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Weighted Composition Lambert-Type
Operators on LP Spaces
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Abstract. In this paper boundedness of a weighted composition Lambert-
type operator T' = M,EM,C, acting between two different LP(X)
spaces is characterized using some properties of conditional expectation
operator. Moreover, we establish criteria for hyponormality for these
types of operators on L*(X).
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1. Introduction and Preliminaries

For 1 < p < oo, the LP-space LP(X, A, u|.4) is abbreviated by L?(A), and its
norm is denoted by ||.||,- The support of a measurable function f is defined
as o(f) = {z € X; f(z) # 0}. Suppose that ¢ is a measurable transformation
from X into X such that p o ¢~! is absolutely continuous with respect to
u, that is, ¢ is non-singular. Let h be the Radon-Nikodym derivative du o
o~ 1/dp and we always assume that h is almost everywhere finite valued
or, equivalently »~1(3) is a sub-sigma finite algebra. We denote the vector
space of all equivalence classes of almost everywhere finite-valued measurable
functions on X by L°(X). All comparisons between two functions or two sets
are to be interpreted as holding up to a p-null set. Let u € L°(3). Then u
is said to be conditionable with respect to E if u € D(E) := {f € LY() :
E(|f]) € L°(A)}. An A-atom of the measure p is an element A € A with
w(A) > 0 such that for each FF € A, if F C A then either u(F) = 0 or
w(F) = p(A). A measure space (X, X, u) with no atoms is called non-atomic
measure space. It is well known that every o-finite measure space (X, A, | )
can be partitioned uniquely as X = (Upen4p) U B, where {4, },en is a
countable collection of pairwise disjoint A-atoms and B € A, being disjoint
from each A, is non-atomic (see [7]).

For a sigma-finite algebra A C X, we denote by E the conditional expec-
tation EF considered as a bounded linear idempotent transformation from
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LP(X) on to LP(A). Those properties of E used in our discussion are sum-
marized below. In all cases, f and g are conditionable functions.
e If g is A-measurable, then E(fg) = E(f)g.
e (Conditional Jensen’s inequality) If ¢ : R — R is convex and ¢(f) is
conditionable, then E(o(f)) > ¢(E(f)).
e If p and p’ are conjugate exponents and f € LP(X) and g € )2 (%), then
|E(f9)| < B(SP)[» E(lgl” )|
e For each f >0, o(f) C a(E(f)).

A detailed discussion and verification of these properties may be found in
[6]. Now, take u and w in D(FE). Then the triple (u, w, ¢) induces a weighted
composition Lambert-type operator T' from LP(X) into L°(X) defined by
T=M,EM,C,, where M, and M, are multiplication operators and C, is
a composition operator. Throughout this paper we assume that uR(C,) C
D(E), w € D(E), E = EA, E, = E*"il(z), ¢ is non-singular and T =
M,EM,C,, where R(C,) denotes the range of C,.

A combination of conditional expectation operators and multiplication
operators appears more often in the service of the study of other operators,
such as operators generated by random measures [2], Markov operators, and
Reynolds and averaging operators [6].

Some results of this article are a generalization of the work done in
[4,3,1]. In the next section, the boundedness of T' acting between two differ-
ent LP(X) spaces are characterized by using some properties of conditional
expectation operator. In Sect. 2, we discuss the measure theoretic character-
izations for hyponormality of T on L*(X).

2. Weighted Composition Lambert-Type Operators

In this section, we give some sufficient and necessary conditions for bound-
edness of T'= M,,EM,C, acting between two L”(X) spaces.

Theorem 2.1. Let 1 < p < oo and let T : LP(X) — LP(X) be a weighted
composition Lambert-type operator T'= M, EM,C,,.

(i) If J1 := hE,(E(jv|P))P/P 0 o=1 € L®(X), then the operator T is bounded,
where v := u(E(|w|P)/? and p' is the conjugate exponents to p.

(i) If ¢ 1(X) € A and T is bounded, then Jo := hE,(|E(v)|)P o p~! €
L®(%), where v := u(E(jw|P)'/?.

