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COMPLEX SYMMETRIC WEIGHTED COMPOSITION
LAMBERT TYPE OPERATORS ON L2(%)

M. R. JABBARZADEH AND M. MORADI

(Communicated by N.-C. Wong)

Abstract. In this paper we obtain the polar decomposition and the Aluthge transform of a weighted
composition Lambert type operator M,,EM,C, on L2(Z). In addition, we study the complex
symmetry of these types of operators induced by triple (w,u, @) .

1. Introduction and preliminaries

Let (X,X, 1) be a sigma finite measure space and let <7 be a sigma subalgebra of
¥ such that (X, <7, Hy, Q{) is also sigma finite. The collection of the equivalence classes
up to null sets of ./ -measurable complex-valued functions on X will be denoted by
L), Take L) (o) ={f €L): f>0}. For 1 <p< o welet LP(X) =
LP(X,Z,u) and LP(e/) = LP(X, o/, ). Also its norm is denoted by ||.|[, on which
LP (<) is a Banach subspace of LP(X). The support of a measurable function f is
denoted by o(f) and definedas {x € X : f(x) # 0} . A consequence of Radon-Nikodym
theorem is that to each non-negative function f € L%(X) there exists a unique function
E_/(f) with the following conditions:

(i) Eo/(f) is o/ -measurable and integrable.

(ii) For any .7 -measurable set A, for which [, fdu exist, the following functional
equation takes place

/Afd“:/AEM(f)d[J, Acd.

The function E/(f) is called the conditional expectation of f with respect to <7 .
This can be extend to real-valued and complex-valued functions by examining the con-
ditional expectation of the positive and negative parts and the real and imaginary parts
for real valued and complex valued functions respectively. Note that Z(E.,), the do-
main of E,, contains U,>1L”(£)U{f € L°(X): f >0} . Hence a linear transformation
E. :LP(¥X) — LP(</) canbe defined by f+— E/(f). Itis clear that E,, is idempotent,
and in case of p = 2, it is the orthogonal projection of L?(X) onto L?(.e7). For more
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details on the properties of E ./, one can refer to [16] and [11]. Let f,g € Z(E./). We
list here some of properties of E,, that will be used in this article:

() Ey/(fg) = fEw(8), f € L().
@) Tf £ >0 then E/(f) = 0:if £> 0, then E/(f) > 0.
(3) (Conditional Holder’s inequality) (E(|fg]))* < (E(|f)*))(E(|g|*)).

(4) If &/ and % be two sigma subalgebra of ¥ such that (X, <,y ) and
(X,%,1,) are also sigma finite and &/ C Z, then EyEp =EgEy =Ey .

Suppose that @ is a measurable transformation from X into X such that o ¢!
is absolutely continuous with respect to (; that is, ¢ is non-singular. Let & denotes
the Radon-Nikodym derivative du o @' /du and always is assumed that & is almost
everywhere finite valued. Equivalently, ¢ ~'(X) is a sub-sigma finite algebra of X.
We shall henceforth find it convenient to write E,, simply as E. Let u and w are in
Z(E). The operator Ty, : LP(X) — L°(X) that induced by the triple (u,w, @) is called
weighted composition Lambert type operator and defined by Ty, = M,,EM,Cy, where
M,, and M, are multiplication operators and Cy is a composition operator. This type
of operator was studied for the first time in [3]. Throughout this paper, it is assumed
that u%(Cyp) C Z(E), Eg = E,-1(y) and @ is non-singular, where %(C,) denotes the
range of Cy. Let Ty = Myy,EM,Cy, p="2 and J = hEy(E(Ju|*)E(|w|*)) o9 ~!. Now
suppose that J € L*(X), we have

1 Tof 3= [ E(wP)IE WS o @) du

= [ BB s o 9P

= ”EM” E(wP) C(Pf”%

Put v = u+\/E(|w|?). Using conditional Holder’s inequality, we have

IEM. Cof 3 < [ J1/Pan.

