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1 | INTRODUCTION AND PRELIMINARIES

Let (X, Z, u) be a complete probability space and let 3 be a complete sub-sigma algebra of . The space LZ(X , B, ul B) is
abbreviated by L?(B) and its norm is denoted by [|.]l,. All comparisons between two functions or two sets are to be interpreted
as holding up to a y-null set. We denote the linear space of all complex-valued Z-measurable functions on X by L(X). When
reference is made to the support of a measurable function f, we infer the choice of a representative f, from the equivalence
class, f, of almost everywhere defined functions. We then choose the support of f tobe S, = {x EX : fox)# 0}. A B-atom
of the measure y is an element B € B with u(B) > 0 such that for each A € B, if A C B then either u(A) = 0 or u(A) = u(B).

For a sub-sigma algebra B C X, the conditional expectation operator associated with B is the mapping f — E” f, defined
for all y-measurable nonnegative f where E”f, by the Radon—Nikodym theorem, is the unique finite-valued /3-measurable
function satisfying

/fd,u=/EB(f)d,u, for all B € B.
B B

Let u € LO(E) be real-valued and consider the set B, = {x € X : E")(x) = E(u™)(x) = o0}, where ™ = max{f,0} and
u~ =max{—f,0}. The function u is said to be conditionable with respect to B if u(B,) =0. Put E@w) = E(u*) — E(u™). If
u=uy+iu, € LO(T), then u is said to be conditionable if u; and u, are conditionable. In this case we set E(u) = E(u;) + i E(u,).
This defines a linear operator E : D(E) — L%(B) C L(Z), where the domain D(E) of E is defined by D(E) = { f € LX) : f
is conditionable}. It follows that D(E) contains { L?(X) : 1 < p < oo} (see [12,13]). As an operator on L*(Z), E” is an orthogo-
nal projection of L?(Z) onto L*(/3). In general, the conditional expectation E” is used to relate and connect E-measurable func-
tions with 3-measurable functions. If there is no possibility of confusion we write E( f) in place of EZ(f). This operator will play
a major role in our work. A detailed discussion and verification of most of properties may be found in [8,10,12,13,18,22,23].
Those properties of E used in our discussion are summarized below. In all cases we assume that f, g € D(E), where D(E)
denotes the domain of E.
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If g is B-measurable, then E(fg) = E(f)g.

f >0, then E(f) > 0;if f > 0, then E(f) > 0.

SE( ) 1s the smallest B-measurable set containing .S'y.

(Conditional variance) E(|f - E(f)|2) = E(|f|2) — |E(f)|?, where f € L*(Z).
(Conditional Cauchy-Schwarz) |E(fg)|*> < E(|f1*)|E(Ig]*)|, where f, g € L*().

o

[e]

[e]

o

[e]

Let ¢ be a nonsingular measurable transformation from X into X; that is, ¢~ '(X) C X and o @~!

uous with respect to u. Let h be the finite-valued Radon-Nikodym derivative du o ¢! /du. The densely defined composi-
tion operator C,, : L*(®) 2 D(C(p) — L*(X) induced by ¢ is given by C,(f)=foq,foreach f € D(C(p) = {f e LX(Z) :
fop€ LZ(E)}. Here, the non-singularity of ¢ guarantees that C, is well defined and closed (see [2,6]). A recent mono-
graph related to unbounded composition operators is [3]. Let f € L'(Z). Then by the change of variables formula we have
fw_ 1(B) fopdu= f g hfdu, for all B € X. Consequently, C, maps D(C(p) boundedly into itself, if and only if 4 € L*(Z), and

in this case, D(C,,) = L*(Z) and ||C,|I* = ||All,. Put E, = E®'® Then for each f € L!(Z), there exists a S-measurable
function g such that E,(f) = g o . We can assume that .S, C S),. In this case g is unique. We then write g = E_(f) o oL,
though we make no assumption regarding the invertibility of ¢ (see [7]). A result of Hoover, Lambert and Quinn [14] shows
that the adjoint C(’; of a bounded composition operator C, on L*(D) is given by C;;( = hE(p( f) o @™, For information on
bounded composition operators on measurable function spaces, we refer readers to [5,14,18] and the monograph [24].

