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1. Introduction and preliminaries

Let (X, %, 1) be a o-finite measure space and ¢ : X — X be a non-singular measurable transformation;
i.e. o ! < u. Here the non-singularity of ¢ guarantees that the composition operator Cy, : f — fo ¢
is well defined as a mapping on L°(X) where L°(X) denotes the linear space of all equivalence classes of
Y-measurable functions on X. Let hg = du o ¢! /du be the Radon-Nikodym derivative. Recall that C, is
bounded on L%(X) if and only if hy € L°°(X) (see [7]). We have the following change of variable formula:

/ fosﬁ’dﬂ:/hofd,m Aex, feLl'(®).
A

¢~ (A)

The support of a measurable function f is defined by o(f) = {z € X : f(x) # 0}. All comparisons between
two functions or two sets are to be interpreted as holding up to a p-null set. For a sub-o-finite algebra
A C %, the conditional expectation operator associated with A is the mapping f — EAf, defined for all
non-negative f as well as for all f € LP(X), 1 < p < oo, where E“f, by Radon-Nikodym theorem, is the
unique A-measurable function satisfying
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/fd,LL:/E‘Afd,u, VA € A.

A A

We recall that E4 : L?(X) — L*(A) is an orthogonal projection. Throughout this paper, we assume that
A= ¢ 1) and E?'(®) = E. It is well known that for each non-negative Y-measurable function f or
for each f € L?(X), there exists a ¥-measurable function g such that E(f) = g o ¢. We can assume that
o(g) € o(hg) and there exists only one g with this property. We then write g = E(f) o ~! though we make
no assumptions regarding the invertibility of ¢ (see [1]). Let u € L(X). Thus u is said to be conditionable
with respect to E if u € D(E) C LX), where D(E) denotes the domain of E. For more details on the
properties of E4 see [4,6].

An atom of the measure p is an element A € ¥ with p(A) > 0, such that for each B € ¥, if B C A then
either u(B) = 0 or u(B) = u(A). A measure with no atoms is called non-atomic. We can easily check the
following well-known facts (see[8]):

(a) Every o-finite measure space (X, X, 1) can be partitioned uniquely as
X = (Upen4n) U B, (1.1)

where {A,}neny C X is a countable collection of pairwise disjoint atoms and B, being disjoint from
each A,,, is non-atomic.

(b) Let E be a non-atomic set with u(F) > 0. Then there exists a sequence of positive disjoint ¥-measurable
subsets of E, {E, }nen such that p(E,) > 0 for each n € N and lim,,_, o p(E,) = 0.

For a given complex Hilbert space H with inner product (-,-), let L?(X,H) be the class of all measurable
mappings f : X — H such that ||f||3 := [ [|f(2)[Pdp < oo. Let f,g € L?*(X,H). By using the polar
identity, the mapping = — (f(z), g(z)) from X into C is measurable. It follows that L?(X,#H) is a Hilbert
space with inner product

(f.9) = / (F(@)g@)du,  fog e P(X,H).

X

We shall write L?(X) for L?(X,H) when H = C. Let u : X — H be a mapping. We say that u is weakly
measurable if for each h € H the mapping x — (u(x),h) from X into C is measurable. We will denote this
map by (u, h).

The aim of this article is to carry some of the results obtained for the weighted composition operators in
[2,3,7] to a substitution vector-valued integral operator. In this paper, first we consider some basic properties
of substitution vector-valued integral operators and then we give some necessary and sufficient conditions
for boundedness, compactness and semi-Fredholmness of these type operators.

2. The main results

Definition 2.1. Let u : X — H be a weakly measurable function. We say that u is a weakly bounded function
if for some B > A > 0,

VAR] < [[{w, B2 < VBIAIl, - YheH. (2.1)

In the same way, u is said to be semi-weakly bounded function if u only satisfies the right hand side of the
above inequalities.
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Note that if w € L*(X, %), then for all b € H, [y [(u,h)|*du < B|h||?>, where B = |ull3. So u is a
semi-weakly bounded function. In addition, if u is a semi-weakly bounded function with an upper bound

B > 0 and dim H = n, with the natural basis {e; };cn, then

/Ilu )Pdp = Z/\ ),e)|2du(z) < nB < oo,

le

and so u € L*(X,H). Now, let u € L?(X,H) be a weakly bounded function and let {es}aer be an

orthonormal basis for H. Put h = e,. By Parseval’s identity and (2.1) we obtain
A 1Y [ lute). o) Pduta /nu )Pduz
acl acl 5

for some A > 0. Therefore, I must be a finite set and hence dim H < co. These observations establish the
following proposition.

