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1. INTRODUCTION AND PRELIMINARIES

Let H be a separable, infinite dimensional, complex Hilbert space with inner prod-
uct (,) and let B(H) denote the algebra of all bounded linear operators on H. The
problem of the topological structure of C(H ), the subsets of closed and densely defined
linear operators on H has been considered starting with the paper by Cordes and
Labrousse [2]; see also [7]. They prove that the metric distance between two densely
defined unbounded operators A and B may be taken as ||(I+AA*) =t —(I+BB*)71|.
As the authors show, this metric defines the same topology for bounded operators
as the ordinary metric ||A — B||. For A € C(H), let a denote the contraction de-
fined as a(T) = A(1 + A*A)~'/2. Kaufman [5] studies a metric § on C(H) defined
as 0(4,B) = |ja(A) — a(B)|| and then the author discusses connections between
d-convergence and strong-operator-topology convergence. Also, he shows that this
metric is stronger than the gap metric d (see [4], page 197) and not equivalent to
it. In [6], Kittaneh presents quantitative improvements of the result of Kaufman [5]
concerning equivalence of three metrics on the space of bounded linear operators on
a Hilbert space. In [1], Benharrat and Messirdi defined some new strictly stronger
metrics than the gap metric d and characterized the closure with respect to these
metrics of the subset B(H) of bounded elements of C(H).



Let M be the subset of bounded normal operators in B(H), A € M and let
0 < a < ||A||~!. In this paper, by motivation of the above mentioned results, we
shall replace 1+ A*A with I + a2A*A + a*(A*)2A% + ..., and then we obtain some
analogous results on topological properties of M.

In Section 2, we show that K, (A4) := io: a®" A*" A™ is positive, invertible and then
n=0
we obtain the relation between the operators K,(A), K;'(A) and (K,(A))~/? in
the case when A is normal. Moreover, we introduce some special types of metrics
on normal operators in B(H) and then we compare the topologies induced by these
metrics.

In Section 3, inspired by definition of bisecting for A € C(H) in [8], we define A,
for A € M. Then using Za and the metrics defined in Section 2, we introduce the
Fy, ..., Fy maps on M with different metrics into M with the aid of usual operator
norm. Then we will proceed on investigating the continuity of these maps. At the
end, as an example we determine K,(Cy), Rq(Cy), Sa(Cy), (ap)a for C, € M,

where C,,(f) = f o ¢ is the composition operator on L*(X).

2. STRONGER AND EQUIVALENT METRICS ON M

For A € B(H), let A*, N(A), R(A), r(A) and || 4| denote the adjoint, the null
space, the range, the spectral radius and the usual operator norm of A, respectively.
Note that r(A) = lim ||A™||*/™ < ||A|| and that the equality holds if A is normal.

n—oo

A is called positive if (Az, x) > 0 holds for every x € H in which case we write A > 0
For an operator A € B(H) let 0 < a < (r(A))~! be an arbitrary but fixed number.

Define K,(A) = > a®"A*™A". The definition of K,(4) is due to Gilfeather [3],
n=0
Lambert and Petrovic [9].

Lemma 2.1. Let A € B(H). Then 0 < K,(A) € B(H) and K,(A) is invertible
with | K, 1 (4)] < 1

Proof. Since lim [|a®?A*"A"||'/™ < (r(A))~2 lim [|A"||*/" = 1, so the infi-
n—oo n—oo

nite series K,(A) converges absolutely. Also, for all z € H we have
(Ka(A Z a®"[|A™ ()] >
Thus,

IVED @) = (Ka(A)(),2) = ] + Za2”||A” W = I,

n=1



and so
R(VKa(A4)) = R(VKa(A)) = N(v/Kq(A))" = H.
It follows that \/m and hence K,(A) is invertible. Now, replacing x by
(K. (A))~Y2(z) we obtain ||(K.(A))~'/?(x )|| lz]|. This implies that
1

Ha (A II\/ A)? <

O

For A € B(H) set Ry(A) = (K,(A))~! and S,(A) = /R4(A). Then by Lem-
ma 2.1, R,(A) and S,(A) = (K,(A))~'/? are positive and S,(A) is a contraction.

Moreover, when A is a normal operator, i.e. AA* = A*A, then R,(A) = R,(A*),
AR, (A) = Ry(A)A and A*R,(A) = R,(A)A*.