Since J € L*(X), the previous inequality implies that T, is bounded [3]. Note that
when ¢ = id, the identity transformation, then 77 := M,,EM,, is bounded if and only if
EM, is bounded if and only if E(|u|*)E(jw|*) € L*(X) (see [4, 15]).

A combination of conditional expectation operators, multiplication and composi-
tion operators appears more often in the service of the study of other operators, such as
integral operators [9], Markov and averaging operators [16].

In section 2, we investigate the polar decomposition and Aluthge transform of Tg .
In section 3, we investigate which combinations of weights u,w and self-maps ¢ on
X give rise to complex symmetric weighted composition Lambert type operators with
a special conjugation.
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2. Polar decomposition and Aluthge transform of 7

In this section we present the polar decomposition and the Aluthge transformation
of weighted composition Lambert type operators. Let B(%) denotes the C*-algebra
of all bounded linear operators on a complex Hilbert space . We write A4 (T') for
the null-space of T € B(.%¢). Recall that for T € B(.¢), there is a unique factorization
T =U|T|, where A (T)= A4 (U)=A(|T]), U is a partial isometry, i.e. UU*U =
U and |T| = (T*T)l/ 2 is a positive operator. This factorization is called the polar
decomposition of 7.

THEOREM 2.1. Let Ty = M,,EM,Cy be a bounded weighted composition Lam-
bert type operator on L*(X). Suppose that o/ C ¢~ (L) and uEqy(u) € LY.(X). Then
the unique parts of the polar decomposition U, |Ty| for the weighted composition
Lambert type operator Ty are given by

o melEwPoet R
. XSNGNG! %w ufo
vr= {E<u<ho<p>E¢<ﬁ>><E<|w|2>>} Eufoe),

for all f € L*(%), in which G = o([E(u(ho @)Ee(it))]o 9~ ), S=o(E(Iw*)) and
G' =G (E(u(ho@)Ey(ir))).

Proof. Ttis easy to check that

Ty f = hEo(MzEMy(f))o ¢

and

T, To(f) = hEo(aE(wW]*)E(uf o @) o ".
Since &7 C ¢~ !(X) so

ToTo(f) = [(ho @)E (W) Eg(@)E(uf o @)lop~".
By induction for each n € N,

(ToTp)" (f) = [(ho @)E(IWI*)"Ep (@) (E(u(ho @)Eg ()" 'E(uf o p)]op™".

Put

[(ho@)Eg(u)E(ufo@)]o (p*I;
[E(jw[*)]op™";
[E(u(ho @)Eg(ir))]o ™!

A
Y
A

Then we have
(T(;Tq))n(f) = Myn/’LnflA, ne N
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Let g(z) =Y", ;7' be a polynomial with complex coefficients. When M, be a bounded
multiplication operator on L?(X), then g(M,) is also bounded and g(M,) = Mo, . Thus

n—1
q(TyTo)(f) = ool + Y, 0y (TT) ' (f)

i=0
n—1
= ool + () i1 My1p0) A
i=0
So
n
Q(TyTp)(f) = aol + () 0iMypi-1)A

n
= opl + XGMA—I (Z aiMYili)A

= q(0)I + xMj -1 (Myo(y) — q(0))A.

Now, let g€ S pec(T(; T(p), the spectrum of T(; Ty . Using Weierstrass theorem and
functional calculus, we have

8(TpTy)(f) = 8(0) + xcMj—1 (Mgo(y2)) — 8(0))A.
Take g(1) = 17 . Then we obtain
1
Tl = 22 (ay)ta

B { KalE(w2)] o ¢!
[E(u(ho @)Eq(0)]o ¢

Put K =SNGNG' and define

Uf =

1 }2 [(hO(P)E(p(ﬁ)E(ufo 0 o(p*I.

XK
VE(u(ho@)E(i))E(Jw]?)

