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C-E TYPE TOEPLITZ OPERATORS ON L2(DD)

M. R. JABBARZADEH AND M. MORADI

(Communicated by 1. M. Spitkovsky)

Abstract. In this paper, we initiate the study of a new class of conditional type operators, which
we call C-E type Toeplitz operators. Sufficient conditions for boundedness and compactness
of C-E type Toeplitz operators on the Bergman space L2(D) will be presented. Also, some
differences between C-E type Toeplitz operators and Toeplitz operators will be illustrated by
examples.

1. Introduction and preliminaries

Let (X,X, ) be a probability measure space and let <7 be a subalgebra of X. All
sets and functions statements are to be interpreted as being valid almost everywhere
with respect to u. The collection of 7 -measurable complex-valued functions on X
will be denoted by L%(<7). We take L*(</) = L*(X,7, 1 ). For each non-negative
function f € L°(X) or f € L*(X), by the Radon-Nikodym theorem, there exists a unique
4/ -measurable function E<(f) such that

[ fan= [ B (r)an.

where A is any .7 -measurable set for which [, fdu exists. Now associated with
every subalgebra o7 C X, the mapping E< : L*(Z) — L?(<7), uniquely defined by
the assignment f — E< (f), is called the conditional expectation operator with re-
spect to .o/ . As an operator on L>(X), E is a contractive orthogonal projection onto
L*(/). Forfix o CX,set E“ =E. The domain of E contains L' (£)ULY (X), where
L% (X)={f€L’(Z): f > 0}. For more details on conditional expectation see [ 12]. Re-
call that an o -atom of the measure p is an element C € & with u(C) > 0 such that
for each F € o/, if F C C then either u(F) =0 or u(F) = u(C). A measure with
no atoms is called non-atomic. It is well-known fact that every ¢ -finite measure space
(X, </, ,,) can be partitioned uniquely as X = (UpenCn) UB, where {Cy},cy is a
countable collection of pairwise disjoint ./ -atoms and B, being disjoint from each C,,,
is non-atomic (see [ 13]). Note that every I? («7)-function is constant on any < -atom.

We now restrict our attention to the case (D,.#,A), where D ={z€ C:|z] <
1}, A is the sigma-algebra of Lebesgue-measurable sets in D and A =normalized
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area measure in D. For 1 < p < o, the Bergman space L} (D) = L (.#) is a closed
subspace of LP(.#') consisting of analytlc functions. Let P be the Bergman projection.
For u € L*(.#), the operator T, defined on L2(D) by T, f = P(uf) is called Toeplitz
operator. When u € H*(ID), the space of bounded analytic functions on D, then 7, is
reduced to the multiplication operator M,,. For general information in this context one
can refer to excellent monograph [14].

The study of conditional expectation operator and its applications on the space of
analytic functions has a long history. In [3] Ball investigated conditional expectation
operator induced by an inner function on the Hardy space and obtained some result
about it. In [1] Aleksandrov proved that conditional expectation operator commutes
with Riesz projection if and only if the measurable partition of circumference has been
induced by an inner function. Attele [2] used properties of conditional expectation op-
erator and obtained some results about the multiplier of range of composition operators.
This type of operator in the Bergman space was studied for the first time in the paper
by Carswell and Stessin in [4]. In [8] the first author and Hassanloo extend some result
in [4] to larger classes of sigma-algebras.

The operator T = EM,, have been defined as combination of multiplication opera-
tor and conditional expectation operator. Lambert, the first author of this note and others
have obtained many property of T such as boundedness, compactness, spectrum and
so on. For more details about this type of operators one can refer to [5] and [6]. In this
paper, we introduce the concept of C-E type Toeplitz operators, PT, on the Bergman
space L2(ID) and present some algebraic and analytic properties of these types of oper-
ators. In Examples 2.7(i), 2.13, 2.16 and 2.19 we see that C-E type Toeplitz operators
with same properties for u, have different behavior relative to Toepliz operators. In par-
ticular, a sufficient condition for boundedness and compactness of mentioned operators
will be presented.