Proof. (i) Let f € LP(X) and v = u(E(|w[P))*/?. Then we have

74l = / wl? B o 0)Pdn = / E(ul?)|E(uf o ) dn

/ [B(E(wl")} £ o 0)Pdu = | EM.C, fT,

It follows that T is bounded if and only if the operator EM,C from
L?(X) into LP(A) is bounded. Now, let f € LP(X). Then, by conditional
type Holder inequality, we have
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[EM,Co flp = /IE(vf op)[Pdu < /(E(IUIP/))ﬁE(Iflp o p)dp
X X

- /(E(Ivlp'))flflp o pdp= / hE(E(o” ) ) 0 o~ | fPdu= / T fPdp.

X X X

This implies that ||T]] < ||J1H<1>ép7 and so 7" is bounded.
(ii) Let A € ¥ with 0 < 1(A) < co. Then

/ Jody = / E(0)[Pxa 0 pdu = / |E(uxa 0 @)Pdu
A X X

— IO < TP / yady = / IT|Pds,
X A

where v = u(E(|w[P))'/?. It follows that Jo < ||T||?, and so J, € L>®(%). O

Note that, A = ¥ if and only if E = I, the identity operator, and if ¢
is the identity map, then E, = I. Then we have the following corollary.

Corollary 2.2. (i) If hE,(Jw[P) o o~ Y(E,([ul? ))P/?" o o=t € L®(%), then
the operator T, := M, E,M,Cy, is bounded on LP(X) with 1 < p < 0.
Conversely, if T, is bounded, then h(|E,(u)|P o o™ ')(E,(Jw|P)op™t) €
L>(%).

(ii) The weighted Lambert-type operator M, EM,, from LP(X) into LP(X) is
bounded if and only if (Elw[?)?(E|u[P)'/?" € L>(A), and in this case
its norm is given by || My, EM,|| = |(E(lw[?))YP(E(|ul?)Y?|| .
(iii) The weighted composition operator uCy, = M, C, from L?(X) into L?(X)
is bounded if and only if J, := hE,(JulP) o =1 € L>(X).

Theorem 2.3. Let 1 < g < p < oo and let p', ¢’ be the conjugate exponents to
p and q, respectively. Then the following assertions hold.

(i) If Sy = ha(E(|v|q/))Q/q/ oo~ ! and 511/q € L™(Y), then the weighted
composition Lambert-type operator T from LP(X) to L1(X) is bounded,
where v := u(E(|w|9)Y? and 1/p+ 1/r = 1/q.

(i) If o (A) C A and T from LP(X) to LY(X) is bounded, then Szl/q €
L7 (), where Sz := hE,(|E(v)])20 o™t

Proof. (i) Let f € LP(X) and Si/q € L"(X). Then, by Holder and condi-

tional Jensen’s inequalities, we have

ITAIG = 1EM.Cy flIG = /IE(vfw)I”dM < /(E(Ivlq/))ql’E(\flq o p)du
X X

a
7

- / (B (o] )7 | £17 0 pdu = / WE,(E(o|")¥) 0 o~ |f|2du

X X
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/s du / | = 1S5 £l

This implies that | T|| < ||Si/qu7 and so T is bounded.
(ii) Define linear functional A on L7 (A) by

= X/ S fdp.

Since T is bounded, for each f € L4 (A) we get that

A < / E (hE,(1E(0)))? 0 ™) |fdu = / [E)[9)f] o pdy
X X

= / [B@|f]7 0 @) "du=[|EM,Co (| f17)I|2 = IT( 12 < TN f1]2-
X

Hence, A is bounded linear functional on Lg(A). By the Hahn-Banach
theorem, we can suppose that A is a bounded linear functional on La (%)

and ||A]| < ||T||9 Thus by the Riesz representation theorem, 521/‘1 €
L"(%). O

Corollary 2.4. Let 1 < g < p < oo and let 1/p + 1/r = 1/q. Then the
weighted composition operator uC, from LP(X) to LY(X) is bounded if and
only if J, = hE,(lu|?) o o~ € L"/9(%).

