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1. Introduction and preliminaries

Let (X, X, 1) be a o-finite measure space and let A be a sub-o-algebra of X' such that (X, A4, u) is also
o-finite. All functional equations and set relations are taken modulo sets of measure 0. We denote the vector
space of all equivalence classes of almost everywhere finite-valued measurable functions on X by L°(X).
The support of a measurable function f is defined as o(f) = {x € X; f(z) # 0}.

Let E = E4 be the conditional expectation operator. For any A-set A and f € Upzl P u{f e
LO(X) : f >0}, [, fdu = [, Efdu. As an operator on LP(X), E is idempotent and E(LP(X)) = LP(A).
The interested reader can find more extensive list of properties of conditional expectations in [1] and [10].

We recall that an A-atom of the measure p is an element A € A with u(A) > 0, such that for each
Fe A if F C A, then either u(F) =0 or u(F) = u(A). A measure space (X, ¥, 1) with no atoms is called
non-atomic measure space. It is well-known that every o-finite measure space (X, A, p) can be partitioned
uniquely as X = (U, ey An) U B, where {4, },en is a countable collection of pairwise disjoint .A-atoms
and B, being disjoint from each A,,, is non-atomic (see [11]).

If E(f) exists for a function f € L°(X), then we say f is conditionable. Let u and w be conditionable. As
defined in [3], the weighted Lambert type operator T is the bounded operator T := M,, EM,, from LP(X)
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into L9(X"), where M,, and M,, are multiplication operators. Throughout this paper, we assume that u and
w are conditionable and T is a weighted Lambert type operator.

Our interest in operators of the form M, E M, stems from the fact that such products tend to appear often
in the study of those operators related to conditional expectation. Multiplication-conditional expectation
products appear in [2], where it is shown that every contractive projection on certain L!-spaces can be
decomposed into an operator of the form M, EM, and a nilpotent operator. In [4,5,7] operators that are
representable as products involving multiplications and conditional expectations are studied. Also, in [9],
S.T.C. Moy has characterized all operators on LP of the form EM, and M, EM,. Some classical properties
of the operator EM, on LP(X) spaces are characterized in [6] and [8]. The authors have characterized
boundedness of T between two LP(X) spaces, polar decomposition and some other classical properties of T
on L?(X) in [3]. In this paper we investigate the class of compact linear operators between different LP-spaces
having the form M, EM,.

2. Compact weighted Lambert type operators

In this section we discuss compactness of the weighted Lambert type operator T' = M,,EM, between
two different LP-spaces. Also, some examples are provided to illustrate some concrete applications of the
main results of the paper.

Theorem 2.1. Let 1 < g < p < oo and let p’,q" be conjugate component to p and q, respectively. Then the
weighted Lambert type operator T from LP(X) into L1(X) is compact if and only if

(i) (E|w|q)1/q(E|u|p:),l/p: :,O a.e. on B;/ o
(ii) D, en(B(lw] M)/ (A, (E(|uf?"))" /0P (A, ) u(An) < oo.

Proof. Let f € LP(X). Then
17413 = / wl? ()| "dp = / B (fuf?) [ E(uh)|"dn
/ B (u(B(w]?))* £)|"dn = |EM, F]2,

where v := u(E(|w|?))'/4. It follows that the weighted Lambert type operator T : LP(X) — L9(X) is compact
if and only if R* = MyE = My : LY (A) — LP' (%) is compact. Since | My f|l, = M (g (jopryyrro fllprs we
have that My is compact if and only if the multiplication operator M(E(lv‘p/))l/pr is compact. Now, suppose
that T' is compact. Firstly, we show that E(\v|p/) = 0 a.e. on B. Assume that there exists some § > 0
such that the set By = {z € B : E(Jv|?")(z) > 6} has positive measure. We may also assume u(By) < oc.
Since By has no A-atoms, we can find E, € A of positive measure satisfying E,+1 C E, C By for all n
and lim, u(E,) = 0. Put f, = xg, /(u(E,))Y/?". Then for each n, f, is a bounded element in L% (A) and
lim,, fo(z) = 0 for all z € X \ (), En. It follows that lim,, E(|v[’")f,, = 0 point-wise almost everywhere,
because p((,, En) = 0. By compactness of M g, p))1/s s {(E(lv[P')/? f,},, is uniformly integrable in
LP'(X). Hence there exists ¢ > 0 such that

sup / E(|v|p/)f£/du <6,
neN
{E(jv|?") fo>t}
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and so [}, E(|v|P") f2 dp < & for some large N € N. Then we infer that