2. C-E type Toeplitz operators on L2(DD)

Suppose .# is the o -algebra of Lebesgue-measurable sets in D and o7 is a subal-
gebraof ./ and E = E“ is the related conditional expectation operator. For a noncon-
stant analytic self-map ¢ on D, it may be happen that <7 (@) := ¢! (.#). For z € D,
put ¢; = 9~ (9(2)) Do = {€ € Do: (&) = p(2)} . where Dy = {€ € D: ¢'(€) #0}.
We say that ¢ has finite multiplicity if there exists N € N such that for each z € D, the
level set ¢, contains at most N points.

LEMMA 2.1. [8, Theorem 2.1] Suppose that o/ = o/ (@) for some self-map ¢ :
D — D with finite multiplicity. Then for each f € L5 (D) and z € Dy = U,cpc, we have

o= (2 78) (2wer)

Notice that if EP = PE, then E(L2(D)) C L2(D).
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DEFINITION 2.2. For u € L*(.#'), the C-E type Toeplitz operator induced by the
pair (u,E) is denoted by T.X and defined as follows:

TE = PEM, : [}(D) — L2(D)

f — PE(uf),

where M, is the multiplication operator. Note that, since uf € L*(.#) C Z(E) and
E(uf) € L*(«/) C L*(.#), so the linear operator TF is well defined.

Let T ={u€ L>(A): ul}(D) C L*(.#)}. Note that L=(.#) C T, C L' (A)
and that ¥, is a vector space. For u € T,, let .ZF be the corresponding C-E type
Toeplitz operator. For u € L™(.#), TF =TF. So JF is a generalization of T,F .

LEMMA 2.3. Let u € L>(.#). Then the operator EM, : L*(.#) — L*(<7) is
bounded if and only if E(|u|?) € L*(/), and in this case ||EM,| = ||\/E (Jul?)]|«-

Proof. Let T : L*(&/) — L*(#) defined by Tf = uf. If E(Ju|?) € L*(</), then
for each f € *(</),

T2 = [ liasPas= [ EQuP)lfPda < Bl
Conversely, let T is bounded. Then for each B € <7,
[ EQuPdn= [ |azaPas =T al < |TIPAB).
Hence,

1
IEQP) = sup o | E(uP)da< T
{Be/ A(B)>0} ( )

Now, it is easy to show that the adjoint operator T* : L>(.#) — L*(</) is given by
T*f = E(uf). This completes the proof. [J

PROPOSITION 2.4. If E(|u]?) € L™(<7), then TF is a bounded linear operator
2
on L;(D).

Proof. Since the Bergman projection P has norm 1 and E(|u|?) € L(<7), then
by Lemma 2.3 we have | .ZF|| < |EM,|| = | VE([u]*)|-. O

If # = o/, then E = I, the identity operator. In this case qu =9,

EXAMPLE 2.5. (i) Let &/ = {0,D}. Then E(f)(z) = [p f(w)dA(w), and so
TE(N(@) = PE(uf))(z) = /DM(W)f(W)dA(W)-

It follows that if u € T\ L™(.#), then E(|u*) = ||u||?, and hence .ZF is bounded.

u

Now, let .7 = (C;) be the algebra generated by the countable collection of the non-null
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disjoint Lebesgue measurable subsets of D such that their union is D). In this case (see

(12D -
=L (/C ifdA) %

TEN@) = [ s Ewf)(n)aA )

Jo (1 —2zw)

Then

Since

/]D)|(1—1zw) (gA </| (2)|dA( ))XC,-(W)>dA(w)

<KL IE([ufD)la:
it holds that

(ii) For 1 <neN, let ¢(z) =z7". For zeD let ¢ '(p(z)) = {(z")"/"} =
{z1,-+,2a}, where z; = |z]e'% with 6; = (argz" +2kx)/n. Sofor 1 <k <n, |z| =7
and thus |@/(z)[? = |nz} ' = n?[z|?=D £ 0, for z€ Dy =D\ {0}. Let &7 = 7 (¢)
be the subalgebra of .# generated by {(z")"!'(U): U C D is open}. Then by Lemma
2.1 we have

n 1 -1
E(f)(z) = (1;1 nzﬁfﬁl)) <n|z|2<"1)>

= Y S@=r ¥ S, ferd), ey
k= {g:gn=2"}

Note that the point z = 0 is an isolated singularity for Ef. Since Ef is bounded in
a deleted neighborhood of point 0 in D, so we can obtain holomorphic extension of
Ef and define it on ID. Furthermore E is an averaging operator. Hence nE (|u|*)(z) >
lu(z)|? for every z € Dy and