Let B (LZ(Z)) denote the algebra of all bounded linear operators on L2(). For each operator T € B (L2 (2)) , the null-space
and the range of T are denoted by N (T") and R(T), respectively. For {u, f} C D(E), we define D,(f) = Ew)f —uE(f). A
measurable function u € D(E) for which D,(f) € L2(Z) for all f € L2(Z), is called a conditional multiplier on L2(Z). These
multipliers on L%(Z) were initially introduced in [21] and then extended on C*-algebras in [9]. An easy consequence of the closed
graph theorem and the result guaranteeing a pointwise convergent subsequence for each L?(Z) convergent sequence assures us
that u € D(E) is a conditional multiplier if and only if D, = Mg, — M, E € B(Lz(E)). In [21] the relationship between a
probability space (X, Z, u) and a sub-sigma algebra 3 of X is studied by using the algebra © = {Du cu€e LX(Z), E(|u|2) €
L°°(Z)} of bounded operators on L?(X). In [15—-17], another type of Lambert multipliers acting between two different L7(X)
spaces are characterized by using some properties of the conditional expectation operator.

In the next section we prove the existence of a set B(‘)” € B which is maximum set with respect to {S ex:Sne (X C B}.

is absolutely contin-

A collection of composition conditional type multipliers is defined by 8, = {u eL*X): Dl e B(Lz(Z)) }, where
DY =D, C,- We show that D , = {fo ‘u€eg, } , the algebra of all composition conditional type operators on L*(Z), restricted
to L? (B(‘)”) is the zero operator algebra. When ¢ = id, the identity map on X, set Béd = B . It was shown in [21] that there exists

a function of full support in the kernel of E whenever y(BO) = 0. We extend this result to case where y(Bg’) = 0. We define
(@)o-type and (@, )o-type sub-sigma algebras of 2 which are extentions of type-0 and type-1 subalgebras in [21]. These concepts
turn out to play a fundamental role in the theory to be developed. We prove that D, is closed in the weak operator topology and
then we establish criteria for normality for elements of Q(p. In addition, we obtain the commutant of Q)(p and then we discuss an
open problem stated in [21]. Finally, we define a suitable norm and a Lie product on 8, and show that, under these structures,
R, becomes a Banach-Lie algebra.

2 | CHARACTERIZATIONS OF 9,

Let BC X be a sub-sigma algebra and let C;, be a non-singular measurable transformation for which the composition
operator C, € B(Lz(Z))}. For each u € L*(Z), we define the composition conditional type operator DY on L>*(X) by
D,(f(f) = E)f op —uE(f o @). Note that R(Cq,) C D(E)and fo =D,C,, where D, is a conditional type operator and C, is
a composition operator defined by D, (f) = Eu)f —uE(f)and C,f = f o ¢, respectively. For example, let X = [0, 1] x [0, 1],
du = dxdy, T the Lebesgue subsets of X and let B = {B X [0,1] : B is a Lebesgue setin [0, 1]}. Then, for each f € Lz(Z),

(Ef)(x,y) = /01 f(x,1)dt, which is independent of the second coordinate. In this case we have

1 1
D,‘f(f)=f(<p(x,y))/0 u(x,t)dt—u(x,y)/o fo(x, 1) dt.

In general, the structure of A'(E), the null space of E, is very complicated. For example, there are no strictly positive ele-
ments in N (E) and there is not a proper sub-sigma algebra A in X for which N'(E) = L%(A) © C1 (see [20]). Since for each
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DY e D, R(D(p) C N(E), so the study of D, opens a new window through which one may observe N'(E). But in description
of ¥, we will observe that (Theorem 2.6) the representatlon u — DY is faithful if and only if the maximum set B(” has measure
Zero. So the (@g)o-type subalgebras of X (Definition 2.9) will play a major role in our work. On the other hand products of
conditional expectation, multiplication and composition operators and their differences appears more often in the service of the
study of other operators such as operators generated by random measures and averaging operators on order ideals in Banach
lattices (e.g., [10,12]).

One of the interesting features of composition conditional type operator is that the conditional type operator alone may not
define a bounded operator (sece Example 2.8). Let 8, := {u € L*(Z) : D] € B(L*(Z))} and D, := {D{ : u € 2, }. Then
R, and D, are vector spaces and E(D,) = {0}. If u € L®(Z), then IDYN < 2]lull o V|| A]l o - In this case, L®(Z) C L, and
D, C B(L*(Z)). Let M? := {S€X:Sne () C B}, in which SNne '(£)={Sne'(4) : A€ X} Then M? C B.
In the following lemma we show that M contains a maximum set in the sense of measure theory.