It is easy to check that Ty = U|T,|.
Direct calculations show that

U*(F) = | (ho @)Eo(il)E %ﬂo -1
) [( 0)E(7) ( )| o0

WE (uf o ).

where v=E(u(ho @)Ey(u)). Then

Utu(f) =

. |W|2%K .
(hO(P)E(P(“)E <VE(|W|2)> E(MfO(P)] °Q 17

d
and so P

Y= e

WE(uf o @).
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Accordingly UU*U = U . Hence U is a partial isometry. With respect to the defini-
tion of U it is clear that 4 (U) = A (T,) and since A (|Ty|) = A (Tp), therefore
N (|Tp|) = A (U). Thus the decomposition is unique. [J

COROLLARY 2.2. Let Ty = M,EM, be a bounded Lambert type operator on
L?(X). Then the parts of the polar decomposition Uy, |Ty| for the Lambert type opera-
tor T\ are given by

o
i = {29 i)

1

o leSl §W u
0 ~{ it Ew)
where Gy = o (E(|u|?)), S1 = o(E(|w|*)) and f € [*(X).

When ¢~ !(X) C &7, because of ¢~ !(X)-measurability of fo ¢ for each X-
measurable function f, we have Ty = M,,p,)Cp := W. Put v =wE(u). A result
of Hoover, Lambert and Quinn [12] shows that W is bounded on L?(X) if and only
if Jw :=hEy(|v]*)o@~! € L*(Z) and in this case the adjoint W* of W is given by
W*(f) = hEg(vf)o @~ ! forall f€ L*(£). Now, by [2, Lemma 4.1]) we have the
following result.

PROPOSITION 2.3. Let ¢! (X) C o7 . Then the unique parts of the polar decom-
position Uy, |W| for W = M, EM,Cy € B(L*(X)) are given by

WIS = {REo(wPIE@)) o 91} £

1

B XA Zw D fo
Uwf = {ho<pE¢<|w|2|E<u>|2>} Ewfoe.

forall f€L*(%), inwhich A= o (Ey(|w|?|E(u)[*)).

Note that, for each non-negative measurable function v, o(v) C o(E(v)) and
o(E(v)) = 6(E(v?)), in which o(E(v)) is the smallest .7 -measurable set contain-
ing o(v). In the following theorem we determine the Aluthge transformation of 7;, in
case of &7 C ¢~ 1(X).

THEOREM 2.4. Let Ty = M,,EM,Cy be a bounded weighted composition Lam-
bert type operator on L*(X). Suppose that </ C ¢~ '(L) and uEy(it) € L{ (X). Put
y=[E(wP)]op™h
A=[E(u(ho@)Eq(i)]op";
d = [E(xp-1(gu(ho 9)Ep(u))] o™
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Then the Aluthge transformation of Ty is
Xo—1(k) (we)oo

f;(f):%m{‘/ ldz{(hO(P)E(p( i)E Wo(pz uE(ufo@)o@ }o(pl7

where G=0(1), S=0(yo@), G =0c(Lo@), '=0(d) and K=SNGNG'.

Proof. According to previous theorem we have

T,lf = mﬁ (o @)Eg(i)E(uf o 9)] 0 9.

By induction for each n € N,

|T<p|”f—XG\/g {(hofP)Ep(ﬁ)E(ufofP)(\/gofp)”1(dO<P)"1 op .

Putting
A=0[ Lo p)EsEGro 9o,

we have
|T(p|nf - MdnfltnflA,

where ¢ = \/% . Let ¢g(z) be a polynomial with complex coefficient. With respect to

the process of the proof of Theorem 2.1 we obtain

Zr

q(|To)(f) = a(0) + 7 (Myua) — g (0)D)A.

Let g € C(Spec(|Typ|)), using Weierstrass theorem and continuous functional calculus,
we have
Xr

8(|To)(f) = 8(0)1 + 7 (Mgua) — 8 (0)))A.

Therefore

Tp () = TEA=tyna | 1z (0 O)E(DE o @) 09"

Now, the desired conclusion follows from 5‘; = |Typ| U |Tq,|% O
COROLLARY 2.5. The Aluthge transformation of Ty = M,,EM,, € B(L*(X)) is

i) = 2w, e,
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Recall that when ¢~ !'(X) C &7, then Ty = M,,g(,)Co is a weighted composition
operator. Thus by Proposition 2.3 we have the following result.