’ ’ ’ / 1 ’
d> /E(|U|p) Ndp = |‘M(E(|U\P/))l/p’sz\)[||p = W(Ex) /E(|U|p) >4,
EN EN

but this is a contradiction. Next, we examine the condition (ii). Since 7' is compact we have that M, is bound-
ed and so by Theorem 2.2 in [3], E(|v|?")/?" e LP'd'/(d'=2)(A). Thus 3 _(E([v[? )7/ =2 (A, u(An) <
0.

Conversely, assume that the conditions (i) and (ii) hold. By the same preceding discussion, it suf-
fices to establish the compactness of M g ,p )y LY(A) — LP(X). The condition (i) implies
that for any € > 0, there exists N € N such that ZR>NE(E(\v|p/))q//(q/_p/)(An)p(An) < e. Put
Ve =D N, (E(Jv[?"))/? (A,)xa,. Obviously, M,_ is a bounded and finite rank operator from L9 (A)
to L (X). Moreover, by the Hélder inequality, for each f € L7 (A) we have

neN

1M oy £ — Mo FIE = / E(lol?)If1" dy

Un>Na An

= 3 B (A7)
n>Ne

" »’
q

= 3 Bl ) (A)n(Aa) T | F(AD) [P 1AL

n>N,

(3 B0o) ™7 At

n>N.

’ ’
9 —p
q’

m\"ﬁ

IN

(3 It uan)

n>Ng

' =p’ ’
7 p
<N
It follows that |[M gy ey — Mo, || < eld' =14 Qo M g(jyjp'y)1/» 18 the limit of finite rank operators and
is therefore compact. This completes the proof of the theorem. O

Theorem 2.2. Let 1 < p < q < oo and let p',q" be conjugate component to p and q respectively. Then the
weighted Lambert type operator T from LP(X) into L1(X) is compact if and only if

() E(jul? )/ (E(jw|7))"/4 =0 a.e. on B;

(ii) limy, oo E(uP )ﬁ?j)giggtzzg [ An) 0, when the number of A-atoms is not finite.

Proof. Let f € LP(X). Since |[Tf||; = [|EMyfllg, v := u(E(|w|q))%7 it follows that T : LP(X) — L4(X) is
compact if and only if M, : L9 (A) — L¥'(X) is compact. Let T be compact. Hence M, is compact and so
is bounded. Thus by Theorem 2.3 in [3], E(Jv[*) = 0 a.e. on B.

Now, if the condition (ii) is not satisfied, we can find a constant ¢ > 0 such that for each n € N there
exists i, > n so that E(|[v["')(4;,)/u(4;,)# 974 > 5. For each n € N, define f, = xa, /(A ).
Obviously, f, € LY (A) and || f,|l; = 1. Now, for each m,n € N with m # n we get that

1M fr — M o2y = / 0P | for = ful? dpp = / E([v[P) | fn — fal? dps
X

X

> [ Bl [ Bl )l > 25

Aim Aip

But this is a contradiction.
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Conversely, assume both (i) and (ii) hold. By the same argument in the proof of Theorem 2.1, it suffices
to establish the compactness of M(E(lv‘pf))l/p/. From (ii), for any € > 0 there exists N, € N such that
E(Jo]?")(An)/m(An) ¥ =9)/7 < ¢ for all n > N.. Take v. == Y, E([v["")/? (A;)xa,. Then M,, is a
bounded and finite rank operator from L7 (A) to L? (X). Moreovgr, for each f € LY (A) with [|f]ly = 1,
we have |f(An)]7 u(Ay,) < |\f||gﬁ = 1. Since p'/q’ > 1, then (|f(Au)]9 u(An))P79 < |f(An)|? u(A,). Thus

we have

Mgy d = Mol = [ B0l d
Uns v, An
= 37 B0l ) (A (A £ (A"
n>Ng
)(An p 2 y
=T ':' ) (| An)]” 1(A) T < el

