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Reducibility of M,C, on L*(X)
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Abstract. In this note we study reducing subspaces for weighted composition
operators defined on L2 (X). Some necessary and sufficient conditions are given
for such operators to have two types of reducing subspaces of the forms L?(X )
and L?(A). This is basically discussed by using conditional expectation prop-
erties.

1. Introduction and preliminaries

Let (X,%,u) be a complete o-finite measure space. For any complete o-finite
subalgebra A C X the Hilbert space L?(X,A,p,) is abbreviated to L?(A)
where 1, is the restriction of 4 to A. Also given B € X, we shall abbreviate
the subspace L*(B,Yp, ;) to L*(3p) = {f € L*(¥) : X, f = 0} where
Yp={ANDB: A€ X} and B°= X\ B. We denote the linear space of all complex-
valued Y-measurable functions on X by L°(X). The subspace L°°(X) consists of
those Y-measurable functions on X which are essentially bounded. The support
of a measurable function f is defined by o(f) = {z € X : f(z) # 0}. All sets
and functions statements are to be interpreted as being valid almost everywhere
with respect to p. For each non-negative function f € L°(X) or f € L?(X), by the
Radon-Nikodym theorem, there exists a unique .A-measurable function E4(f) such

that
/A fdp = /A EA(f)dn,

where A is any A-measurable set for which ||  fdp exists. Now associated with every
complete o-finite subalgebra A C X, the mapping E4: L?(X) — L?(A), uniquely
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defined by the assignment f +— E“(f), is called the conditional expectation operator
with respect to .A. The mapping E* is a linear orthogonal projection onto L2(A). If
BC ACYX, then Ef’f1 denotes the appropriate conditional expectation from L?(A)
onto L2(B). Put B¢t = EA. Then E5 E4 = EB. Note that D(E), the domain of E,
contains L?(X) U {g € L°(X) : g > 0}. For more details on conditional expectation
see [3,10].

Let ¢: X — X be a X-measurable transformation of X. Denote by po ¢~

the measure on X given by po ¢ 1(A) = u(p~1(A)) for A € 3. We say that
1

1

@ is non-singular if p o ¢~ is absolutely continuous with respect to p. Put h =
dp o =1 /du. For a non-singular measurable transformation ¢ of X and a weight
function u : X — [0, 00), the weighted composition operator on L?(X) is defined
by W(f) =u.f op. Note that W = M, o C,, where M,, is the multiplication and
C,, is the composition operator. It is shown in [8] that W is bounded if and only
if J:=hE? ®(u2)oe~! e L®(X). Throughout this paper we assume that ¢ is
non-singular, v > 0 and J € L*®(X).
The role of the conditional expectation operator is important in this note. We
shall use the following general properties of E4 and W acting on L?(X). For proofs
and discussions of some of these facts see [1,6-8,10].
(1) If f is an A-measurable function, then EA(fg) = fEA(g);
(2) if f >0 then EA(f) > 0; if f > 0 then EA(f) > 0;
(3) o(f) C a(EA(f)), for each 0 < f € L2(X);

L(4) BA(f2) = [EA(f)I? if and only if f € LO(A);
(5)
(6)

&
i

.

2

.
w

5) ¢ 1(a(h)) = X, ie., hop > 0;
(change of variable) fsfl(A) gf owdu = [, hE? ®)(g) o oL fdu, for all
geDEY ®)and Aex;

L(7) W*f = hE® D (uf) o
L(8) W*Wf =hE? ) (u?)op ' f;
L(9) WW*f =u(hop)E? ) (uf);
L(10) E¥  W(L*(A)) = C,(L2(A)) = {f € L*(A) : f € L°(¢~ (D))}

Let H be a real or complex Hilbert space. The set of all bounded linear
operators from H into H is denoted by B(H). We write N (T') and R(T') for the
null-space and range of an operator T' € B(?). Recall that a closed subspace M C H
is said to be invariant for an operator T' € B(#H) whenever T'(M) C M. If M and its
orthogonal complement M~ are both invariant for 7', then we say that M reduces 7.
So M is a reducing subspace of T if and only if PT(I — P) =0 and (I — P)TP =0,
where P is an orthogonal projection onto M. The problem of classifying the reducing
subspaces of T is equivalent to finding the orthogonal projections in {T'}', the
commutant algebra of T. Reducibility of composition operators on L?(X) have
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been studied in [1]. In the next section some necessary and sufficient conditions are
given for weighted composition operator W € B(L?(X)), that is a combination of a
multiplication and a composition operator, to have two types of reducing subspaces
of the forms L?(X,4) and L?(A).