Suppose that X = (UpenChr) U C, where {Cy, }nen is a countable collec-
tion of pairwise disjoint X-atoms and C' € X, being disjoint from each C,,, is
non-atomic. Note that (UpenCpn) N A C UpenA, and B C C.

Theorem 2.5. Let 1 < p < q < oo, v = u(E(|w|))"/? and let T : LP(2) —
L1(X) be a weighted composition Lambert-type operator.

(i) Let Ky := hE,(E(jv|?))%7 o o~ and let M := sup, oy %,
p',q" be the conjugate exponents to p and q, respectively, and 1/q + 1/r

=1/p. If K1 =0 on C and M < oo, then T is bounded.
(ii) Let o='(A) C A and let N =: sup,,cy %. If T is bounded, then
Ky :=hE,(|E(v))90¢ ' =0 on B and N < .

Proof. (i) Let f € LP(X) with | f]|, = 1. Then, by conditional Jensen’s
inequality, we have

ITFl7 = 1EMoCo fllg = / [E(vfop)|®du < /(E(Ivlq/))f’E(lf\q °p)du

X

where

/( (ol ) 117 0 pdu = /K1|f|"du— S K (Ca)l F(C) ()

necN

-y KI(C J(F(C ()} < M < v,

nGN
This implies that |T]| < M'/9, and so T is bounded.
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(ii) First, we show that E(K3) = 0 on B. Suppose on the contrary. Thus, we
can find some ¢ > 0 such that pu({x € B : E(K3)(z) > 6}) > 0. Take
F ={x € B: E(K3)(z) > 6}. Since F C B is a A-measurable set and
A is o-finite, then for each n € N there exists F,, C F with F,, € A such
that p(F,) = wu(F)/2". Define f, = u(;n% Then f, € LP(A) with
|| fullp = 1. Since T is bounded and % > 1, we get that

o0 > [T = [EM.C,l" 2 |1B(w, 0 )l = - g/w Irdn

SIS

_ 1 Su(Fy) —g irl_)oo
= | R g = i(5i) |

n

when n — oo. But, this is a contradiction. It follows that Ko = 0 on B,
since Ko > 0. It remains to prove N < oco. Take f, = Hence

fn € LP(A) with || fn|l, = 1. Then we have
E(K2)(An) _ (K2)(A / E( K21

XAnp
/L(An)l/p ’

p(An) (A

E(K2)xa, Kaxa,
=/—Lii—w=/—z—ﬂmﬂmwmowMSummamﬂﬂww

(An)»
This implies that N < [|[EM,C,|| < oo. O

Corollary 2.6. Let 1 < p < ¢ < oo and let 1/q + 1/r = 1/p. Then the
weighted composition operator uCy, from LP(X) to LI(X) is bounded if and
only if J, =0 on C' and sup,,cy J, ( )/ 1(Cr) T < 0.

Theorem 2.7. Let 1 < q < 00, v = u(E(|w|?)"/? and let T : L*(X) — LI(X)
be a weighted composition Lambert-type operator.

(i) If K1 =0 0n C and My := ),y Ml((cl(()jq‘_)l < 00, then T is bounded.

(i) If o= Y(A) € A and T is bounded, then E(Ks) = 0 on B and Ny :=
E(K3)"/9(Ay)

SUPneN ~—,(A,)1-1/a < 00.