Proposition 2.2. The following statements hold.

(i) Ifu € L?>(X,H), then u is a semi-weakly bounded function.
(i) If u is a semi-weakly bounded function and dim H < oo, then u € L*(X,H)

(iii) If u € L*(X,H) is a weakly bounded function, then dimH < oo.

Definition 2.3. Let ¢ : X — X be a non-singular measurable transformation and let v : X — H be a
weakly measurable function. Then the pair (u, ) induces a substitution vector-valued integral operator

T#¢ : L*(X) — H defined by
(T f,h) = /<u,h>f opdu, heM, felX).
X

It is easy to see that T} is well defined and linear. Moreover for each f € L?(X)

Tyf
sup (T f,h)| < sup || T fI| [[Rl] = T fIl = KT fs irier) | < Sup (T2 f,h)l,
heHq heH1 ||T f”
where H; is the closed unit ball of H. Hence

ITE = sup IIT“"fII— sup - sup [(T;7f, ).
| FII<1 heH,

Theorem 2.4. Let u: X — H be a weakly measurable function. Then:

(i) If u is a semi-weakly bounded function and hg € L>®(X), then T.¥ is bounded
(ii) If for each h € H, the functions (u,h) are conditionable and T is bounded, then for all h € Hq,

hoE((u,h)) o o™t € L*(X) and (T;7)* = hoE((,u)) o o1

Proof. (i) Let f € L?(X). By Hélder’s inequality and change of variable formula we have

17271 = sup | [ b7 o o)
heH1
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l 2 1
< (sup Iuhld/H |f ool du)>
heHl

IN

sup (B¢ [ ho|f\2du>%
X

heH1

V Bllholloo [1£1l2-

IN

This shows that 7, is bounded.

(i) Since T} is a bounded operator, so there exists M > 0 such that for each f € L%(X), | T¢ f|| < M| f||2-
For an arbitrary and fixed h € Hy, we define a linear functional Ay, on L?(X) by Ay (f) = [y hoE((u, h)) o
0~ ! fdu. Since

[AR(f)] < sup | [ hoE({u,h)) o~ fdpul
heH1 e

= |7 fII < M| fll2,

hence Ay, is a bounded linear functional on L?(X). By the Riesz representation theorem, there exists a unique
function g € L?(X) such that for each f € L*(X), Ay (f) = [y gfdp. This implies that hoE((u, h))op™! = g,
and so hoE((u, h)) o o=t € L*(X). Now, let f € L?(X) and h € H. Then we have

(F, (T)"(h)) = (T£ £, h) = / () (f o @)dp

X

_ / hoE((u, hY) o o~ fdy

= (f,hoE({u,h)) 0 o™ 1).

Hence for all h € H, (T£)*(h) = hoE((h,u)) o p~t. DO

Theorem 2.5. Let u : X — H be a semi-weakly bounded function with an upper bound B and let hg € L™ ().
Put S =TF(T¢)*. Then the following statements are equivalent.

(i) The operator S : H — H is invertible.
(ii) The operator T : L*(X) — H is surjective.

Proof. (i) = (ii) Since S¥ is a self-adjoint operator on H, then by [5, Theorem 9.2.1] we have
infren, (SEh,h) = infreq, [[(TE)*(R)||? € spec(S¥), the spectrum of SP. By hypothesis 0 ¢ spec(S¢).
Hence, infrey, [[(T2)*(h)]| > 0. It follows that infpeqy, [[(T2)* ()R] < [[(T2)*(h)]], and so T is surjec-
tive.