2. Reducibility of W

In order to characterize the reducibility of weighted composition operators we first
need to know the behavior of the orthogonal projections onto reducing subspaces.
We shall need the following known facts.

Lemma 2.1. ([4]) For a closed subspace M of H and T € B(H), let P be the
orthogonal projection onto M. Then the following are equivalent.

(a) M is a reducing subspace of T';

(b) TP = PT;

(c) T*P = PT*.
In this case, P commutes with TT* and T*T

Lemma 2.2. ([1, Corollary 3|) Let A and B be o-finite subalgebras in X. Then the
following are equivalent.

(a) EAEB is an orthogonal projection;

(b) EAEB :EBEA;

(c) EAEB=EAMS,

Let P be the orthogonal projection onto a reducing subspace of L?(X) for W.
By Lemma 2.1 and L(7), L(8), L(9) we obtain the following proposition.

Proposition 2.3. Let W be a weighted composition operator induced by the pair

(u, ), and let P be the orthogonal projection onto a reducing subspace of L*(X) for

W. Then for each f € L?(X),

(a) P(ufop)=u(Pf)op;

(b) P(hE?" P (uf)op™h) = hE?" ®)(uPf)op;

(c) P(Jf)=JPF;

(d) P(uhopE¥ E)(uf)) =uho @wal(z) (uPf).
ForBeEwithu(B)>O,putBC:X\B.ThenL2():L( B) ®

L?(Xpe), where L?(Xp) = {f € LX) : f = 0 on B°}. If o~ 1(B) C B, then

¢ ' (Ep) = ¢ '(B)Ne (B) C XN B = Xp. Since (B, Y5, 1) is a relatively

complete o-finite measure space, then by L(10), C,(L*(Xp)) C L2( ~1(Xp)), and

so C,(L*(Xp)) C L*(Zp). Hence L*(Xpg) is an invariant subspace of Cy,. Now,
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assume o 1(B) D B. Then ¢ }(¥p:) € ¢ 1(X)N B¢ C Xp., and hence we
have C,(L?(Xpe)) C L*(¢~ ' (Epe)) C L*(Zpe). Consequently, if ¢~1(B) = B,
then L?(Xp) reduces C,. On the other hand if L?(Xp) and L?*(Xp.) are both
invariant under C,, then by the same argument we get that ¢~ '(Xp) C L5 and
¢ Y(EXpe) C ¥pe. Thus, =1 (B) = B. These observations establish the following
proposition.

Proposition 2.4. Let B € ¥ with u(B) > 0 and let C, € B(L*(X)). Then the
following assertions hold.

(a) ¢~ 1(B) C B if and only if L*(Xg) is an invariant subspace of C.,.

(b) ¢~ (B) 2 B if and only if L*(¥p) is an invariant subspace of C;.

Consequently, L?(Xp) reduces C,, if and only if ¢~ (B) = B. This fact was
originally proved by Burnap and Lambert in [1, Theorem 5(a)]. In the following
theorem we try to restate a similar fact for the combination of a multiplication and
a composition operator.

Theorem 2.5. Let W € B(L?(X)) and B € ¥ with u(B) > 0. Then L*(Xp) reduces
Wif and only if BNo(u) = ¢~ Y(B)No(u). In particular, if o(u) C ¢~ (o(u)), then
L2(Ea(u)) is reducing for W.

Proof. Put P = M,,. Then P is an orthogonal projection onto L*(Xp). By
Lemma 2.1, L?(Xp) reduces W if and only if PW = W P. Let L*(Zp) reduce W.
Then for each f € L?(X) we have xpufop = Xeo-1(Byufop. Let X = U2 By, where
B,, € ¥ with u(B,) < oco. It follows that uxpny-1(B,) = UXe-1(B)ne-1(B,)- Hence
UXB = uXy-1(p), because X = U2 o ! (By). Thus BNo(u) = ¢~ 1(B) No(u).

Conversely, let BN o(u) = ¢~ 1(B) No(u). Since u = Xo(u)t, then for each
f € L3(X) we obtain

PW(f)=xsW(f) =X myW(f) =ulxpop)(fop)=u(fxp)op=WP(f).

“Yo(u)), ¢ maps o(u) into o(u) and so

So, L?(Xp) reduces W. When o(u) C ¢
= L*(Z,(u)) ® L*(Zo(u)e)- Now, the desired

L?(X) can be decomposed as L2(X)

conclusion follows from [3, Lemma 2.3]. -

Let A C X be a relatively complete o-finite algebra. In what follows we give
some necessary and sufficient conditions that the subspace L?(A) reduces W.