PROPOSITION 2.6. Let ¢ '(X) C o and T, € B(L*(X)). Then the Aluthge
transformation of Ty is

= HEg (WP E)P) 0 9~ s \
Rl o e A

forall f € L*(%), inwhich B= o6 (Ey(|w|*|E(u)[*)).
EXAMPLE 2.7. Let X =[0,1], du = dx and X be the Lebesgue sets. Define the
non-singular transformations @,y : X — X by ¢(x) = /x and
[1-2x x€[0,1];
v = {Zx— 1 xe (3,1

Put w(x) =2, u(x) =x*, o =y '(£) and E¥ = E. Then h(x) = dudo;qji
Ey =1 and

1

(x) = 2x,

E(f)(x) = W fer*x).

Since J(x) = h(x)Eo(E(|u|*)E(|w]?)) 0 7! (x) = 4x(x® + (1 —x*)*) € L™(X), then
Tp = MEM,C, is bounded on L*(X), where for each f € L*(£) and x € [0,1] we
have

Tof(x) = f(Vx) + (1= x)*f (V1 —x).

So a weighted composition Lambert type operator can be written as a finite sum of

weighted composition operators. Here Ty f = u1f o @1 +usf o @2, where u;(x) = x2,

up(x) = (1—x)%, @1(x) = v/x and @z (x) = /T —x. Set J; = hiEq, (u?) o, ' . Tt follows
that J; (x) = J>(x) = 2x”, and so by [3, Theorem 2.1(i)] and [ 13, Proposition 2.3(b)] we
deduce that ||T|| =2.

Now by using the polar decomposition of T, , we can obtain from direct computa-
tions that

(Tl = ——2 {3 + (12T )

O+ (1—x2)2
1

24/x2 +(1 —xz)%

The parts of the polar decomposition Uy, |Tj| for the Lambert type operator (7} f)(x) =
¥ f(x) + (1 —x)2f(1 —x) are given by
V2

= x4 X X2 —X2 — X)),
(lTllf)(x)_\/m{ f()+ (1 )f(l )},

e S T—
T /R Y

U = (PR + (-0 (V1=2)}.

(U1f)(x) +(1=0?f(1—x)}.
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Moreover, (W f)(x) = (2x* — 2x2 + 1) (/%) and
Jw(x) = 2x(2x* =2 + 1)
(IW]f)(x) = \/E(Zx4 P 1) f(x);

A _0y2
2l V).

(Uw f)(x) = \4/4_)6(2)62 Py 1)1(&1]

Also, by Theorem 2.4 we have

1 V20
(Tl 1)) = =gy {0+ (=P T-2)}

It follows that

_ / 4
To(f) =20 ¢ m [©(f) + BAS)],

9 9
2[x2 +(1—x)2]

where
O f(VR) + 241 =22) f(VT—x)]
7 :
g 20 )i+ (1-V1=22)3] |
a0 —2)t + (1 - VIZR)s

Van? +(1-03)s

o(f) =

and

(1 =23 F(VT=22) 4+ (1 = VT =2 (1 =22 (V1= V1 —x2)]
J :

A(f) =

EXAMPLE 2.8. Let N denotes the natural numbers and Ny = NU {0}. Let
{en}nen, be an orthornormal basis for £2(Ny) and let u € £2(Ng) with u(0) =up =0
and u(n) =u, >0 for all n € N. Define ¢ : Ny — Ny as

(P(n)_{o n=0,1,

n—1 n=2.