(ii) = (i) Let T¥ be surjective. Then there exists M > 0 such that for each h € H ||(T2)*(h)||*> > M]||h|>.
So (S?(h),h) = (T£(T#)*(h), h) = [[(T£)*(h)||* > M||h||*. Moreover, for each h € H we have

(52 (), by = (T (TE)"(h), h)

(u, )((TZ)"(h)) o pdp

(u, hYhg o E({u, h))dp

/
-/
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= [ B (twtno o pB (@) di

X

/ ho 0 @ B((u, 1)) E (. B dp

< / ho o GE(|{u, BY|2)dy

X

_ / ho © |, b 2dps < [[holle BRI

Therefore M < 5% < ||hg||coB, and so S¥ is invertible. O

Definition 2.6. Let u : X — H be a weakly measurable function. We say that the pair (u, H) has absolute
property, if for each f € L*(X), there exists hy € H1 such that sup, ey, [y [(u, h)||foeldp = [ [(u, hs)||fo
@ldu, and (u, hy) = (= @18 Foe+05) | (y h )|, for some constant 0; € C.

Corollary 2.7. Assume that the pair (u, H) has the absolute property. Then

sup | [ u, h)f o pdul = sup / [, YIS o ol
heH heH1

Proof. Let f be an arbitrary and fixed element of L?(X). Then
sup [ [t o plds = [ 1(u.ng) 15 o ol
heH,
X b'e
= | [ e st )l o

oy / e~ u, hg) f o oyl

IA

sup | [ (u,h)f o pdpl.
heH: e

The inverse of the inequality is clear. O

From now on we assume that the pair (u, H) has the absolute property. In the following theorem we give
some necessary and sufficient conditions for the boundedness of T)7.

Theorem 2.8. T} is bounded if and only if supcqy, |hoE(|(u, h)|) 0 o~ |2 < c0.

Proof. Let M := sup,cyy, [|hoE(|(u,h)|) o o7 |2 < 0o and f € L?*(X). Then By Holder’s inequality and
change of variable formula we have

7 1] = sup / hoE(|(u, hY]) 0 Y| fld
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< sup /(hOE(\<u7h>|)ogo_l)2d/,L /|f|2d/1,
X

= sup [lhoB(|(u, h)) o 07" |2l fl2.
heH

Consequently, for each f € L?(X), |T¢f]| < M| f|l2. Conversely, assume that T is bounded. Take an
arbitrary and fixed h € H; and define a linear functional A, on L?(X) by

An(f) = / hoBE(|(w,h)) o o~ fdp, | € LA(X).

X

By a similar argument as in the proof of Theorem 2.4(ii), it can be proved that hoE(|{u, h)|)op~t € L?(X),
for each h € H1. O

Theorem 2.9. Let (X, 3, 1) be partitioned as (1.1) and let T¥ be a compact operator on L*(X). Then:

(i) M := hs;lqg (hoE(|(u, h)|) oo™ 1)? =0 on B;
(i) N o= sup S (hoB(l(u, B)) 0 o2 (An)p(As) < oo.
heH, iEN

Proof. Let T be a compact operator. First, we prove (i) by contradiction. Assume u({x € B
M(z) > 0}) > 0. Then there exist 6 > 0 and h; € H; such that the set C := {& € B

ho(z)E(|{u, h1)|) o p=1)%(z) > &} has positive measure. We may also assume u(C) < oo. Since C' C B,

we can find E, € ¥ of positive measure satisfying E,; C E,, C C with u(E,4+1) = @, for all n € N.

Put f, = \I&Ofg((llg’:ll))I ‘))Oof:lluz X&, - Note that {f,}, C L?(X) is a bounded sequence. Then for each n,m € N

with n > m, we have

T fon — TS full = sup / s )| o — fol 0 o
heH,
X
> /|<u, W) | fon — fl 0 0t
X

= /hOE(KU, hi)) o o™ fom = fuldp
X
(hoE(|(u, h1)]) 0 ™ 1)?

B - d
J o B([{u, )| o pT]5 XBm ~ XBn )i

(hoB(|(u, h1)]) 0 p~1)?
= / RoB([(u, n)]) o o 1l5

dp
E7n\En
)
> —1
[hoE([{u, h1)]) o o712

(W(Em) — (En)).