Theorem 2.6. Let W € B(L*(X)). If L*(A) reduces W, then (¢ (A)) o) € Ao(u)
and u, J € L°(A), where J = hE? ) (u2) 0 L.
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Proof. The reducibility of W implies that ux,-14) = W(xa) € L*(A), for all
A € A with finite measure. Therefore o(ux,-1(4)) = o(u) N '(A) € A, and so
e HA)No(u) € Ay for each A € A. Thus, (9™ (A))s(u) € As(u)- We now show
that J is A-measurable. Since R(E“4) = L?(A) reduces W, then by Lemma 2.1,
BAW*W = W*WEA. By L(8), W*W = M,. It follows that EA(Jf) = JEA(f),
for each f € L?(A). Let {B,,} be a sequence in ¥ increasing to X. Then E4(xp, ) 1
EA(1) = 1 and hence E4(Jxg,) 1 J. Since EA(Jxp, ) is A-measurable for each
n € N, we conclude that J € L°(A). Finally, let {C,,} C A, u(C,) < oo and
X =UC,. Thus, X = U(pfl(cn). Hence we get that UX p=1(Cr)No(u) = UXp=1(Cy) =
W (X, ) € L?>(A), for each n € N. This implies that u € L(A). .
Corollary 2.7. Let C,, be a bounded composition operator on L*(X). If L*(A) reduces
Cy,, then

(a) 1A )CAcmdhéL"o(A)

(b) EAEsa A = ge (A,

(c) EAE? (™ = EAW*I(E)

(d) EAN'(®) = g (W)

(e) C,LEA = EAC,EA = EAC

Proof. (a) In Theorem 2.6, it suffices to put u = 1.

(b) The inclusion ¢~*(A) C A in (a) implies in turn that L?(p~1(A)) reduces
EA. Now, by Lemma 2.1 and Lemma 2.2, EAE? (A = g (A pA = ge (A,

(c) Put u = 1 and P = E in Proposition 2.3(d). Then by L(5) and Lemma 2.2
we obtain EAE? () = pe (A = pAne T (),

(d) By the inclusion ¢=*(A) € A in (a), EPT A = g (ANeTHE) <
EANY'(2) | To establish the reverse inequality, it is sufficient to show that
L*(ANe~!(8)) C L (97! (A)). Let f € L* (AN~ (). Then EA(f) = f = goep,
for some g € L*(X). Note that g is uniquely determined in o(h) ([2]). Since h is
A-measurable and L?(X) N L>(X) is dense in L?(X), then by [9, Proposition 3] we
have o

wal((g)) (gow) = EA(Q) o Y.
It follows that

B¢ A (1) = BEL G BT P (gog) = B4(g) o,
because g o ¢ and E4(g) o ¢ are ¢~!(X)-measurable. Now, by Proposition 2.3(a),
E? (1) = EAgop) = EX(f) = /.

Thus, f € L*(¢~1(A)).
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(e) Observe that L?(¥) may be decomposed as the orthogonal direct sum
L3(%) = L2(A) ©@ N (EA), where L2(A) = R(EA) and N(E4A) = {f —EA(f): f €
L*(£)}. Put P = E4 and T = C,. Now by Lemma 2.1, we have TP = PTP = PT

and this completes the proof. -

Theorem 2.8. Ifu, J € L°(A) and E¥ D EAM, = E¢ (DM, on LO(X), then
L2(A) reduces W.

Proof. Since W(L?(X)) C L*(X) and A-measurable simple functions are dense in
L?(A), it is sufficient to show that W (x4) and W*(xa) are A-measurable for each
A € A with finite measure. By hypostases, after taking adjoint, M EAE? ™ (®) (f) =
M, E? A (f) for each f € LO(X). Take f = x,1(a)- Since E# ) (x 400) = x40
© = Xp-1(4) = f and u is A-measurable, then MuEAE@_l(Z)(f) = M EA(f) =
EA(uf) and M E? (A (f) = uf. It follows that EA(uf) = uf, and so W(xa) =
UXp—1(A) = uf € LO(.A)

Now, let E¥ A (uxa) = g o for some g € L°(A). Since uxa = EA(uxa),
we obtain

W*(xa) = hE? & (uxa)o g™t = hES M, (xa) 0 o7
= hE? A (uxa)op * =h(goyp)op t =hge LY(A).

This completes the proof.

Corollary 2.9. The following assertions hold.
(a) Let ¢=2(X) C X be a complete o-finite subalgebra and u, h € L°(p~1(2)).
If M E? () = B2 "M, then L2(A) reduces W.
(b) If u € LY%(A) and L*(A) reduces C,, then L*(A) reduces W.
(¢) If o(u) = X and L*(A) reduces W, then L*(A) reduces C,,.
(d) L2(A) reduces C,, if and only if h € LY(A) and B B EA = pe ' (A),
(e) L%(A) reduces M, if and only if u € L°(A).