Lemma 2.1. For each sub-sigma algebra B C Z, the collection M? contains a maximum set B(‘)ﬂ; that is, there exists B(‘)” € M?

such that for each non-null set S € X with S ¢ B(‘)/’, we can find A € X such that S 0 ¢~ (A) & B.
Proof. Letr = sup{u(S) : § € M?}.If r = 0, then each element of M? is a maximum set. Let r > O and {5, }7? | € M? be a

sequence of sets with 4(S,,) > 0 such that u(S,,) 1 r. Put B? = U, S, Then B? € M? and u(S,) < M(Bg’) <r forallneN.
It follows that u (B(‘)”) = r. Now, we show that B(‘)/’ is a maximum set. Let .S € X be a non-null setand S’ ¢ B(‘)ﬂ. If S € M?, then
SUB(‘)’J € M9 and so

u(SUB?) = u(B?) +u(S—B?)=r+u(S-B’)>r

But this is a contradiction. Thus .S & M® and hence .S N @~ (A) & B, for some 4 € . O
Corollary 2.2. If y(Bg’) =0, then S & M for each S € T with u(S) > 0.

Proposition 2.3. Let B C X be a complete sub-o-finite algebra and A & Bwith u(A) > 0. Then there exists C C Awith u(C) > 0
such that C does not contain any B-measurable set of positive measure.

Proof. Let M = {S € B:.S C A}. Then M is nonempty because # € M. Set r = sup{u(C) : C € M}.Let {B,} C M and
u(B,) = r. Then B := U,1 B, € M and u(B,) < u(B) <r. Take C = A — B. We claim that C is the desired set. Indeed, if

u(C) =0, then A = B € B. Since B is a complete subalgebra, A € B. Moreover, if there is a 3-measurable set B; of positive
measure such that B; C C, then B U B € M and so u(B; U B) > r. But this is a contradiction. O

Corollary 2.4. Let ,u(Bg’) = 0. Then for each A € Z with u(A) > 0, there exists C C A with u(C) > 0 such that C does not

contain any B-measurable set of positive measure.

Proof. If A & B, then by Proposition 2.3 there is not any thing to prove. So we assume that A € /3. Then by Corollary 2.2,
AEM?P.SoA; :=An @~ 1(D) ¢ Bforsome D € X. Noting that 3 is a complete subalgebra, we have u(A))>0and A & B.
Again, the desired result follows from Proposition 2.3 with A; replaced by A. O

In the following we show that the representation u — D’ is faithful if and only if the maximum set B(‘)/’ has measure zero.

Lemma 2.5. DY =0 ifand only ifu € L°(B) and S, € M®.

Proof. Let DY =0. Then for each f € L*(X), Ew)fop=uE(fo). Put f=1. Then Ew)=u, and so u is a
B-measurable function. Now, for A € X take f = y,. Then uy 1.4 = ME(),/(p—l(A)), and thus E(x(p—l(A))}(Su = Xo-\(W) XS,
Hence E(;((p_l(A))(Su) = Xp-\(a)Xs,> since S, € B. Thus, for all A €%, S, N @~ '(A) € B. Conversely, suppose u is a
B-measurable function, S, € M? and f € L2(X). Then we have

D(f) =0 E(fopu=(fopu <> E(fop)zs =(fowxs < E(fownzs)=(fo)s,

and so, DY(f) =0 if and only if (f o go))(Su € LO(B). Let G be a Lebesgue measurable set in F € {R,C}. If 0 ¢ G, then
((fo (p);(Su)_l(G) = ¢ ' (f~1(G)) n S, € B. Now, suppose that 0 € G. Then

((fomxs)” (G—1{0}) € B;

((fomzs,) (O = (¢~ (/7' ((0})) n'S,) € B.
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Thus, ((f o (p);(su)_l(G) € B. This completes the proof. O

Theorem 2.6. The linear map u+— DY is injective if and only if y(Bg’) =0.

Proof. Let DY = 0. Then by Lemma 2.5, S, € M®. Thus if /4(Bg’) = 0, then we have u(.S,) = 0 and hence u = 0. Conversely,
suppose that ﬂ(B(‘)ﬂ) #0.Putu= yge. Then S, = B(‘)” € M? C B. Consequently, by Lemma 2.5 we have again DY =0. []
0

Motivated by the above fact, in the following definition we shall be concerned principally with sub-sigma algebras which are
of (¢g)g-type and (¢,)o-type.

Definition 2.7. Let BC X, E, = E?'® p= %}“4’_1 and let C,, be a composition operator on L%(2). Put
M(N(EC,)) ={ue L*®) : u(N(EC,)) C L*(D)}.