Recall that for A € C(H), the fundamental properties of R4 = (I + A*A)~! and
S4 = (I + A*A)~/2 have been investigated by many authors, e.g. [2], [1]. In the
following lemma we obtain a relationship between the concepts of R,(A) and S,(A)
when A € B(H) is a normal operator.

Lemma 2.2. Let A € B(H) be a normal operator and let n € NU{0}. Then the
following assertions hold.
(a) A"Ro(A) = Ra(A)A";
(b) A"S4(A) = Sa(A)A™;
¢) Sa(A)(Ko(A) = 1)Sa(A) = I = Ra(A);

( )
(d) VEa(A) — I = a|A|(Sa(A)7;
) ) =

(€) Ra(A) =1—a|AJ%;
(f) N(5a(4)) NN (A) = {0}
Proof. (a) Since A is normal, from direct computations we obtain that
Ko(A) = AM(I+a?A*A+a*(A")?A% +...)
= A"+ a?A"A*A + a* A" (A*)? A2 +
= (I +a®AA* +a*A%(A*)? + .. )A" = K, (A")A™ = K, (A)A™.
Therefore, the inverse of K,(A) is also commute with all A™.
(b) Since A"R,(A) = R,(A)A™, it follows that A"P(R,(A)) = P(R4(A))A™,

where P is any polynomial. Now let {P,,} be a sequence of polynomials converging
uniformly to a continuous function g. Then for each x,y € H we have

(A"g(Ra(A))(@), ) = Tim (P (Ra(A)) (@), (A")")
= Tim (P (Ra(4)A"(2),) (b part (a)

= (9(Ra(A)A™(z),y).



Thus, A™ ( o(A4)) = g(R4(A))A™. Let g be a square root function. Consequently,
A" /R4 (A) = \/Ro(A)A", and so A"S,(A) = S,(A)A™.
(c) Since Ru(A) = S5%(A), then

I —Ru(A) = (R;Y(A) = I)Ru(A) = a?A* AR, (A) + a* (A*)? A’R,(A) + ...

= a?A*S(A)Sa(A)A + a*(A*)?S.(A
= a2A* S, (A)AS,(A) + a*(A*)2S,(A

= @ (A)"Sa(A)A"S(A) = Sa(A)(Ka(A) — 1)Sa(A).

(d) Normality of A implies that
Ko(A) =T =a?A"A(I + a>A* A + a*(A*)2 A% + .. )= a®|A|PK,(A).

Thus, v/Ka(A) = 1 = alAly/Ka(4) = al A](Sa(4)) !

(e) It follows from (c) and (d).

(f) It suffices to show that ||S,(A)ul|? + ||a|AJu||? = ||u||? for all uw € H. For this,
let w € H. Then by (e) we have

1Sa(A)ull? + lla Alull* = (Sa(A)u, Sa(A)u) + (alAlu, al Alu)
u, Ra(A)u) + (u, a®| A*u)
= (u, Ra(A)u) + (u, (I = Ra(A))u) = (u,u) = |ul]*.

—~

+
+

Lemma 2.3 ([2]). Let A be closed. Then

. _[Ra AR
9 T | AR, T- Ry

where Ilg(4) denotes the orthogonal projection onto G(A) = {(x, Az): z € D(A)}.

Now inspired by matrix Ilg(4), we define I1,(A) € B(H ® H) for A € M:

T ORJA) alAlS(4)
mw‘hwmmz—mw}

In [1], Benharrat and Messirdi introduced metrics g¢ (7T, S), pa(T,S), ¢a(T,S) and
Yq(T,S) for S,T € C(Hy, H>) and a positive bijection G € L (Hq).
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Now, inspired by these metrics we define special types of metrics on M:

dl) (4,B) = |I,(A) — IL(B)|;

d (A, B) = \/[R.(A) = Ry(B) + [alA[S.(4) — b|BIS,(B)[%:
d¥ (A, B) = [la] A - 0] Bl

d¥ (A, B) = /2] A~ B[ BI[ + 2[[Sa(4) — Sy(B)[%,

where 0 < a < ||A|"" and 0 < b < || B~ are arbitrary but fixed numbers, when-
ever A and B are nonzero elements of M. Note that dl3! < d*. Hence, the topology
induced from the metric d* on M is stronger than that induced from dl®.

Lemma 2.4 ([6]).
(a) If A,B € B(H) are positive, then

A= B| < V[A? - B?||.

(b) If T € B(H® H) and
T A B
¢ D)’
then || T||* < [|A]* + | BJ|* + IC]|* + || D||>.