Then the matrix representation of the forward weighted shift M,,Cy can now be written
as:

0
0
u

S OO
(=Nl Ne)

cof o
(3]

M”C(p = O

. <
w
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For fix r,s € N, define a non-singular measurable transformation ¥ on Ny such that
v '({0}) ={0,1} and

v {2k} = {(k—=1)(r+s)+r+i+1:1<i<s}, k=123,
v i {2k— 1) ={(k=1)(r+s)+i+1:1<i<r}, k=1,2,3,---

Put o7, =y 1 (2N0) = {{0,1},{2, -, r+ 1}, {r+2,- -, r+s+ 1}, {r+s+2,---,2r+
s+1},{2r+s+2,---,2r+2s+1},---}. Then by [14, Example 4.1] we obtain

L e 7
E(%S(e[)(k) _ ZJEW (k) ’(])_
Ljey-1(wii !

Then the matrix representation of Es is diagonal. More precisely, E7 = diag(Ay 1,
Az, ,Ann), wWhere A; j =0 for i # j,

S
e
=
Il
A~
l—tl—
Bol—tl—
~

and for k =1,2,3,..., we have

—_
-
I—

Apa=1: |, Anniun=
1

r

I—
I—

To avoid tedious calculations, take r =s = 1. In this case ¢ = y, therefore & | =
¢~ '(2) hence the operator Tp = M,,EM,Cy reduces to weighted composition oper-
ator M,Cy, where v = wE (u). In situations like this, it seems that using the matrix
representation of the operator facilitates the process of computing factors of polar de-
composition of the operator (U and |T|) and its Aluthge transform. In the following
we use of the matrix representation of the mentioned operator and the general method
that we described in Theorem 2.1 to obtain the polar decomposition and the Aluthge
transform. So one can compare them and choose the way that is simpler.
Put E“11 = E . Then we have

11
1100.
1100
2 2
g—|0010
0001

Let w = {w,};_, € [”(Np) be a sequence of nonzero real numbers. Hence the matrix
representation of T, = Uy |Ty| can be represented by

uiwo 0 0
uiwi 0 0

Tp = MyEM,Cy = 8 uzgvz 0 ... | e BIA(Ny)),
usws ...

B =02 —
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in which
%\/(M1W0)2—|—(M1W1)2 0 0
0 M2|W2| 0 ce
IT,| = 8 8 u3|(;1z3|

With respect to the assumptions of the example we have

hE) = 2 k=0,
1 k>1,
and
uptuy kZO,l,
E@)(k)=q 2

According to Proposition 2.3, |Ty| =M 7, where Jy = hE(|w|*|E(u)|*) o @~ !. Hence
_ S E@)(0))* + (wiE(u)(1))* k=0,
Jw (k) =

(Wk+1uk+1)2 k > 1.
So we have
3V (wour )2+ (wiur)? k=0
M k)y=12 ’
v (€0) (k) {O k>,
and
M —(e) (k) = uiptwir1| k=i,
VI 0 ki,
Again, according to the matrix form of Ty, we have
Ujwo
(uywo)2+(ugwy )2 00
— 0 0
(u1wo)?+(urwi)? y
— 2
Up = 0 o] 0 ...
0 0 = ...

1

{m}_WE(M)fO @, so we have

WE (u )(600<P)( )

(S

Since in this case, Uy(f) =

eo) (0
Vel 0= o EORETID
2(@)(%
uiwo

(W02+W12)(M12).
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By same calculations,

uiwi
Ug(eo)(1) = :
¢ (woZ +w12)(u12)
andfori>1,
W
Uglen(k) = 4 T K=
0 k#i+l.

Thus, the two methods give the same result. Moreover, the matrix form of the Aluthge
transformation of 7 is

3 (ur|wo) 0 0
(uywy)/uaws : 0 0
_ V2((uywo) 2+ (uywy)2)
Ty = 0 (u2wal) (uz|ws]) 0

0 0 GGl ...

3. Complex symmetry

We recall that a conjugation on a complex Hilbert space .77 is a function C: 7 —
¢ that is conjugate linear, involutive and isometric. By involutive and isometric we
mean that C> =1 and (f,g) = (Cg,Cf) forall f,g belonging to .7, respectively. Let
C be a conjugation on . A bounded linear operator on ¢ is called C-symmetric
if T =CT*C. If there exists a C with respect to which T be C-symmetric, then T is
called complex symmetric operator. The class of complex symmetric operators includes
all normal and binormal operators, Hankel operators, truncated Toeplitz operators, and
Volterra integration operators, see [6, 7, 8]. The problem of describing all complex
symmetric weighted composition operators on various analytic function spaces is very
active recently (see [1, 10, 17]). The problem in this section is: Which (weighted
composition) Lambert type operators are complex symmetric?