Therefore ||M(E(|’L)‘pl))1/p, — MUE” S El/ql7 and SO M(E(l’u‘p,))l/f’/ iS Compact. 0O

Remark 2.3. (a) According to the procedure used in the proof of Theorem 2.1, the weighted Lambert type
operator T from LP(X) into LP(X) is compact if and only if v = 0 a.e. on B and lim,, o, v(A4,,) = 0, where
v = (Elw[?)Y/?(EJul?")}/?". See Lemma 2.5 in [3] for another characterization.

(b) If ¢ = 1, then by the procedure used in the proof of Theorem 2.2, by taking f, = xa,,
we get that the weighted Lambert type operator T from LP(X) into L'(X) is compact if and only if
S nen E(ul? Y(An)E(w]) (An)(An) < o0 and E(jul? )7 E(juw]) = 0 a.e. on B.

(c) Let (X, A, ) be a non-atomic measure space. Since for each @ > 0 and 8 > 0, o(w) = o(jw|*) C
o(BE(w|®)) = o((E(Jlw|*))?), then by the previous results, the weighted Lambert type operator 7' from
Li(X) into LP(X) with 1 < p < co and 1 < ¢ < oo is compact if and only if it is a zero operator.

Theorem 2.4. Let 1 < q < oo and let X = (J,cyCn) U C, where {Cp}nen is a countable collection of
pairwise disjoint X -atoms and C € X, being disjoint from each C,, is non-atomic. Then:

(a) If the weighted Lambert type operator T from LY(X) into L1(X) is compact, then
(i) E(jul!) (E(lw|*))*/? =0 a.e. on B;
(if) limy,— oo E(ul* )(An )((é\wl NTHA) =0, when the number of A-atoms is not finite.
(b) The weighted Lambert type operator T from L'(X) into L1(X) is compact, if the following conditions
hold:
(i) w(E(lw|?))"7 =0 a.e. on C, and

(ii) limy, oo E(ul” )(C")lgfc(,lu)’lq))q /1(Cn) 0, when the number of X-atoms is not finite.

Proof. (a) Let f € L'(X). Then ||Tf|l, = ||[EM,f| 4, where v := u(E(|w|q))% It follows that T : L'(X) —
L4(X) is compact if and only if the operator EM, : L'(X) — L9(X) is compact. Suppose that EM, is
compact. Then by Theorem 2.4(b) in [3], E(|v|¢') = 0 a.e. on B. Now, we examine the condition (ii). Assume
on the contrary, thus we can find a constant 6 > 0 such that for each n € N there exists i,, > n so that
E(|v[")(A,)/u(A,) > 6, for all n € N. For every n € N, define f,, = XA, Ju(A;)V9 . Then f, € LY (A)
and || fn|l¢ = 1. Thus, for any m,n € N with m # n, we obtain

: 1 oy B (4s)
| Mo fn — an|oo_u(Ain)2A/ Bl ydp = ) 5 5

in

But this is a contradiction.
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(b) Assume that the conditions (i) and (ii) hold. Then for any & > 0, there exists some N, € N such that
E(|v]7)(Cn)/u(Cyp) < € for all n > N,. Take v, := > nen. v(Cn)xc,- It follows that EM,,_ is a bounded
and finite rank operator. Moreover, for any f € L(X) with || f||; = 1 we get that | f(A,)|u(An) < ||If]1 = 1.
Since ¢ > 1, then (| f(An)|p(4n))? < |f(An)|1(Ar). Now, by the conditional type Holder inequality we have