Proof. (a) Put A = ¢ (). Because u is ¢~ !(X)-measurable, B (), =
MuEW_l(E). Now, the desired conclusion follows by Theorem 2.8.

(b) Let f € L*(X). By Proposition 2.3(a), EA(f) o ¢ = EA(f o ). Hence
WEA(f) = uBA(f) o p = uBA(f 0 9) = BA(u.f o p) = BAW(f).

(c) L?(A) reduces W, then WE4 = EAW and u € L°(A). Thus, uEA(f) o
¢ = EAu.f o p) = uEA(f o ) for each f € L%(X). Because u > 0, we have
EA(f)op=EA(foyp), and so C,EA = EAC,,.

Acta Scientiarum Mathematicarum 83:1-2 (2017) (© Bolyai Institute, University of Szeged



Reducibility of WCO'’s 297

(d) In Theorem 2.8, put « = 1. Then h € LO(A) and E? ) pA = e~ (A),
The converse follows from Theorem 2.5 and Corollary 2.7(d). This result is originally
due to Burnap and Lambert [1, Theorem 5(b)].

(e) This follows from Theorem 2.6 and Theorem 2.8. -

Example 2.10. Let X = [—%, %], dp = dx, ¥ be the Lebesgue sets, and let 4 C X
be the o-algebra generated by the symmetric sets about the origin. Let 0 < a < %

and f € L?(X). Then
[ B te = [ playia = [ {HEHIED | S = Sy,

_ [ f@) + (=)
= 5 dx.

—a

Thus, EA(f)(z) = W Therefore, by Corollary 2.9(e), L?(A) reduces M,, if
and only if u is an even function.

Burnap and Lambert in [1] proved that if M(# L?(Xp) for each B € )
reduces C,, then there is a nontrivial o-algebra A C ¥ such that L?(.A) reduces
Cy. In the following theorem we extend this to the case of weighted composition
operators.

Theorem 2.11. Let (X, X, i) be a probability space and let M,,,C, € B(L*(X)). If
M is a reducing subspace for M, and C,, then there is a o-finite subalgebra A C ¥
such that L*(A) reduces W .

Proof. To prove the theorem, we adopt the method by Burnap and Lambert [1].
Let P be the orthogonal projection onto M. Put

V={M,:veL>(S,u) and M,P = PM,}.

Note that I, M, € V and so V # (. Also V is a weakly closed C*-algebra of all
bounded multiplication operators on L?(X,(,)) (see [1]). Put

Ao = {A S Eo(u) : MXAP: PMXA}'

Then by [5],V = {M, : v € L*>(Ap)}. Hence for v € L*°(Ag) we have M,,P = PM,
and so My, P = PM,,. Since C,P = PC,, then by [1, Theorem 6|, CwMC;(uy)P =
C’SQPMC:)(W). Then for f € L?(X), we obtain

WMW*(V)P(f) = MuCgOMC;(uu)P(f) = MuCWPMC;(uy)(f) = WPMW*(V)(f)
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Then Cy, Myy- () P(f) = Co PMyy« ) (f) on o(u), because N'(M,,) = {f € L*(2) :
fXo(w = 0}. It follows that

MW*(Z,)P(f) = PMW*(V)(f) on o(u) Na(h). (2.1)

On the other hand, since hE(uv)op ' P(f) = P(hE(uv)op~! f) and v is supported
on o(u), so (2.1) holds on X. Consequently, My -,y € V and thus, W*(v) €
L>(Ap). Now, define the smallest sub-o-algebra of ¥ containing |J)—, ¢~ "(Ao)
by A = V\,_,¢ "(Ap). Note that L*(A) is generated by functions of the form
Xnp_ o~k (By): Where By € Ao and n € N. Now, we claim that L?(A) is invariant
for W and W*. Let f = Xrp_ ,-#(B,)- Then W(f) = uxnp_ ,-x-1(8,) € L?(A)
because u € L>(Ag) € L=(A) and f o ¢ € L*(A). Moreover,

W*(f) = hE(uXﬁZ':[)ga—k‘(Bk)) 0!
= (RE(uxB,) © ¢~ Xrn_ o—+-1(8y) = W (XBo))Xrn_ o5-1(By)-

Since W*(xp,) € L>=(Ag) C L>(A), so W*(f) € L?*(A). Consequently, L?(A)

reduces W. -
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