Let u € L°(X) for which uf € Z(E) for all f € L>(X). Thus, the operator
R, := EM,, is defined on all L*>(X). Recall that R, is bounded on L?(X) if and only
if E(Ju|?) € L*(X) and in this case ||R,|| = \/||E(Ju|?)||~ and R} = ME . For more
details, see [11]. One can easily check that M,, : L*>(X) — L*(X) is C-symmetric, where
Cf = f. The class of complex symmetric operators contains the class of normal oper-
ators (see [8]). It is known that the bounded operator R, is normal if and only if u is
an ./ -measurable function [11]. Hence when u is an </ -measurable function, R, is
complex symmetric.

LEMMA 3.1. If C is an isometric antilinear involution on the Hilbert space ¢,
then there exist an orthogonal basis e, such that e, = Ce, for all n € N.

Proof. See [6]. [
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PROPOSITION 3.2. Let 0% R, € B(L*(X)). Then R, is complex symmetric if and
onlyif ue ().

Proof. According to the comment before Lemma 3.1, sufficiency is clear. Con-
versely, suppose that R, is complex symmetric. With respect to Lemma 3.1 there exist
an orthogonal basis {e,} for L?(.<7) such that Ce, = e, for all n € N. Since 0 # R,
is complex symmetric, so itEe, = CEue, and Ee,, # 0 for some ny € N. Since
Euey, € L?(a/), thus Eue,, = Y= cie; for some {c;} C C and hence C(Eue,,) =

Y o Ciei € L*(7). Thus, it = C(Eue"‘)),and souel®(e). O
i=0 Ee,
o

PROPOSITION 3.3. Let 6(w) =X and 4 € L°(<7). Then the bounded operator

W]

Ty = M,EM, : L*(X) — L*(X) is complex symmetric.

Proof. Define C: L*(X) — L*(X) as C(f) = ‘t”—v‘f It is easy to verify that C is
conjugate linear, involutive and isometric. Since ﬁ S LO(.Q% ), we obtain that CT*C =
T . Therefore, the proof is completed. [

LEMMA 3.4. If T is a C-symmetric operator, then T = U|T| where U is a C-
symmetric unitary operator.

Proof. See[7]. O

PROPOSITION 3.5. If the bounded operator Ti = M,EM,, : L*(X) — L*(X) is
complex symmetric, then u and w are </ -measurable functions.

Proof. Let Ty = U;|T}| be the polar decomposition of 7. Then by Corollary 2.2,
U, = M, EM,, where

1

XSmGl }2 2 2

v=q—"2t" % w Gy =0(E(Jul”)),and S; = a(E(|w|")).
{E(IMIZ)E(IWIZ)

By Lemma 3.4, UfU; = U U} =1 where I denotes the identity operator. It follows

that M, ;2 EMy = Mg, 2)EM, = I. Therefore UE(|v[?)E(u) = vE(|u|)E(v) =1,

which implies that # and w are ./ -measurable functions. [

PROPOSITION 3.6. Let o C ¢ '(X), ¢> =id and o(h) = c(w) =X. If
h(ho @) = 2 222 gnd Eol) /s ¢ € L°(), then the bounded Lambert type op-

Wl wloe ]
erator Ty : L*(X) — L*(X) is complex symmetric.