It was proved that in [1] the topology induced from the metric go(7,S) on
C(H,, Hs) is strictly stronger than that induced from pg(7,.S). But the following
proposition proves that the metrics d*) and d/?l on M generate the same topology.

Proposition 2.5. The topo]ogy induced from the metric d*! on M is equivalent
to the topology induced from d? on M.
Proof. Let A,B € M. Evidently, d (A B) < dg b) (A, B). On the other
hand, by Lemma 2.4 (b) we have
T (A) = IL(B)[|* < 2[|Ra(A) — Re(B)|* + 2llal A|Sa(A) — b|B|Sy(B)]|*.

Thus, dy.) (A, B) < V2d() (A, B). O

Lemma 2.6. Let A and B be two nonzero elements of B(H). Then

H H\2HA B
[A] — |BI | Al




Proof. Since ||B|| — ||4| is not greater than ||A — B||, so

< ||B|[|IA = B| + | B|(IB| - ||A|]) < 2|BJ|||A - B
BN — ] < BI04 = B+ 1BILB1 = A1) < 20Bl14 - B

The result follows. (|

Now, let A and B be two nonzero normal elements of B(H). Then r(A) = ||A|| and
r(B) = |B|. For 0 < a < 1 put ao = al|A| ™" and b, = a||B||”". By Lemma 2.6

we obtain
2a||A - B||

laad — baBl = | 20— 20| <
I A

In the following theorem, we show that dEi be) < |||l for ¢ = 3,4 on M. This is why,
in the study carried out by Benharrat and Messirdi, it was found that the restriction
of the metric q¢ (7, S) to L(H;, H3) is equivalent to the operator norm.

Theorem 2.7. The topology induced from the operator norm on M is strictly
stronger than that induced from dEg be) fori=3,4 on M.

Proof. Let A,B€ M. Let A# 0and B =0. Then by Lemma 2.4 (a) we have
100 (A) = Il = VT = aZ[A]? =TI < V[ e |AP] < aal|All

and [|aa|Al| = aq||All. Tt follows that df,

(a0 bo) (A5 0) = aa[|A]| and

d L (A,0) = V2([aal Al + 2][Sa. (A) — 1| < 20| A].

Now, let A and B be two nonzero elements of M. Then by Lemma 2.4 (a) and
Lemma 2.6 we have

d | (A,B) = aalA] — ba|BI| < V]2 A"A — 2B B
< VoA —baB aa Al + [oaB aaA — baB]
= V([laaAll + [[baBl))[laa A — ba B
2| A= B]
lac Al + ||baB|ly | ————.
Also, since

150, (A) = S (B)| = VI = a2]A]? = /T - 2| B]?|
< VI = a2|AR) — (1 - 02[BP)]

2a||A — B
— V@A A= 7B Bl < Ve AT+ Bl 2220 P




we get that

2al|A - B||

[4]
d(a ba )(A,B) < \/4(”0’&‘4' + ”baBH) HAH
This completes the proof. ([

Recall that in the study carried out by Benharrat and Messirdi in [1], it was proved
that the topology induced from the metric g (T, S) on C(Hy, Hs) is strictly stronger
than that induced from g¢(7T,S). However, in the following theorem we show that
Al e 431

Theorem 2.8. The topology induced from the metric dY) on M is equivalent to
the topology induced from to the metric d® on M.
Proof. Let A,B € M. Then by Lemma 2.4 (a) and the definition of d’! for

i =1,3 we have

i) (A, B) = llalA| = bBI|| = alAIS.(A)S; " (A) ~ bIBIS/(B)S; (B)]

<ol UBISBIIE, L)
+ BIBISUBIIS;(4) - 5,7 (B)
<d}, (A BIs; A )H+HbIBISb(B)II\/IIScZQ(A)—5{2(3)|I
= A (A BIS A + [8BISW B IR (4) - R, (B)]
=dp (A, B)|S7 (A
+ [b1BISy(B) /1R (A)(Ra(4) = Ru(B)R, (B
<dl (A B)Is; ()
+ [blBISy (B 1 A 1R, (B, (4, B).

