y¥ [
| T f(x,t)dt,
2 o f(x,1)

Ulx,y) = 7“4\/;“”’ /Olz%f(x,t)dz

T|(x,y) =

and ,
~ 3(4 —x)Ky%x
T(f)(x,y) = VA2
Also, it is easy to see that [|[Rull;2(z)—r2(x) = IMull2(r)—12(3) = % However, the

multiplication operator M, : L*>(X) — L?*(X) is not bounded, because u ¢ L*(X) (see
[L1D).

/lt%f(xj)dt.
0
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(b) Let X =N, X =2N and let u be the counting measure. Put

A={{2},{4,6},{8,10,12},{14,16,18,20},-- -} U{{1},{3}.{5}, - -}.

Ifwelet Ay = {2}, A, ={4,6}, A3 ={8,10,12}, ---, then we see that i(A,) =n and
for every n € N, there exists k, € N such that A, = {2k,,2(k, +1),-+,2(k, +n—1)}.
Let o/ be the o -algebra generated by the pattition A of N. Note that, & is a sub-
o -finite algebra of X and each of element of &/ is an &/ -atom. It is known that the
conditional expectation of any f € Z(E) relative to < is

o ]
£ =3 (g [ ran) i+ 3 s =1y

n=1

Define u(n) = % and w(n) = ﬁ , forall n € N. For each even number m € N, there

exists n,, € N such that m € A, . Thus we get that

1 1
p - - ...
E(‘W‘ )(m) = 22pkny, (anm)4p oot 22pk,,m+2pnm—2p(2knm + 21, — 2)417
and
, 41 (2ky, +2)2 (2ky,, + 21y — 2)2V
E([ul”)(m) = -

(2ky,, + 1) (2ky,, +3)7 (2ky,, +2ny — 1)P"

It is easy to see that

N2k, 4 21 — 2)2
(2K, + 20— 1)

< Ny
X 22pk,,m (anm )4p

E(|wl”)(m) and E(|ul”)(m) <

and so

==

L L () ()P (2, + 20— 2)°
(Bl mEQ) 7 (m) < 30, B0 G a1y

Since n,, < ky,, , then

1
7

22k, (anm)4 = 22k”m4(knm)2 :

Also, for all n € N, we have

(E(wl?)F (2n = DER) 7 2n—1) = 2.

1 ;oL
Thus [[(E(|w|?))? (E(|u|?))? ||~ < 1, and so by Theorem 2.1(a) and Theorem
2.7, the operator T = M,,EM,, is a compact weighted Lambert type operator on L”(X).
However, the operator R, is not compact, because (E(|u|?"))!/?' (m) — oo as m — oo.
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(c) Let dA(z) be the normalized Lebesgue measure on open unit disc ID. Recall
that for 1 < p < o the Bergman space )24 (D) is the collection of all functions f €
H (D), holomorphic functions on D, for which [, |f(z)|PdA(z) < e. Let < be the
o -algebra generated by {(z*)~!(U) : U C C is open}. Then

EW(E) =1 3 u(¢), we H(D), § €D\ {0,
=

(see [5]). Note that |u| < nE(|u|) and E(L;(D)) C LE(D). Since E is contraction,
u € H*(D) if and only if E(|ul*) € L*(D), for all s > 1. It follows that the operator
R,(f)(&) = %25"=€ (uf)(¢) on LL(D) is bounded if and only if the multiplication
operator M, : L} (D) — L5 (D) is bounded. It is known that M, is bounded if and only
if u € H*(D). This example shows that these operators are closely related to averaging
operators.
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