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ABSTRACT. In this paper, we consider weighted composition oper-
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1. Introduction and preliminaries

A two dimensional manifold M is a connected Haussdorf topological
space such that every x in M has a neighborhood homeomorphic to an
open disc in the plane. If M is a two dimensional manifold, a complex
chart on M is a homeomorphism « : U, — V,, of an open subset U, C M
onto an open subset V, C C. Two charts a and [ are analytically
compatible if transition map

Tap = 0 a~t: a(UyNUg) = B(Ua N Up)

is biholomorphic. A complex atlas on M is a collection of analytically
equivalent compatible charts A = {(a,U,)} whose domains cover M,
ie. M = {J,Us. Two complex atlases A; and Ay are analitycally
equivalent if A4; U A5 is a complex atlas. An analytic structure on a two
dimensional manifold M is an equivalence class of analytically equiva-
lent atlases. A Riemann surface is a two dimensional manifold with an
analytic structure.
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A 0-form on N is a complex valued function on N. A 1-form w on
N is an ordered assignment of two function f? and ¢ to each local
coordinate chart (8, V3) on N such that the expression 8dB + ¢Pdp is
invariant under coordinate changes. A 2-form 2 on N is an assignment
of a function f# to each local coordinate 3 such that the expression
fPdB A dp is invariant under coordinate changes.

Put A = {74(V) : V C C is open and {(3,Vs)}sep is any local
chart}. Let Ap be the o-algebra generated by A and let ¥ be the Borel
o-algebraon N. Then Ap C ¥. Take Ag = {ANVjz : A € Ap}. Then Ag
is a o-algebra on V3. Note that every Ap-measurable complex valued
function on NV is also Ag-measurable function on Vg for each 3. Let
w = fBdB+g¢PdB. Then w is called measurable if the coefficient functions
f#,6% : (Vs, Ag) — C are measurable. By A°(N) we denote the set of all
Ap-measurable complex valued functions such as f : N — C that fIVB

is an Ag-measurable function for each 3. The support of f is defined by
supp(f) = {z € N : f(x) # 0}. Let m be the Lebesgue measure on the
complex plan C. For each K € Apg, put pg(K) :=m(B(K NV3)). Then
pg is a measure on Ag. Now, suppose that {V3z}gep be a countable
triangulation of N such that each Vj3 is contained in the domain of
some chart on N (see [11]). Define up := ¥gecp pg. Then for each
K € Ap, p(K) = Xgep m(B(K NV3)), and so pp is a measure on Ap.
Throughout this paper, equalities of sets or functions, set inclusions,
and inequalities between functions are interpreted as being valid up to
an p-null set.

Let M and N be Riemann surfaces. A continuous map p: M — N
is analytic if for any chart & on M and for any chart § on N with
p(Ua) C V3 the function

pag =popo a a(Ua) = B(Vp)

is analytic. Throughout this paper p : M — N will denote analytic map
between the Riemann surfaces M and N. For a 1-form w = f2dS+g¢”d3,
define *w = —iffdB+ig?dp and wg = fgdz—l—ggdé, where fg = fBop1

and gg = g% oL Let A%(N ) be the space of measurable 1-forms on
the Riemann surface N which satisfy the following:

% = /Nw/\*w< .

It is well known that Al(N) is a Hilbert space, with inner product
given by (wi,wz) = [ywi A* @z (see [6]). Note that up({z € U, :
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pogla(z)) = 0}) = 0, for each a and B with p(Us) C V. Thus
HWHA%(M) = |’77”A§(M\Z)7 where Z = {a(z) : P/aﬁ(a(x ) =0} and 7 €
AL (M).

For an analytic map p: M — N and u € A°(M), the weighted com-
position operator uC, : AJ(N) — AL(M) defined as uC,(w) = up*(w),
where p*(w) = fB o pdBop+ g° o pdf o p is the pullback of the form
w = fPdB + ¢PdB. Note that uC, = M,C,, where M, is the multipli-
cation operator and C,, is a classic composition operator. The texts [4]
and [10] are excellent sources for these operators.