Proof. (i) Let f € LY(X) with ||f|l1 = 1. Then, by conditional Jensen’s
inequality, we have

a
a’

MWW|WMwa—/wuw@ww</<ww» B(f|7 0 p)du
X
ﬂ(W»mew /mmw—ZKluﬂ>w<>
X neN
K (C ) q

This implies that || T < Mll/q, and thus T is bounded.
(ii) It follows by the same argument in the proof of Theorem 2.5(ii). O
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Ezample 2.8. Let X = [0,1]?, du = daxdy, ¥ the Lebesgue subsets of X
and let 4 = {4 x [0, 1] A is a Lebesgue set in [0,1]}. Then, for each f

in L2([0,1]%), (Ef)(z,y) fo x,t)dt, which is independent of the second
coordinate. Define the Baker transformatlon ¢ :10,1]* — [0,1]2 by

1 1 1
@(xay)Z(Qx )X[Ol)x[01]+< -Lgy+ )X[ 1]x[0,1]-

Since

[ 10,5] % [0,2y] 0<y<3

(0. [O’y”‘{ (10, 32 x [0,1) U (5, 3+ 3a) x [0,2 — 1)) b<y<1,
and E(|v]?) = E(|u|?)E(|w|?), we get that

B o (Bl (5, 2y) 0<y<3

Ji(z,y) = (hEy(E|v]*) 0o o 1)( ,y)—{(Ev| 4 lo2y—1) L<y<

_ {(fol u(3a, 2)[2de) ([ [w(ia, 2t)[2de) 0<y<3

(Jo Tu(3 + a2t = D26 ([ |w(k + Lz, 20— 1)2dt) L <y <1

Now, if J; € L>([0,1]?), by Theorem 2.1(i), the integral operator

T, y) =wz,y) [ wz x,t))dt
[

on L?([0,1]?) is bounded.

3. Hyponormality of Operator M,,EM,C,

In this section, we characterize the hyponormal weighted composition of
Lambert-type operators. Our characterization is similar in spirit and state-
ment to Lambert’s characterization of hyponormal weighted composition
operators [5]. We obtain Lambert’s characterization as a corollary whenever
w=1and A=2X.

Let (X, X, m) be a complete o-finite measure space. A bounded operator
T on L2, = L?(X,3,m) is hyponormal if | T*f|| < || Tf| for every f in
L?,. Throughout this section, we assume that v and w are non-negative -
measurable functions on X and J = hE,(E(v?)) o ¢~ € L*°(X), where
v = u(E(w?))Y?. Note that by Theorem 2.1(i), J € L°°(X) implies that
T = M,EM,C, is bounded on L2 . Let ;1 be the measure defined on (X, X)
by dp = Jdm. Then p is supported on A := o(J). It is easy to see that
L7, € L7 and so the set L7, is dense in the Hilbert space L. For any

f,g € D(E) with o(f) € o(g), we use the notational convention of 5 for
(i)Xa(fy

Theorem 3.1. Let T : L*(X) — L3(X) be a bounded weighted composition
Lambert-type operator.
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(i) If T is hyponormal, then o(wE(u)) C A.
(ii) If T is hyponormal and o= (X) C A, then

)2
(hop)E < ) Xo(Ep(uB(w))) a.c. dm.
(iii) If o(E(u)) C A, (ho <p)E@(( E(u))?/J) < 1,(a.e. dm) and for each
ferLy,

B(wf o @) = E(o)E(If o ¢),
/ 12 0 (B (uB(wf))2dm < / 12 o (B (E(uyuwf))2d

X X
then T is hyponormal.

Proof. (i) Let B C X — A be a measurable set of finite measure in X. Then
by hyponormality of T, we have

17" (), = [ W2 Eo(uE(wxn)? o ¢ tdm < T (),

= / |wE(uxp o @)[*dm < /E(U2)E(XB op)dm = /JXBdm =0,
X X
so hE,(uE(wxp)) o ¢~ ' = 0,a.e. dm. It follows that

[wktuam = [ubuxmin= [ 15, (Bwy) oo tdn =0
B X X

Hence, wE(u) = 0,a.e. dm on B, and so wE(u) = 0,a.e. dm on
X — A, that is o(wE(u)) C A.