(a) Bis a(@),-type sub-sigma algebra of X if ,u(B(‘)”) =0and N'(E) C N (EC,).
(b) B is a (¢))-type sub-sigma algebra of X if for each ue€ LY(B), hE,(|u*)o¢™" € L*(B), whenever
hE,(lul*) op~' € M(N(EC,)).

In particular, when g is the identity map, then the (¢,),-type and (¢, ),-type subalgebras are called type-0 and type-1 subal-

gebras, respectively. The terminology follows that of Lambert and Weinstock [21]. Note that if u(B(()/’) = 0, then u(.S) = 0 for
every S € M?. But BO, the maximum set of M = {S €X : SNZC B}, is in M?. Therefore, if B is (¢,)y-type then B is
type-0 sub-sigma algebra of X. However, the converse of this fact is not true in general.
Example 2.8. (i) Consider the space #? = L? (N, 2N, ,u), where 2N is the power set of natural numbers and y is a measure on
2N defined by u({n}) = {% }, where K = Z,ji] n%. Suppose that B is generated by { B, B,, ...}, where B, = {2n — 1, 2n}
for all n € N. For each n, B, is a B-atom and {n} ¢ 5. Hence, M = {{§} and so B, = @. Let ¢ : N — N be any self-map with
@(n) = 1. Since X contains no nonempty null-set, so the self-map ¢ is non-singular. for each f = (f|, f5,...) €L 2 we have

0 2
IC,OIE = 1A <1+ Y @ = KIIf 13-
n=1

that is, C,, is bounded on #2. Also ¢! (X) = {#,N} and hence B? = N. Consequently, ﬂ(Bg’) # 0 but y(BO) = 0. Therefore B
is (¢()o-type but not type-0. Now, we show that D is bounded on #? but D,, is not. For this, let f = (f;, f»,...) € £>. Then

v _ L[ denten-1* ( foi | S
B ; <M(B,,>/Bn fd”)“" K Z} <16n4 +(@2n- 1)4<<2n— Dt 16n4>>’“2"“’2"}'

Define u : N — R by u(n) = n. Then u € #? and

[Se]

1§ (16n*@n— 1) +4n’2n - 1)*
K Z 16n* + 2n— 1)* X(2n—12n}

n=1

E(lul?) =

Clearly, E ( |u|2) & LZ(N, B, 1). Hence D,, is not bounded on £ 2 see [11, Lemma 5] and also Theorem 2.10 below. On the other
hand, by hypothesis, C,(f) = (f1, f1....). Then, since E is contraction, we have

1
R 2) 2
12 < 1EG@ = ull 7] sz||u||2{|fl|2+z_“;;' } = 2VK )1/
n=2

Hence, D,(f is bounded on #2 but D, is not.
(i) Let X = {1,2,3,4}, = = 2%, u({n}) = 1/4 and let B be the c-algebra generated by the partition {{1,2},{3,4}}. Then
B is a type-0 subalgebra of X, L>(X) = C* and

+ 3+ f
E(f)= <f1 2f2>)({1,2}+< 32 4>1{3,4}’
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where f = (f}, f2, f3. f4) € C*. With respect to the standard orthonormal basis,

B 0
E:[O B]’ where B =

NI— =
RI— =

For u = (uy, uy, u3,u,) € C*, M, = diag{u,, u,, us,u, } and and

. u1+u2 u1+u2 u3+u4 u3+u4
Mg, =d1ag{ .

2 7 2 7 2 7 2
It follows that
B 0
D,=My,-ME=|"! ,

u E(u) u [ 0 32]
where

le ul u4 u3

2 2 2 2

B, = and B, =
u2 ul u4 u3
2 2 2 2

Define ¢ : X — X as ¢ = yy3) + 2x(24;- Then @~ 1(2) is generated by the partition {{1,3}, {2,4}}, o' (B) = {4, X},

Lo Ly
2 2
N T
E(p=1 | andc“’=1000
5 030 0100
] ]
o 1 o 1
Y 3 2]

Then we obtain

B, 0
DZ’:DMC(I,=[B2 0].

Note that A(1) = h(2) = 2, h(3) = h(4) = 0 and h o @ = 2. Also,
N(E) = {(a,—a,b,—b) : a,b € C),
N(E,) ={(a,b,—a,~b) : a,b € C).

Moreover, since M? = @, then B is a (¢,),-type subalgebra of X and & 0= Lz(Z).

Proposition 2.9. If B is (¢g)g-type, then B is (¢;)y-type.