Conversely, by Lemma 2.2 (e) and Lemma 2.4 (a) we obtain

IRa(A) — Ry(B)|| = (I — Ra(A)) — (I — Ry(B))|| = |la®|A* — 0| BJ?|
< llal A = bl BI|(lal Alll + 6| BI) = d{ ) (A, B)(llalAl]| + (1Bl BI])
and
lalA[Sa(A) — b BISy(B)| < llalA| — b|BI|[|Sa(A)]| + 11 B [1Sa(A) — Sy(B)|
< llalA| = b|B|[| + 1|5 BI[|| vRa(A) — v/Ro(B)
<dZ (A B) + b B[V Ra(A) — By(B)]

<d (4. B) + [b|BI[\/d, (4. B)(lal Al + [blB]l]):




But
(d (A, B))? < 2| Ra(A) — Ry(B)|* + 2l|alA|Sa(A) — b| B|Sy(B)|1>.

(a,b)

This completes the proof. ([

3. SOME OPERATOR TRANSFORMATIONS

The following lemma will be used in this section to obtain a new operator trans-

form.
Lemma 3.1. Let A € B(H) be a normal operator. Then

11+ Sa(A)~H < L.

Proof. Forall z € H we have

VT + Sa () @)

(VT Su(A)(2), T+ SulA)c)
— (T + Su(A) (@), 2) = (2, 2) + {(Sa(A)a,2) > [l2]]%.

and R( I—f—Sa(A)) = N( I—i—Sa(A))l = H. Thus, y/I+ S,(A4) and hence
I+ S,(A) is invertible. Now, replacing x by /I + S,(A4)(x) we obtain

VI + Sa(A)(@)]] < |-

It follows that
(I + Sa(A) | < VT +Sa(A)]” < 1.

O

Definition 3.2. For A € M and 0 < a < ||A|| ™! the bisecting of A, in the sense
of Lambert and Petrovic, is the operator A, defined as

Ay = alA|(I + S, (A)~1.

The bisecting of A was originally introduced in [8] by Labrousse in order to study
closed operators. By Lemma 3.1, T + S,(A) is invertible and so A, as a positive
operator is well defined. Moreover, || Ayl < ||alA[|[[(I + Sa(A)) 7 < 1.
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Now we consider the maps

Fr: (M) = (M D, A= (1 + Sa(A) 7
Fy: (M, || H) (M, D A= A
Fy: (M, d%) — (M [H]), A — Ag
Fy: (M d") — (M [H]), A — A,

We note that in (M, ||-||), ||-|| is the norm of H. We pose the following question:

For which operators A € M is the map F; continuous?

Theorem 3.3. The maps Fi, F», F5 and Fy are continuous.

Proof. Let A€ M and ||A|| — 0. By Theorem 2.7 and Lemma 3.1 we obtain

[F1(A) — FL(0)]| = [|(] 4 Sa, (A) " = (T + 1)1
<N + Sa, ()M + S, (A) = 21|[[21) 7]
< 800 (A) = 1] < aa [ Al = 0.
Now, let A and B be two nonzero elements of M and ||A — B|| — 0. We show that

|[F1(A) — Fi(B)|| — 0. Again by Theorem 2.7 and Lemma 3.1, if ||A — B|| — 0, we
have

1F1(A) = Fa(B)|| = I + San (A) ™" = (I + Sy, (B) '
< + Saq (A) 7 San (A) = Sp (BN + Sb. (B)) ']

2a|A — B||

— 0.
| Al

laa Al + [[ba B

Thus, Fi is continuous.
Let A € M and ||A| — 0. By Lemma 3.1 we have

1F2(A4) = F2(0)]| = [ Aa = 0]l = llaal AI(I + Sa, (4) M| < [laalAlll = aa|l Al — 0.
Now, let A and B be two nonzero elements of M and ||A — B|| — 0. Then from
Theorem 2.7 we obtain

1Fo(A) = Fo(B)|| = [ Aa = Byl = llaalAl(T + Sa. (A) ™" = ba| BI(T + Sb. (B) "]

< Ve A A =03 BB (T + Sa. (A) 7|

BBl + S () — (L + 50, (B) ]
20||A — B
< VTaaAT +ToaB], | 2elA= Bl

—AT (1+/|baB*B||) —
This implies that F5 is continuous.




Let A € M such that d[i] 0)(A 0) — 0. Then ||a|A||| — 0. Then we have

15(4) = F3(0)]| = || Aa = 0] = llalA|(Z + Sa(4) ™" = 0l < [lalAlll — 0.
Let A and B be two nonzero elements of M and d[ ] (A B) — 0. Then
lal A] = b BI|| — 0.
Again by Theorem 2.7 and definition of d!¥! we have

1F5(A) = F5(B)|| = || Aa = Byl = llal A|(I + Sa(A)) ™" = b|BI(I + Sy(B)) ||
< llalA] = [BI[[[I(T + Sa(A) 7|
+ BT + Sa(A) 7 18a(A) = Sp(B)IIT + Sy(B)) |
lalAl = olBI|| + (181 Bl V/lla? A]* - 62| BJ?]
lalAl = o1BI|| + (181 Bl llal Alll + 16l Bl v/llalA] - o[ B|| — 0.