(7)) = P(E(uf))(z) = / K(z,w)E(uf)(w)dA(w)
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where wy = |w|e/@2W'+24m)/n and f € [2(D). Consequently, since E is a contraction
and nE(|u|?) > |u|*, u € L*(.#) if and only if E(|u|?) € L™(.#). In this case, by
Proposition 2.4, .7F = TF is bounded. In case n =2, Ef(z) = W So TEf=
2{T (f)+Tu(fog)}, where w=uog and g(z) = —z. Moreover, since E(L2(D)) C

L2(D) then ZE(f) = ${My(f)+M,(fog)} for every u € H*(D). For f € L2(D),

put Ap(f)(z) = ZZ{C:C”:z}f(C)" Then E(f) = Ay(f)o¢@. The function Ay(f) is
uniquely determined in Dy . Therefore, even though ¢ is not invertible, the expression

Ap(f) = (E(f))o @ is well defined (see [10]).

(iii) Let @(z) = az> +bz+c where a #0, |a|+|b|+|c| < 1, and let o7 = o/ (¢).
Foreach z€ D, ¢~ '(¢(z)) = {z,—(az+b)/a}. But —(az+b)/a may be in I or not.
Put Dy ={z€ Dy : |az+b| < |a|}, where Dy =D\ {—b/2a}. Since for each z € Dy,
|¢/(z)| = [2az+ b| = |@'(—(az+ b)/a)| then according to Lemma 2.1 we have

3 @+ (=)} zeD
Ef(z)‘{}(z)z < eDo\D),

where f € L?(.#). Tt follows that for each u € T, and f € L2(D) we have
(uf)(—2etb)

%E(f)(z): fD{21 ZW + 2(1— zw) }dA( ) Ze]D)l
Tu(f)(z) 2€Dy\Dy,

PROPOSITION 2.6. Suppose a and b are complex numbers and u and v are in
%o such that the C-E type Toeplitz operators induced by them are bounded. Then

(a) TE ., =aTE+bTE and (TF) = PME;

(b) If u be a <7 -measurable and u > 0, then ZE >0.

Proof. (a) The first equality follows from M, ;, = aM, +bM,. Let f,g € L2(D).
Then

(Z) f.8) = f. T g) = (f.PE(ug))
= (f,E(ug)) = (Ef,Mug)

So (ZF)* = PME.
(b) Since E is an orthogonal projection and E (uf) = uE f forall f € L2(DD), then

(FZEF,f) = (PEM.f, f) = (EMyf,Pf)
= (EM.f,f) = (EM.f Ef)

=<MuEf,Ef>=/Du|Ef|2dA>0. a

For classical Toeplitz operator .7, = PM,, on L(ZI (D), Z, =0 ifand only if u =0.
But the analogous fact does not hold for C-E type Toeplitz operators, in general.
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EXAMPLE 2.7. (i) Suppose again that &/ = {0,D} and u is a nonzero analytic
function on I such that #(0) = 0. According to Example 2.5(i) and mean value prop-
erty of harmonic functions, .7, =0 on L2(D), but u # 0.

(1) It seems that %E =0 whenever Eu = 0. But it is not hold in general. For this,
let ¢(z) =22, u(z) =z and & = o/ (¢). According to Example 2.5(ii), it follows that
Eu=0 and

TEf = 3 (Pf )+ P(~2f(~2).
Now, if we put f(z) =z, then JEf = P(z*) #0.

PROPOSITION 2.8. Suppose u is an </ -measurable function on D. Then TF =
0 implies that u =0 if and only if the linear combinations of {E(z')E (/) 7= s dense
in L*(o).