Proof. Letu € L>(B)and f := hE(|u|*) o ¢! € M(N(EC,)).Define L, : N'(EC,) - L*(Z)by L;(g) = fg. Thenby
the closed graph theorem L ; is bounded. Let M = || L /||. We show that || /||, < M. For fixede > 0,put C = {|f| = M +¢€}.
If u(C) > 0, then by Lemma 2.5, D?c #0.S0G .= D?C(g) # 0 for some g € L%(Z). Since E(G) = 0 and N'(E) C N'(EC(P),
then G € N'(EC,,) C L*(%). In addition, B-measurability of C implies that G = y-(g o ¢ — E(g o ¢)) and hence S; C C.
Therefore,

(M +&)*||G|” S/ |/1P1GPdu = |IL,(@II* < M?||GI1%,
Sg

which is impossible. Hence C has measure zero. O
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Theorem 2.10. Let B be a (@g)g-type sub-sigma algebra of %, @ '(B) C Bandu € L*(X). Then DY e B(LZ(Z)) if and only
if J; := hE,(E(|ul*)) o @' € L*(Z).

Proof. Let J; € L*(%). Since | E(u)|* < E(|u|?), it follows that RE,, (| Ew)|*) o ¢~' € L®(Z). Then by [11, Theorem 2.1(i)],
the operators M, EC, and M, C,, are bounded. But DY =M £wCp — M,EC,, and so DY is bounded.
Conversely, suppose Dj/ is bounded on L*(X). If f € N'(EC,,), then D} (f) = Mg, C,(f) € L*(Z). It follows that

/XhEga(|E<u>|2)o<o—l|f|2du - /X |E@PIIP o pdu < oo,

and so hE,(|Ew)|?) o @~' € M(N(EC,)). As B is (¢))y-type we have hE,(|Ew)|*) o 9~' € L®(13) by Proposition 2.9.
Now, we claim that J, := hE,(E(|E@w) —u|?)) o ¢! isalso in L®(13). To do this, let f € L*(). Since {J,, f o @} C L°(B),
which follows from hypotheses, then DY (f) = (E(u) — u)f o ¢ € L*(Z) and so we have

[ nirta= [ E(E@ =) (1P o0)di= [ 1EW-uP (1P o) du < .

Consequently, 1/J, € WZ(LZ(B)) and hence J, € L®(B). On the other hand, by the conditional variance formula
E(|E(u)—u|2) = E(|u|2) —|E)|?, it is easy to check that J, =J, — hE¢(|E(u)|2) o@~!. We then obtain that
J, € L®(T). ]

In the first part of the proof of Theorem 2.10, we did not require that /3 be a (¢(),-type sub-sigma algebra of X.

Recall that a closed subspace M C H is said to be invariant for an operator T' € B(H) whenever T(M) C M. If M and its
orthogonal complement M are both invariant for T', then we say that M reduces T'. The proof of the next lemma is left to the
reader

Lemma 2.11. Let C, € B (LZ(Z)). Then the following are equivalent.
(a) L*(B) reduces C,, i.e., EC, = C,E.

(b) N(E)C N (EC,) and ¢~ (B) C B.
(¢c) he L*B)and EE, = EE = E? ',

Proof. The equivalence of (a) and (c) can be found in [4, Theorem 5(b)]. For (a) < (b), we notice that C(p(./\/ (E)) C N(E) if
and only if N'(E) € N'(EC,,), and C,,(L*(B)) C L*(B)if and only if ¢~ '(B) C B. O

Corollary 2.12. Let L*(B) be a reducing subspace of C, € B(Lz(Z)). Then B is a (@g)o-type sub-sigma algebra of X if and
only ify(B(‘)”) =0.

From now on, we will make the following assumptions on /3 and @.

o Bisa(@gy)y-type sub-sigma algebra of X.
o @ '(B)CB.

In this setting, M'(E) and so R(E) = L%(B) are reducing subspaces of C,- Relative to the direct sum decomposition
L2(Z) = L2(B) @ N'(E), the matrix form of each DY in D, is

EDYE EDY(I - E) ] B [ 0 0
(I-E)D’E (I-E)D?(I-E) Mgyy-.Cp Mg,C,|
Lemma 2.13. There exists yw € N'(E) with0 < |y o | < 1.