The study on weighted composition operators on various function
spaces has received considerable attention in past decades. Characteri-
zations, which usually involved interplay of symbol functions, for certain
types of weighted composition operators have been obtained. These op-
erators on Riemann surfaces were first studied by Mihaila in [8]; she
obtained some results on composition operators on Riemann surfaces
and posed some questions on these operators. Subsequently, Guang Fu
Cao in [1] characterized invertibility and Fredholmness of these type op-
erators on Riemann surfaces. Also in [2], composition and the Toeplitz
operators on analytic differential forms for Riemann surfaces are defined
and some classic properties of these operators are discussed.

The first question which we shall try to answer in this paper is when
uC), defines a bounded operator between the spaces AJ(N) and A}(M).
One of the most fundamental questions relating to weighted composi-
tion operators is how to obtain a reasonable representation for their
adjoints (see [3,5,7]). In Theorem 2.6 a problem of Ioana Mihaila [9]
is answered on the computation of adjoint of composition operators on
measurable differential form spaces for Riemann surfaces. Also, some
other properties of these operators are discussed.

2. Main results

Suppose that U and V are bounded domains in C and ¢ : U — V is
an analytic and nonconstant function. For each w € ¢(U), let {z;(w)}
be the collection of zeros of ¢(z) — w, including multiplicities. Let f and
g be non-negative measurable functions defined on U and V respectively.
By the area formula [4, Theorem 2.32], we have

/g(w(Z))ISO'(Z)IQf(Z)dA(Z)=/ 9(w)(Ejz1f(z(w)))dA(w).
U o(U)
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Definition 2.1. Let f € A°(M) and p: M — N be an analytic map.
The generalized counting function N(f,p) : N — CU{oo} is defined by

N(fop)w)= > f(z)

zEM:p(z)=w

where the number of z above is counted with appropriate multiplicity.

It follows from Definition 2.1 that N(1,p)(w) = card{z € M : p(z) =
w} = Ny(w) and for every f € A°(N) we obtain N(f o p,p)(w) =
f(w)N,y(w). In the following theorem, we give a necessary and suffi-
cient condition for boundedness of weighted composition operators on
differential 1-form spaces.

Theorem 2.2. Let M and N be Riemann surfaces, u € A°(M) and
let p: M — N be an analytic map. Then, the weighted composition
operator uC,, is a bounded operator from AY(N) to AS(M) if and only if
the generalized counting function N(|u|?, p) is bounded.

Proof. To prove the theorem, we use the method which is inspired by
Mihaila [9]. First, we assume that {Us}aca and {Vg}gep are finite
triangulations of M and N such that each U, and Vj are contained in
the domain of some charts on M and N respectively with p(Uy) C Vp.
For w € B(Vp), put zj(w) = {2z € a(Uys) : p,;(2) = w}. Now let
w = fPdB + ¢g°dB € AY(N). Then ws = fgdz +g§d§ and (uCp(w))a =
(u.fPop)o a~lpl gdz + (u.g% o p) o a*1@d2 = ua(Cp(w))q. Therefore,
by the area formula we have

[uClp(w —22/ [ua(2) (151 +1951%) © pas(2)|Phs(2)PdA(2)
acA
=23 [ P+ P (S () PldAGw)
BeB Y PaB(a(Ua)) j>1
2y % / (512 + 19512 () (3 (25 () ) dA(w)
BEB o:p(Ua)CVp i>1
=23 [ s S Y @AW
BeB a:p(Ua)CVp z€a(Uq):Bopoa=1(z)=w

=23 [ PP S (k) P)AA(w)

BEB :p(Ua)CVs k€Uq:p(k)=B"1(w)



263 Jabbarzadeh and Talebi

=2y / P+ D@ Y (k) P)dAw)

BEB keM:p(k)=p"1(w)
2y / (55 + lg32) )N (o) (5 () dA(w)
BeB
*22/ (1517 +1g51*) @) (N ([ul?, p))s (w) dA(”lU):/NN(IUI27P)wA*®-

BEB

Now, suppose that {Uas}aca and {Vz}gep are countable triangula-
tions of M and N instead of the finite ones. By the same method
used in the proof of Theorem 2.2 in [9], we again get that |uC,(w)|* =
Jx N(|ul?, p) w A* @. Therefore, uCy, : AJ(N) — AZ(M) is bounded if
and only if there exist a positive constant C such that N (|ul?, p)(w) < C

for all w € N. In this case ||[uC),| < /N (|ul?,p). O

Corollary 2.3. Corollary 2.3. (a) The composition operator C, is
a bounded operator from ALY(N) to AL(M) if and only if the counting
function N, is bounded.