Proof. Define C: L>(X) — L*(X) whose acting is giving by

w fog

C(f)zm oo
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Then C is conjugate linear, C> = I and

cacr = [ LOEL) gy | D rgan—(1.0)

Now, since .7 C ¢~ '(X) and % ”‘ho(’, € L°(/) we get that

CTiC(f) = WV WVIOPE <uE(|w| °¢ ))

hogo

Eo(u)\/h
_ (P(u) O(pWE |W| fO(P
[w] \/hoo
=wE(Ep(ufo@)).
Using E = EEy, we obtain CTy;C =T,. U

EXAMPLE 3.7. Suppose that 1 <a < oo. Let X = [é,a], du = dx and X be the
Lebesgue sets. Define the non-singular transformations ¢,y : X — X by ¢(x) = % and

Put u(x) =x%, w(x) =x>, & = y~(X) and E“ = E. Then h(x) = 2,E(,,:I and

af(x)+fla(l—x)+1)

@) . fel*X).

E(f)(x) =

Since ¢~ !(X) =X, for b€ (1,1),itis clear that (1,b) € () but (1,0) ¢ y~1(),
hence </ C ¢~ !(X). Calculations show that

J(x) = h(0)Eg(E(Jul*)E(Iw]*) 0 9! (x) <[

Thus, J € L*(X), and so Ty = M,,EM,C, is bounded on L?(X), where for each f €
L*(%) and x € [1,a] we have

ax’ 1 Xla(l—x)+1)? 1
To ) = |27 4 ) 1f<a(1_x)+1>.
Simple computations show that 9> = id, o(h) = c(w) = h(ho @)= 1 ‘x(‘)o(fp =

Eg(u) _ 0 :
“"W‘ Vhoo=1€L’(e), so Ty is complex symmetric. Direct computations
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confirm correctness of this. Define C(f) = % . Itis clear that C is conjugate linear,

C*(f) = \;% = f and (Cg,Cf) = (f,g). Now, by a direct computation we get that

3

x foo
—————hoQEy,(M2EM
Siog - PreMaEMa o0
2
Vh
_ 3O(px3E(x3 foo )
X \hoo
2 o
Since ~—Y 2 Vx:”P = 1€ L%«), hence CT,C(f) = XE(x*f o @) =Ty(f). Thus Ty :
L?*(X) — L*(X) is complex symmetric.

CT,C(f) =

COROLLARY 3.8. Let ¢ ' (X) C &/, ¢*=id and o(h)=X. If h(ho@) =1
and wE (u) € L°(<7), then the bounded Lambert type operator Ty, on L*(X) is complex
symmetric.

Proof. By Proposition 2.3, Ty, = M,Cy where v =wE (u). Define
C:L*(2) — L*(%)

_ foe
\/hoo

According to assumptions it is clear that C is a conjugationand CT*C=T7T. O

C(/f)

COROLLARY 3.9. Let 6(h) =X and ¢* =id. If h(ho @) =1 and u € L°(),
where o/ = @~'(X), then the bounded weighted composition operator M,Cy : L*(£) —
L?(X) is complex symmetric.

It is well-known fact that if 7' : .7 — 7 is bounded C-symmetric operator, then
T = CJ|T| where J is a conjugation that commutes with |T'| (see [5]).

EXAMPLE 3.10. Again suppose that 1 < a < oo. Let X = [é,a], du =dx and X
be the Lebesgue sets. Define the non-singular transformation ¢ : X — X by ¢(x) =
T Putw=1, u(x) =x* and &/ = ¢ '(£) . Then h(x) = % and E =1. Then
Tof =u.fo @ is a bounded C-symmetric operator on L?(X), where C(f) = %.

Computations show that |T|f(x) = x%f(x) and Uf(x) = 1f(1). Since for each f €
L*(X), X*f € [}(X) thus |T| is onto. Put Jf = CUf = U*Cf = f. Itis clear that J is
a conjugation on L?(X) and T = CJ|T|.

REMARK 3.11. Let T} € B(L*(X)). By Corollary 2.5, Ty = M,;EM,, in which

V= XG, 5((‘%)) S LO(Jz%). It is easy to check that (fl)* = (7}") and ﬁfl* = fl*fl
Thus, the Aluthge transformation of the weighted Lambert type operators are always

normal and so 7} is complex symmetric.
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