Proof. Since every (@()o-type sub-sigma algebra of X is type-0, then the desired result follows from the Lambert—Weinstock
lemma (see [21]). O
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Example 2.14. Let X =[-1,1], du = %dx, 2 be the Lebesgue sets and let /3 the sub-sigma algebra of X generated by the

sets symmetric about the origin. Then for each f € L*(Z) we have (E f)(x) = (f(x) + f(—x))/2. This example is due to Alan
Lambert. Let @ : X — X defined by ¢(x) = {/x. Then h(x) = 3x> € L®(Z), ¢~ '(2) = X (i.e,, E, =1I)and

1(33) + (= 45)

EC,(f)(x) = >

=C,E(Nx), [e€L )

0
type sub-sigma algebra of =. Let u(x) = 1/4/|x|. Then f_ll u?(x)dx = 2. Hence, u € L*(Z) but E(u2) =u? ¢ L®(2). It follows
that D, & B( Lz(Z)). However, it is easy to check that

Thus, L(B) is a reducing subspace for C,,. Note that M? = M = {#} and so u (Bg’) = u(B,) = 0.1t follows that Bis a (¢),-

3x?2

VixP?

h(x)E,(E(|ul*)) oo™ (x) = € L™(2),

and hence DZ’ (S B(Lz(Z)).

Theorem 2.15. D, = {Df ‘u€ 53(,,} is closed in the weak operator topology.

Proof. Let {u,} C &, such that D = Dforsome D € B(L*(Z)). We show that D = D for some u; € &,. Recall that since
heL>X), L*Z)C g, C L2 Cc L) If fe .A/'(EC(/,), then E(u,)f o @ 4 D(f). Choose y as in Lemma 2.13. Since

w w

y o @ is essentially bounded, we get that (y o @)E(u,)(f o @) — (w o @)D(f); hence (f o @)E(u, )y o @) — (f o @)D(y).
Thus, (f o @)D(y) = (y o )D(f). Consequently, for each f € N'(E) C N(EC(,,), D(f) = u(f o @), where u = %. Since
R(D) C N'(E), then D(~1) € N(E) and uN'(E) C N(E). Then, by [21, Theorem 2], u € L®(Z). We claim that u is
B-measurable. To prove this, we take a = Re(a) and b = Im(u). Since u N'(E) C N'(E), then

u+u
2

aN(E) = N(E) C N(E). 2.1
Fix any € > 0. Set A = {x € X : E(a)(x) > a(x) + €}. Since x4 — E(x,) € N'(E), then by (2.1), a(x4 — E(x4)) € N(E)
and hence

E(ay,) = E(@E(x ). 2.2

Butay, < (E(a) — €)y 4. After taking E and using (2.2) we obtain E(y,) < 0. It follows that E(y4) = 0 and so y, = 0. Thus,
u(A) = 0. Since € was chosen arbitrarily, E(a) < a. Now, put B={x € X : E(a)(x) < a(x) + €}. A similar argument shows
that y(B) = 0, and so E(a) > a. Consequently, E(a) = a. The same reasoning applies to b, so that E(u) = u. Now letuy = u + f1,
where f| = D(—1). We claim that D = DZ’O. Indeed, suppose T : Dy = {f € L*(Z) : D;fo(f) € L*(Y)} — L*() is a linear
transformation defined by T'(f) = D,(fo (f). Since E(u) = uand E(f;) = 0, then

T(f)=u(fop—-E(fop)—E(fop)f,, f€Dr. (2.3)

Note that T(L®(Z)) € L*(Z). We show then T is closed. Let f, — f and T(f,) — K in L?-norm. Since C,, is bounded and E is
a contraction, then f,, 0 ¢ — fo@and E(f,0op) > E(f o@)in L?-norm. So we can choose a subsequence {f,,k} C {f,} such

that fnk o 5 fop, E(fnk o (p) £ E(f o (p) andT(f,,k) Kk By the first two convergence we obtain T(fnk) & T(f),and
consequently T'(f) = K.

Now, we show that T" agrees with D on the dense set L*°(X), and consequently T' = D. Since L2(Z) = N(E) ® R(E), it
suffices to show that T = D on L®(Z) N M'(E) and L®(Z) N R(E), respectively. To get these, we firstlet £ € L®(Z) N N'(E).
Then by (2.3) we have T'(f) = u(f o @) = D(f). Now let f € L®(X) n R(E). Since @~ '(B) C B, then E(f o @) = f o @, and

T(f) = =E(f 0 @)y = ~(f o @)D(=1) = =(1im DY (=1))(/ o ¢)
= lim(E(u,) - u,)(f o ¢) = lim DY (f) = D(f).

This completes the proof. ]
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Take @ = id, be the identity map. For u € D(E), set u = u; + u,, where u; = E(u) and u, = u — E(u). If u € 8, we have the
following matrix representation of D, and D; with respect to decomposition L2(Z) = L3 (B) ® N(E):

0 0 . 0 —M—-
— * uy
D, [_Mu2 Mul] and D [ ] .