1M, = EM, £ = [|E@xy, ., on0)|"du
X

< [ B, e lfi0dn = [ (B0l 11
X Un>NaC“

qu/f’Cn
Z(<||))( )

gt (FOG) < e 3 F(C]u(Cn) < <7

n>N, n>Ng

This implies that EM, is compact. O

Example 2.5. (a) Let X = [0, 00) x [0, 00), du = dzdy, X the Lebesgue subsets of X and let A = {Ax[0,00) :
A is a Lebesgue set in [0,00)}. Put w = 1/y and u = 1. Then, for each f in LP(X) with p > 1,

O/f(x,t)dt.

Since [, 1/tPdt = E(lw|P) ¢ L>°(A), so the averaging operator 7" is not compact because it is not bounded
(see [3, Theorem 2.1(a)]).
et v = {my .2, be a sequence of positive real numbers. Consider the measure space (N, 2%, u) wit
b) L b f positi 1 b Consider th N, 2N 1) with

(TF)(x,y) = §E<f><x,y> -

< | =

u({n}) = m,. Let ¢ : N — N be a measurable transformation. Take A = ¢ ~1(2Y). Then for all non-negative
sequence f = {f,}32, and k € N, we have

2jep1(o(k) JiM

2jeet(p(k) M

E(f)(k) =

Now, set ¢ = x{1} + (7 — 1)X{nenn>2} and let u({n}) =1 for all n € N. Then A is generated by the atoms
(1,2}, 3} {4}, ...
Hence for w = {w,} € I°(2Y), u = {u,} € D(E) and f = {f,,} € LP(X) we have

wi(uy fi +uafo) wo(uyfi 4+ uafa)
2 ’ 2

7f = wbuf) = (

s wauz f3, wats fg, . . >

In particular, by Theorem 2.1, T : L3(X) — L?*(X) is compact if and only if > ,(w,u,)® < co. Hence, by
Theorem 2.2, T : L?(X) — L3(X) is compact if and only if w,u, — 0 as n — oo.
(c) Let X =N, ¥ =2 and let u be the counting measure. Put

A= {{2}3 {4a 6}’ {87 ]-07 12}a {14a 167 18, 20}7 o } U {{1}7 {3}7 {5}7 o }

If we let Ay = {2}, As = {4,6}, A3 = {8,10,12}, ---, then we see that u(A,) = n and for every n € N,
there exists k, € N such that 4,, = {2k,,2(k, + 1),---,2(k, + n — 1)}. Let A be the o-algebra generated
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by the partition A of N. Note that, A is a sub-o-finite algebra of X' and each of element of A is an A-atom.
It is known that the conditional expectation of any f € D(FE) relative to A is

E(f) = i(@ / fdM>XAn + i f2n = 1)xqan—13-
n=1 A, n=1

Put u(n) = n and w(n) = %, for all n € N. For each even number m € N, there exists n, € N such that
m € Ay, . Thus for all 1 < p,q < co we get that

1 1

(anm)gq e (anm + 2N — 2)3q

E(Jw]?) (m) =

and E(|ulP)(m) = 2PkL +2P(ky,, + 1)P + - + 2P(kp,, + nm — 1)P. Since n,, < ky,,,, we have

(B () (m) (B (ul?))F m) < e

Also, for all n € N

(E(ul?))* @n =1 (E(uP)¥ @n 1) € Gty
It is easy to see that
lim. E(Mp/)(AT’;‘()Z,(,%J%))Z)//Q(A") 0.
Jim B(Juf") (20— 1)(E(jul?)" (20 = 1) = 0.

Thus by Theorem 2.2, the weighted Lambert type operator T from LP(X) into L?(X) is compact, when
1 < p < g < oo. Also, since we have

lim B (|ul?) (n) (E(jw])) " (n) =0,

n—oo

by Theorem 2.4, T is a compact operator from L'(X) into L(X), for 1 < ¢ < cc.
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