Proof. Let M denotes the linear combination of {E(z')E(z/)}7j_. Suppose that
TF =0 and M is dense in L?(.«7). Then (ZFf g) =0 forevery f,g € L2(D). Since
P and E are projection, u is an <7 -measurable and P(z/) = z/, we obtain

(,E()E()) = (WE(),E()) = (E(uz'),2’)
= (PE(uz'),2’) = (<, ) =0,
for all i,j € Ng = NU{0}. Since M is dense in L*(/), it concluded that u = 0.

Conversely suppose that M is not dense in L?(.e7), therefore M- # {0}. Let 0 u €
M* . Simple computations show that .ZX =0. [

COROLLARY 2.9. Suppose u is an o/ -measurable function on D and M denotes
the linear combinations of {E(z')E(z/)}7._. Then the following assertions hold.

(i) TE is self-adjoint if and only lf u— it is perpendicularto M.
(ii) If M = L*(7), then TF is self-adjoint if and only if u = u.

We recall that for a bounded linear operator 7' on L2(DD), the Berezin transform
of T is denoted by T and defined as T'(z) = (Tk,k), for each z € D. It is proved in
[11] that T =0 if and only if T = 0. If u € L*(.#) then the Berezin transform of u
that denoted by u defined as the Berezin transform of .7;,. Denoted by B the transform
that B(u) = ii. Then B is one-to-one on L' (.Z) (see [7]).

DEFINITION 2.10. Let u € ¥,. The C-E Berezin transform of u is denoted by
uE and defined on D as uE( ) = (FFk;,k;) and will be denoted by BE the transform
that BF (u) = uE .

COROLLARY 2.11. Let M denotes the linear combinations of {E(z')E(z/)}. Then
BE is one-to-one on M.

REMARK 2.12. Itis clear that if E = I, previous corollary coincides with classi-
cal statement about B.
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It is well-known fact that when u € L' (.#) is harmonic then # = u (see [14]). As
will be shown in the next example, the analogous fact does not hold for C-E Berezin
transform of u in general.

EXAMPLE 2.13. Let o = {0,D}. Then

D
Therefore
3= [ FEHRIWREAW)
D
= [ utok)aat / K (w)dA(w) = (1 - z2)2P(a)(z).

Putting u(z) = z> +z, we have P(it) = 0. Hence uE (z) =0, and so uE # u in this case.

In the following we present a sufficient condition for compactness of some C-E
type Toeplitz operators on L2(DD) and by examples illustrate the difference between
compactness of Toeplitz operators and C-E type Toepliz operators on L2(DD).

THEOREM 2.14. Suppose that </ is a subalgebra of #, (D,</,A| ) can be
partitioned as D = (U,enCo) UB and T = FF is bounded on L:(D). If u(B) =

(u(z) =0 for all z € B) and for any € >0, A(C,NG*(u)) > 0 for finitely many n,
where G¢(u) = {z€ D : E(|u|)(z) > €}, then T is compact.

Proof. Suppose that u(B) = 0 and for an arbitrary € > 0, the number of <7 -
atoms {CE} such that A(CENGE(u)) >0 is k < oo. Put B = UX_,CE. Itis clear that
E(|u|)(z) < € on D\ B and therefore |u| < € on D\ (B UB). Let T} = ZF where
v=Xp.u.Since u=v=0on B, u=v on Be and T is bounded, hence 7; is bounded.
Using |E(f)]> < E(|f|*) and B¢ UB € <7, for each f € L2(ID) we have

75 =T < [Euf — Evf| = [ |E(a—v)fPda

= [ pufPaa< [ E(usP)aa
JD\(B¢UB) JD\ (B¢ UB)

= [ juPaa<e [ [paa= e
JD\(B:UB) D

But we have

k k
T\f = PE(xp.uf) = Z Xceuf) = Z (Xcsuf).
Since YX_ | E(xceuf) = Xh_ E(uf)(CE)xce . so S = EM, is a finite rank operator and
the set of all finite rank operators is a self-adjoint two-sided ideal of B(L?*(.#)), the
set of all bounded operators on L?(.#), thus T; = PS has finite rank and hence T is
compact. [
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EXAMPLE 2.15. As in Example 2.5(i), let &/ = (C;) be the algebra generated
by the countable collection of the non-null disjoint Lebesgue measurable subsets of D
such that their union is D. Itis clear that each C; is an ./ -atom and (D, </,A) ) can
be partitioned as D = (U,enC,) UB, where B = 0. If .ZF be bounded on L2(ID) and
u satisfies the conditions of Theorem 2.14, then .ZF is compact.