Then, D, = D; if and only if u; = u; and u, = 0. Thus, D, is self-adjoint if and only if u is a real-valued member of L*(B).
Also, since

0 0

D D* = [
0 My p2yp,p

] and D,TDM=[M|"2|2 M_“@],

M M|M||2

—ljuy

so D,D = D; D, if and only if u, = 0. Thus, D, is normal if and only if u € L®(/3). Moreover, D, D’ = D, if and only if
Uy =0and 0 <u; = u? It follows that D, is an orthogonal projection if and only if u = yp for some B € B. These results were
obtained in [21] by another way.

In the following, Theorem 2.20, we give and prove a criterion for the normality of DY on L?(X). Here the matrix representation
method seems to be a bit complicated. To prove this result, we need the following proposition.

Proposition 2.16. Let DY € B(Lz(E)) and f € L*(X). Then the following assertions hold.

(a) (DY)*(f) =hE,(Ewf)oe™ — hE,(E@f))o e

(b) (D7) (L% (B)) = {0}.

(c) u € L*(B) if and only if DY(1) = 0.

(d) IfDZ) is normal, then u € Lz(B).

(e) DY(DY)"(f) = E@)(ho@)E,(Ewf — E@f)) —uE(ho@E,(Ewf — E@f))).

() (DY) DI(f) = hE,(|E@I*(f o @) —uE@E(f o 9) — E(if o @) Ew) + E(|ul*) E(f o 9)) 0 0.

Proof. We recall that C}(f) = hE,(f)oe™!, for all f € L*(X). To prove (d), let (fo)*fo = fo(D,‘f)*. Since 1 €

J\/'((D,(f)K), then 1 € ./\/'((D,(f)*D,(f) and so 1 € N'(DY). Consequently, by (c), u € L*(B). The remainder of the proof is
left to the reader. O

Corollary 2.17. Let u € L*>(13). Then for each f € L*(X) we have
(a) DY(DY)"(f) =u(ho @)E,af — GE(f)).

(b) (DY) DY(f)=hfE,(lul?) oo~ —hE,(lul*E(f op)) o p~".
(c) If f € L*(B), then DY (DY) (f) = (DY)'DI(f) =0.

Theorem 2.18. Let B be a (¢)y-type sub-sigma algebra of . Then DY is normal on L*(X) if and only if the following three
conditions hold.

(i) ue LX(B),
(ii) hE,(|u|*) o o~' = u(ho @)E, (@) € L*(B),
(iit) Mg, @ = M,E,M; on N(E).

Proof. Let DY be normal. Then by Proposition 2.16(d), u € L*(B). Also by Corollary 2.17(c), DY (DZ’)* agree with (DY )*DZ’
on L*(B3). But for every f € N'(E) we have

(D?)"DL(f) = hE,(lul*) 0 ™' f = u(ho @)E,(af) = DY (DY) (). (2.4)
Invoking Lemma 2.13, we choose the function y € N'(E) with 0 < |y o @| < 1. Then we have

h(w o @)E, (lul*) 0 9~ = u(h o )E,((y © p)),
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and so, hE,,(|u?) o p~' = u(ho @)E,(@). Note that hE,,(|u|*) o ¢~' € L*(B). So condition (ii) holds. Now, by condition
(ii) and (2.4) we obtain u(h o @) f E (1) = u(ho @)E,(af) for all f € N(E). Since Shop =X, thenufE (4) =uE,(af) and
therefore condition (iii) is also holds.

Conversely, let the conditions (i), (ii) and (iii) hold. Then by (2.4) we have

(D?)'DE(F) = hE, (1ul?) 0 0™ f 2 ulh 0 @)E, () f = u(ho 9)E,(@f) = D?(D?)"(f)

for all f € N(E). Thus (D7)D{ agree with DY(D{)" on WN(E). Now, the desired conclusion follows from
Corollary 2.17(c). O

Put K, = {u € L*(2) : uL?*(B) € L*(X)}. Then K, is a vector space which contains L®(Z). Indeed, if B =X, then
Ky =L®X). Forue Ky, let M, : L2(B) > L%(Z) be the corresponding multiplication operator. Lembert [19] proved that
EM, is bounded if and only if E(|u|2) € L®(B) and in this case |M,|| = V|| E(|u|?)||.. In general, for u € L°(Z), M,
is closed and densely defined on its natural domain { fel?X) :uf e LZ(Z)} (see [1]). We now examine the commutant
D ={T € B(L*(%)) : DJT =TD{ forallu € L,} of D,

Lemma 2.19. Let f € L*®(X). Then

(i) M, € {C,} ifand onlyif fop = f.
(ii) Mg e@fp ifandonly if fo@ = f and f € L®(B3).