NN

Thus, Fj is also continuous.
Let A € M and d[ ] (A 0) — 0. Then ||a|A||| — 0. Then

|Fa(4) = Fa(0)| = || Ao = 0] = |lal A|(] + Sa(4))~" — 0]
< lal AN + Sa(A4)) M < flal Al — 0.

Let A, B € M such that d[ ] p(A,B) — 0. Then [[a|A| - b|Bl[| — 0 and [|Sa(4) —
Sp(B)]| — 0. Then we have

1F4(A) = Fa(B)l| = || Aa = Byl = llal A|(I + Sa(A)) ™" = bIBI(I + Sy(B)) |
< llal Al = o[ BII[I(L + Sa(A) 7|
DB + Sa(A) T 11Sa(A) = Se(B)IIII + Sp(B)) "l
< |lalA] = bIBI[| + (6| B[|[|Sa(A) = Sp(B)]| — 0.

Consequently, |F4(A) — F4(B)|| — 0 as du b) (A,B) — 0. O

Definition 3.4. If AB € M, 0 < a < |[A|"' and 0 < b < ||B||!. The
Cordes-Labrousse transform with respect to the pair (A, B) is the operator V(a %)
given by

a,b
Vs = Su(A)Sy(B) + (al A)(B|B)).

We will write V,a(x ) simply as V4 p for fixed elements A and B when no confusion

can arise. Since A and B are normal operators then V,X,B = Vp.a. Also, Vi 4 =
Ro(A) + a?|AP? = Ry (A)+ 1 — R, (A) =1.
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The proof of the following proposition is similar in spirit to [2], Lemma 5.3.

Lemma 3.5. Let A, B € M and let x € H. Then the following assertions hold.

(a) [IVas@)I? 12| < 224 , (4, B);

(b) IVa @) > (1= (d2, (4, B)))|=]?
(c) If di} b) (A, B) < 1, then Vy4 p Is invertible.

Example 3.6. Let (X,X,u) be a complete o-finite measure space. Let
@: X — X be a non-singular measurable point transformation, which means the
measure p o ¢~ 1, defined by po o 1(B) = u(e~1(B)) for all B € %, is absolutely
continuous with respect to p (we write po@ ™! < p). It follows that o™ < pu for
every n € N. Then by Radon-Nikodym theorem there exists a unique non-negative
Y-measurable function h, on X with h, = dpop™"/du. Put h;y = h. Now,
let C, defined by C,(f) = f o ¢ be a composition operator on L?(¥). Note that
C, € B(L?(Y)) if and only if h € L>(X) and in this case ||C,| = ||h||éé2 Also
it is a classical fact that C,, € B(L?*(¥)) is normal if and only if ¢~}(X) = ¥ and
how = h (see [10]). Let M = {C,, € B(L*(X)): C,, is normal}. Let C, € B(L?*(X))
and f € L?*(X). Then we have

(C3 Cof. ) = (CLL.Cpf) = ICLfI* = | Con £
= [IM o fI1? = (M g fo Mz ) = (M, f 5 ),

where M}, is the multiplication operator. So, C;"Cg = My, . In particular, if
Cyp € M, then C;' CI = (C3Cp)" = (Mp)" = Mpn, and so h,, = h™ for each n € N.
Let 0 < a < ||hljoc/? = [|C,|| ™" = r(C,) . Then

Ko(Cp) =Y a®"Cy Cll =" Myzapn = (I = Mg2p) ™"
n=0

n=0
Hence

Ro(Cyp) = Ka(Cp) ™' =1 = Mgy2p,, Sa(Cp) = Ran/Cyp = M 7=z,
(Co)a = alCu|(I + Sa(Cp)) ™ = Va?h/(14v1=a?h)"

Now, for i = 1,2 let C,, € M and h; = (dpo ¢; ')/du. Then we have

VC P2 = SG(C<P1)Sb(C<P2) + (a‘|C<P1 |)(b|CLP2|) =M /(17a2h1)(17b2h2)+\/W'

C
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