EXAMPLE 2.16. Suppose u € L'(.#) is harmonic. Then .7, is compact if and
onlyif u=0 (see[14]). Let o7 = {0,D} and u € H*(D), in Example 2.5(i) we saw that
TE(f)(z) = f[pu(w)f(w)dA(w). Itis clear that ZF is bounded, i and <7 satisfy con-
ditions of Theorem 2.13, hence ZZE is compact, while i is non-zero harmonic L' (.#)-
function. We can directly show that ZZE is compact. Suppose that f, — 0 weakly in
L2(D), then [, g§fydA — O for each g € L2(D). Thus ||.TL f,||* = | Jp il fudA]* — 0.
Hence Z;E is compact.

At this stage, we consider diagonal operators and present some statements about
diagonal Toeplitz and C-E type Toeplitz operators. Recall that an operator T : 5 — 7
is called a diagonal operator if Te; = aje;, where {e;} is a basis for .. According
to definition, it is clear that 7 : L2(D) — L2(D) is diagonal if and only if (T7,z/) =0
forall i £ j.

For u € L>(.#), Louhichi et al. [9] proved that .7, is a diagonal operator on
L2(D) if and only if u is radial. Although it is not known if the C-E type Toepliz
operator induced by radial symbol is diagonal, as we will see in next example when u
is radial, operators in Example 2.5, are diagonal.

EXAMPLE 2.17. Let u(z) = u(|z|), ¢(z) = 2> and let &/ = o7(¢). Then by Ex-
ample 2.5(ii), we have

TEND) = 5 (P(f) o 91) + P((ef) 0 92)} 2),

where @;(z) = (—1)"!z. Now, take f(z) =z*. So

1 u(w)nk (=DF [ u(—w)nk
%E(Zk)(z) = iépmdA(w)—i_ > /[D)(l —Z\/T/)sz(w)

Since u is radial so for k =2n+1, ZE(F) = 0 and for k = 2n,

[ alwt
TEDR) = [ {1 At

= (j—i—l)zj/Dkaju(|w|)dA(w)

j=0
SE e [ [T
et Jo Jo T
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Thus, ZF (%) = ez, where

0 k=2n+1
Ci =
o k=2n.

A calculation shows that for operators in Example 2.5(i), we have .7, £ (z ) =k
when u is a radial function.

THEOREM 2.18. Suppose u € %,. Iffor n >0, Eu and |z|*"u are perpendicular
to ZL2(D) and for n > 0, |z|*"u is perpendicular to L3(D) then JF is a diagonal
operator on L(DD).

Proof. Suppose that ZF is not a diagonal operator on Lﬁ (D). Thus there is
j # n such that (Euz",z/) #0. If n=0 or j =0, it concluded that Eu or i has
not the mentioned property respectively. If n # 0 and j # 0, then (u, 7"Ez/) # 0.
Since z_"Ezf € L2(#) and p(z,7)’s are dense in L2(.#), there is z/'Z* such that
(u,2' 7% £ 0. Puttmg l=k,l>kand <k wehave (u,2%) #0, (u|z|*,z/ %) #0
and (u|z|*,z57!) # 0 respectively, thus desired result is concluded. [J

When u € L*>(.#) is not radial then 7, is not diagonal on L2(D). In spit of
classical Toeplitz operator cases, there are functions u € L?>(.#) such that u is not
radial but the induced C-E type Toeplitz operator .7 is diagonal.

EXAMPLE 2.19. Let u(z) = pn(z), such that p,(0) # 0. Suppose E and </ are
as in Example 2.5(i). Since ZF (z*)(z) = [ u(w)w*dA(w), using mean value property
for harmonic functions, we have

thus ZF (ZF) = cizF, where co = p,(0) and ¢, =0 for k> 1,s0 ZF is diagonal while
7, is not diagonal.
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