(i) Suppose that ¢~1(X) C A, thus L%(¢~1(2)) C L°(A) C LO(%). Now,
for any f € L2,

1T (DI = [ B EowBw ) o ¢ 'dm = [ BB, B ) o ¢~ dm
X A
— W Ey(uE(wf))? o p~! [ hE (uB(wf))?op~t
_/ T du_/ BpDopt

A
For f € L2, define

[N

F(f) = <W> Ey (uE(wf))op™".
(This is well defined, since o(hE,(uE(wf)) o p~') C A). It follows that

1P = [ iyegmr BB @) o™ au= 1T (),
X

< TSI = / WwE(uf o p)Pdm < / FPdu = 1712
X X
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since L7, is dense in L7, and F extends to a contraction on L?. Now, let
f,g € L?,. Then we have

(F (1) = / (M) ' utn) o g

p )2 E (uB(wf)) o ¢~ ghdm

X
/ ho@E,( %Ew(uE(wf))gogadm
b'e

/wf ho@Ey( ))%E(u)gwdm:/wa(U)(Jw)ﬁgwdu'
X X

w u [e] / [e]
Thus, F*(g) = w, and so

" w?B(u)*J o plgl* o @
R e

X
2E 2
= /Ew (W) J o plgl* o pdm =
X
w2E(u)?
=/hE¢> ((]()> lg|*dp < /Iglzdm
X X

since F™* is a contraction on L2, It follows that hE,((w?*E(u))*/J)o ¢~
<1, ae. du on o(J) and vanishes on X\o(J), so hE,((w?E(u))?/J) o
¢! < Xo(s)- Since ¢ Ho(J)) = o(J 0 p) = o(E,(uE(w))), we get that
(ho <p)E¢((wE(u))2/J) < Xo(J) ©P = Xo(E,(uE(w)))> and (ii) holds.

(ili) By assumptions of this part, we can define the operator G on L2, for
any f € L2,

[
o (25 e

E(U)(Jw)%fosol

() = ===

Hence,

O % o 2
X

w u 2
:/hE«: <( E§ ) )Osollfzdu
X
< / P = [ £12.
X

It follows that G is a contraction on L2 . In particular, G extends to a
contraction on Li. By similar computation of part (ii), for f in L2,
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1
(W) "B (wE(w)f) o™
and |[T*(f)|l7, < [G*(f)||7. Since G* is a contraction, we have for all f
in L2,

1T (A < 1G=HIE < I = I1TCHI
that is 7" is hyponormal.

Corollary 3.2. (i) If T, = M, E,M,C, is hyponormal, then o(wE,(u))
o(J) and (h o )Ey(u?)Ey(w?/J) < Xo(B,w)NE,(o(w), where J
hE,(v?) 0 o™t with v = u(E,(w?))'/2.

(ii) Ifo(Ey(u)) C o(J) and (hop)E,(u?)Ey(w?/J) < 1 with J = hE,(v?)o
o=, then T, is hyponormal.

(iii) Let J, = hE,(u?) o™t € L>®(X). Then the bounded weighted composi-
tion operator uC, on L*(X) is hyponormal if and only if

(a) o(u) Co(Jy),
(b) (ho@)E, (! 2) <1, a.e. dm.

N 0O

Ezample 3.3. Let m = {m,}22; be a sequence of positive real numbers.
Consider the space [?(m) = L?(N, 2, 1), where 2 is the power set of natural
numbers and y is a measure on 2V defined by p({n}) = m,. Let u = {u, }3,
be a sequence of non-negative real numbers. Let ¢ : N — N be a non-singular
measurable transformation, i.e. o ™! < u. Direct computation shows that

 Xjepi(ot Fimy
oo 2 me Ba(N) = 4 i
Fjee- (k) J€p™ (k) 77

for all non-negative sequence f = {f,}52; and k € N. Since o(J,) = o(h) N
o(Ey(u)), by Corollary 3.2(ii), uCy, is hyponormal on [?(m) if and only if
o(u) € {k € o(N) : u(p™" (p(k))) # {0}} and

2

U2 u ms
(ho o) (HE, (J) (=1 3 My

J
M je o o TPl

9

on o(u), where for each j € N,

Jo(i) = — > u(i)?mi < M
7 iep=1(5)
for some M > 0.
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