(b) The multiplication operator M, : A3(M) — AL(M) defined as
M, (w) = ufada + ug®da is bounded if and only if uw € L*°(M).

Theorem 2.4. Let N(|u|?,p) is a bounded below function on the set
{p(x) : u(x) # 0}. Then, the weighted composition operator uC,
AY(N) — AY(M) is compact if and only if it is the zero operator.

Proof. Put A = {x € M : u(z) # 0} and let S = intA be the interior
points of A. Let N(|ul% p) > k on p(A) for some k > 0 and let uC, :
AY(N) — AL(M) be a nonzero compact operator. Then p(S) > 0. Since
p is analytic, we can choose an open set G C p(S) such that G C Vj for
some local chart (V, 3) on N. Let L be the subspace of AJ(N) consisting
of square integrable measurable 1-forms on G extended to be zero outside
G. Let w, = f*df + ¢g"dB be an arbitrary orthonormal sequence in L.
Bessel’s inequality implies that w, — 0 as weakly. Since a compact
operator maps weakly convergent sequences into norm convergent ones,
it follows that ||uC,(wy)|| = 0. On the other hand, by Theorem 2.2 we
have

[uCp(wn)|? = /G N(ul?, p) (wn A @) > kllwonll? = & > 0.

But this is a contradiction. [ O
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Remark 2.5. Recall that an atom of the measure pp is an element A €
Ap with up(A) > 0 such that for each F' € Ap, if FF C A then either
up(F) =0 or up(F) = up(A). Now, we show that pp is a non-atomic
measure on Ap. Let A € Ap is an atom with respect to the measure
pp. Then, there is By € B such that m(By(A N Vg,)) > 0. Since the
Lebesgue measure m on the complex plan C is non-atomic, there exists
a K C Bo(ANVj,) with 0 < m(K) < m(Bo(ANV3,)). Put F = ;1 (K).
Then we have

0 < m(K) = m(K N 5o(Va,)) = m(Bo(F) N Va,) < us(F)
=S mBENV) = S mBE) N Vs) +m(Bo(F) N Vs,)

peB Bo#BEB
< 3 m(BANVE) +m(Bo(AN Vi) = 3 m(BAN V) = s (A).
Bo#BEB BEB

But this is a contradiction. Thus, a weighted composition operator on
L3(N, Ap, up) is compact if and only if it is a zero operator (see [12]).

Proposition 2.6. Let u € AY(N) and let the multiplication operator
M, : AJ(N) — A}(N) be bounded. Then M, has closed range if and
only if u be bounded away from zero on supp(u).

Proof. Let |u| > k a.e. on supp(u) for some k > 0. Then, for all
w e A%(Supp(u)) we have ||Mu(w)HA%(supp(u)) > k”"‘)HA%(supp(u))’ and so
M, has closed range. Now, suppose u is not bounded away from zero
on supp(u). Since N is non-atomic, we can find a 5 € B and a sequence
of open subsets {O), }, with up(O,) > 0 such that O,, C V3 N supp(u)
and |u| < % a.e., on Oy, for each n € N. Choose w,, := fﬁdﬁ + ggdB to
be a sequence of 1-forms such that w, € A}(O,,), for each n € N. Then
we have
. 1
1M (@) =/ | (wn A" @) < o lwon 2.

n

Thus, the range of M, is not closed. 0

It is known that the bounded weighted composition operator uC, :
A3(N) — A3(M) has closed range if and only (uC,)*(uC,) has closed
range on A(INV). Then, we have the following corollary.