Since p(E,) < “(g’"), then ||T2¢ fr, — T. frn]| > k for some k > 0. This implies that the sequence {T.¥ f,,}n
does not contain a convergent subsequence, but this shows that 7. is not compact. Next, we prove (ii).
Since T is compact, so T¢ is bounded and by (i), M = 0 on B. Now, by Theorem 2.8, N? < oo and this
complete the proof. 0O
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Theorem 2.10. Let {i € N : sup,cy, hoE(|(u,h)]) o 91 (A;) > 0} be a finite subset of N and let
suppen, hoE(J(u, h)|) o o™t =0 on B. Then T} is compact.

Proof. We show that T is a finite rank operator. To show that T:¥(L?*(X)) is finite-dimensional, we only
need to prove that the set U := {h € T?(L*(X)) : ||h]] < 1} is compact in H. If the set {i € N :
suppep, hoE([(u, h)|) o™ (A;) > 0} is empty, then T}f is the zero operator. Otherwise we may assume that
there exists k € N such that supy, ¢y, hoE(|(u, h)[)op™ > 0 for 1 <4 < k and supy,cqy, hoE(|(u, h)|)op™ =0
for any ¢ > k. Let {T)¥ f,},, be an arbitrary sequence in U. Then we have

1T fal

sup / ho (| (u, )]} 0 0~ | fuldp
hEHlX

~ sup / hoB (| (u 1)) © o fuld + / hoB (| (u, 1Y) © o~ fuldis
ch UienA; B

k
= Z Sup hoB((u, h)|) 0 0™ (Ai)u(A)| £ (As)].

Put o; = supy,cqq, hoE(|(u, h)|) 0 971 (A;)(A;). Then:

k
1T fall = D vl fa(A3)]- (22)
i=1
Since | T¢ full < 1 for all n € N, then |f,(A;)] < L for each 1 < i < k and each n € N. Hence, by
Bolzano—Weierstrass theorem, there exists a subsequence of natural numbers {n; }jen such that for each fixed
1 <4 <k, the sequence { fp,; (A;) }jen converges. Assume that lim;_, o fn,(A;) = & and let f := Zle &ixa,-
Now, from (2.2) we have | T f|| = Zle a;]&] < 1. Hence, T)? f € U and so we get that

k K
1T fr, — T Il = Zaﬂfnj (Ai) — f(Ai)| = Zai|fn,- (Ai) = &[ =0,
=1

i=1
as j — oo. It follows that U is compact in H. This completes the proof of the theorem. O

Corollary 2.11. Let (X, %, p) be a non-atomic o-finite measure space. Then no bounded substitution vector-
valued integral operator T on L*(X) is compact unless it is a zero operator.

Proof. Let T¥ be a compact operator on L?(X). Then by Theorem 2.9, for each h € Hy, hoE(|(u,h)|) o
¢ ' =0on X. For each f € L?(X), we have

17271 = sup [ hoB(ltw k) o ™ Fldn
h€H1X

Therefore T¥ f = 0, for each f € L*(X), and thus T is the zero operator. DO

Theorem 2.12. Let T¥ be a bounded operator from L*(X) into H. Then the following statements are equiv-
alent.

(i) T is injective.
(ii) For each h € Hi, hoE(|(u,h)]) o™ >0 on X.
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(ii) For A€ X, if (¢~ (A)No((u,h))) =0 for each h € Hy, then p(A) = 0.
(iv) There exists hy € Hi, such that hoE(|(u,h1)]) oo™t >0 on X.

Proof. Direction (ii) = (iv) is trivial. For (iv) = (i), let f be a non-zero element in ker 7)¥. Then we have
0= 1Tz £l = sup [ I{uWIIf o old
heHa
X
> [l bl o ola
X

:/hOE(|<u, h)|) o @™t fldp
X

_ / ho E(|(u, h)]) 0 ¢~ f|dp.
a(f)

This means that f = 0 on X. For (i) = (iii), let (¢ "'(A) No((u,h))) = 0 for each h € H; and A € &
with p(A) < oo. Since x4 € L*(X), we have

[Toxal = swp | [ Gkl = swp | [ Gkl =0
heH, heH,
p1(4) e~ 1(A)No ((u,h))
Thus T x4 = 0. Now, the injectivity of T¥ implies that x4 = 0 and so u(A) = 0.
For (iii) = (ii), put J = a(hoE(|{u, h)|) o 1) for an arbitrary and fixed h € Hy. Then

[, Byt < / [, )y

e~ H(X\J)No ((u,h)) e~ H(X\J)

— [ moB(w ) oy
X\J
=0.