Corollary 2.7. Let the weighted composition operator uC), : AYN) —
A3(M) be bounded. Then, uC, has closed range if and only if N (Ju|?, p)
be bounded away from zero on its support.
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In [9], Mihaila considered composition operators acting on measurable
and analytic differential form spaces for Riemann surfaces and asked the
following question: Can the adjoints of these operators be computed, at
least in some of the cases? In the following theorem, we compute an
explicit formula on the measurable differential form spaces for the ad-
joint of a weighted composition operator with symbol p and measurable
function wu.

Theorem 2.8. Let M and N be Riemann surfaces, u € A°(M) and let
p: M — N be an analytic map. Then, whenever uC), : A3(N) — AL(M)
is a bounded operator, (uC,)* is given by the formula
. uk® al® -
Pas © o paﬁ o

where n = k%da + 1%da € AY(M) and p(U,) C V.

Proof. Let w = fBdB + ¢g°df € AL(N). Then, for each local chart
(Ua» @) in M we get that (uCp(w))a A (e = 2[(uakdphs)(f5 © pap) +
(ualo‘paﬁ)(gﬁ 0pap)]dA, where we have used the fact that idzAdz = 2d A.
Also, since for each o, p,g is analytic function on U,, then the set
Uao :={u €Uy, : p’aﬂ(a(u)) = 0} is at most countable for each « and so
1#(Uqo) = 0. Then by the area formula we have

(. (uC,)* () = (uCp(w), ) = /M uCy(w) A=Y / o (1@ A

[0

=2y / ., )[(ua@p;@(fg © pap) + (Ualgpls) (95 © pas)](2)dA(2)

Ua kS 2 uald

_ . O )
>y | o Z U peslogl + RS 2 s P(AC)
=2 (w Ua o (w @ zj(w))]dA(w
Zg:/ﬂaﬁ(aw ) s ; aﬂ w)) +95( )(;( s )(z;(w))]dA(w)

. 8 ’LLk‘O‘ w
_2%:/%%( o Y ) w)

(Ua CV[—} ]>1 paﬁ

s D D (——)a)(z(w))]dA(w)

o a
a:p(Ua)CVg j21 aﬁ
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B ﬁw uk® —
—2%/5%)%( TGN L)

/
yeEM:p(y)=F"1(w) Pap ©

ul®
s Y ) A
yeM:p(y)=B—"(w) Pag ¢

= 5w uk? w Bw
_ggﬁ;/ﬂ(vﬂ)mg( IV Py )+ (N

ul®
uk® ul® -
———P)dB + N(=5=—,p)dp).
Pap © & Pag © &
Thus (uC,)*(n) = N (52255, p)dB + N(ﬁiam)dﬁ- O
Now, let w = fPd3 + g%dB € AL(N), n = k%a + 1®da € AY(M) and
uC,, is a bounded operator from A(N) to A3(M). Then by Theorem
2.8 we have

p)s(w)]dA(w)

:<w7N(

ul* —— 2
pugoa.fPop, p)dB+N(==—plzoa.g"0p, p)dp
PhpoQ

Juf?

(uC,)" (uCy) ) = N(- Toa

= fPN(Jul?, p)dB + g° N(|ul?, p)dB = N(Ju|?, p)w
and
uk® ul® _
,p)op d(Bop)+uN(==——,p)op d(Bop),

uC,)(uC,)* =uN
()0 (r) = uN s

where d(8 o a) = pl, 5 0 ade and

—kO{ - (6%
(N(/uio,p) op)k)= Y W for all k € M.
Pop © vep (o)) P8 ©

Also, by using Theorem 2.8, it is easy to check that ker(uC),) = ker(uC),)*
(uCy) = {w € AJN) : N(Jul?, plw = 0} = Ad([suppN (Jul2, p)]°). Tt fol-
lows that AL(N) — Ab(suppN ([ul, p)) € Ab([suppN (ul?, p)]°). These
observations establish the following corollary.

Corollary 2.9. Let w € AJ(N), n = k%da +1%da € AY(M) and let uC,
be a bounded operator from A3(N) to AL(M). Then

(a) (uCp)* (uCp)(w) = N(|uf?, p)w.
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(8) (uC)uCy) () = uN(F555.p) © pply © oo + uN(E o) o

p.@o ada, where p(Uy) C V3.

(¢) uC, is one-to-one if and only if N(|u|?,p) > a on N, for some
a>0.
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