Therefore we deduce that for each h € Hi, p (¢~ (X \ J) No((u,h))) = 0, and so by (iii), u(X \ J) = 0.
This implies that for each h € H1, hoE(|(u,h1)]) o™ >00n X. O

Lemma 2.13. Let (X, X, 1) be a non-atomic o-finite measure space. Then the nullity of T is either zero or
infinite.

Proof. If T)? is injective, then dimker7)? = 0. Since otherwise, there must exist a non-zero function
f € L?(X) such that T?f = 0. Since o(|f|) has positive measure, by hypothesis we can find {S,}°,

)
of pairwise disjoint E-measurable subsets in o (| f]) with 0 < u(S,,) < oo and o(|f|) = UnSy. Set fr, = fxs,, -
Thus we have

1T 1ol

sup / [ W1F o ¢l(xs, © @)du
h€’H1X

sup [ (BIf o pld
heH,

o1 (sn)
Please cite this article in press as: H. Emamalipour et al., A substitution vector-valued integral operator, J. Math. Anal. Appl.
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< sup / WIS o pldu = | TE £ = 0.
he?—hX

Thus for each n, f, € kerT¥ and hence dimker T = co. O
Corollary 2.14. Let T¢ : L?>(X) — H be a bounded operator. Then the following hold.
(i) Let (X,X, ) be partitioned as (1.1) and let the set

{ieN: hseu?g hoE(|(u, h)]) o o1 (A;) > 0}

be finite and sup,eqy, hoE(|(u, h)|) o o™t =0 on B. If ho E(|(u, h)|) o o' > 0 on X for some h € Hy,
then T) is a semi-Fredholm operator (i.e., R(T), is closed and dim N (T¥) < o0).

(ii) Let (X,X, ) be a non-atomic o-finite measure space and let T.? be a semi-Fredholm operator. Then
there exists a constant A > 0 such that

sup [l = (O
heH1
P~ H(C)

for each C € X with u(C) < oo.

Proof. (i) This follows immediately from Theorem 2.10 and Theorem 2.12.

(ii) Since T} is a semi-Fredholm operator, then R(T)¢) is closed and by Lemma 2.13, T¥ is injective. It
follows that there exists a constant A > 0 such that for each f € L2(X), ||[T¢f]| > M|/ f]l2- For C € ¥ with
w(C) < oo, take f = xco. Then

sup / [, Y ld = [T x| > Mlxellz = M(©):. 0
€H1
e~ H(C)

Example 2.15. Let X = [0,1], ¥ be the Lebesgue subsets of X and let u be the Lebesgue measure on X.
For a € [1,1], define ¢ : X — X by ¢(z) = az. Also, let u : X — ¢2(N) be defined by u(z) = (%_H,)
It is easy to check that ¢ is a non-singular measurable transformation and hy = % In addition, for each
h = (hi,ha,...) € *(N), we have

1

R \2 Pl \? 1
2 = < 2 _ = — 2
/|<h7U(x)>| dpu /(xH) dz < ||n]| /<x+1) dz = Z[|h]".
X 0 0

Hence u is a semi-weakly bounded function and so by Theorem 2.4 (i), T : L?(X) — ¢*(N) is a bounded
operator.

Example 2.16. Let (X, X, i) be the Lebesgue space, where X = [0,1] and du(z) = dz. Let ¢ : X — X be
a non-singular measurable transformation with hg € L°(X) and also let u : X — L?(X) be a semi-weakly
bounded function. For A C X, put h = x 4. Then for every f € L?(X) we obtain

1

1
(T f,xa) = /(m xa)f o pdy = //u(x)dyf o pd.
0 0 A
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Since u(z)(f o ¢) € L'(X x X), then by Fubini’s theorem we get that

/Tffdx=/1/u(x)fogodyd$=/ju(:c)focpdacdy.
A 0 A 40

Consequently, we obtain the expressive formula for the substitution vector-valued integral operator, T.” f =
fol u(x) f o pdx, for each f € L?(X).
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