Proof. Part (i) is obvious. To prove (i), let M € @;} . Then for each g € L2(T), DZ’M f(g) =M fof(g), so that

E@)(f o@)(gop) —uE(fop)gop) = f(Ewgop—E(gopu). 2.5)

Letting u = 1 in (2.5), we have

(fop)gop)—E(fop)gop) = f(gop— E(gop)). (2.6)

Take g = 1 in (2.6). Then E(f o @) = f o ¢ and hence f o ¢ is a B-measurable function. So, from (2.6) we obtain

(fop)gop—E(gop)= f(gop— E(gop)). 2.7

By Lemma 2.13, Choose y € N'(E) with 0 < |y o ¢| < 1. By hypothesis, EC,, = C,E. So y o ¢ € N'(E). Replacing g by
w, we can rewrite (2.7) as f o = f. Thus f € L*®(B). The converse is obvious. O
Lemma 2.20. Let T € B(LZ(Z)) and let for eachu € £, D?T = T DY?. Then the following assertions hold.

(i) There exists f € L*(B) such that T = M, on N(E)N L,
(it) If h > O then for each g € L*(B), T(g) = M ((g).

Proof. (i) Let T € D] . Then for each g € L2(D),
T(E(wgog—uE(gop)=Eu)T(g)op)—uET(g)oe). (2.8)
Letting u = 1 in (2.8), we have
T(gop—E(gop)=T(g)op— E(T(g)op).

This shows that T(g)o ¢ € L*(B), for all g € L*(B). Let f =T(1)o¢. Then f € L*(B). We show that T = M, on
N(E)N R,. Take g = 1in (2.8). Then for eachu € 8 ,, T(E(u) — u) = M ;(E(u) — u). Consequently, T'(v) = M ((v) for each
veEN(E)NE,.

(ii) Choose yw € N'(E) with 0 < |y o@| <1 and let g € L*(/3). Then D;‘,’o(p(g) =—(gop)wop) = Dg(poq,(y/). From
T e @:p and (i), we have T'(w) = fy. Then

DY, (T() =T (DY, (9) =-T(D?, W) = =D?, (Tw) = -DY, (fw).

goo g0 goo
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On the other hand, since E(y o @) =0, T(g) o ¢ € L*(B) and E(g o @) = g o ¢, we have

DY, ,(T(2)) = —E(T(g) o @)y o p) =—(T(g) o p)(w ° @)

and —Dgw(fu/) = —(f o p)(g o @)(y o @). Since y o ¢ # 0, then we obtain
T(@op=(fop)gowp), ge€L D). (2.9)

Set g = 1in (2.7). Then f =T(1)o @ = f o ¢. So we can rewrite 2.9 as C,T(g) =T(g)o @ = f(go¢p) = C,M((g), for all

g € L*(B).Now, if C,, is one-to-one; equivalently 4 > 0, then T'(g) = M ;(g) forall g € L*(B). But L*(Z) = L2(B) @ N'(E).

Thus, by part (i), T(g) = Mf(g) for all g € L*®(X). Since L*®(X) C Sq,, L*®(Z) is dense in L%(Z) and Mf is closed, then

T=M,. U
f

By Lemma 2.19 and 2.20 we have the following theorem.
Theorem 2.21. Let h > 0. Then D/, = {M, :uop=u, ueL®®B)}.

In [21], Lambert and Weinstock considered the set K, = {u el*(X): E (|u|2) (S L°°(Z)} and they asked the following
question:

For which subalgebras B does K, = L*(X)?

In [19], Lambert prove that M, E is bounded on L*(Z) if and only ifE(IuIz) € L®(B).Letu € K,. Since | E(u)|* < E(Iulz),
the boundedness of M, E implies that E(u) € L* (), and so M g, is bounded. Consequently, in this case, D, = Mg, — M E
is bounded. On the other hand, if B3 is a type-0 sub-o-finite algebra of X and D,, is bounded on L%(Z), then E ( |u|2) € L*®(B).
Thus, £, = {u €L*ZT): D, € B(Lz(E)) } Hence, by [19, Proposition 2.2] we obtain the following proposition.

Proposition 2.22. Let B is a type-0 sub-c algebra of ¥ and let & = {u eL’ZT): D, e B(LZ(Z)) } Then the following asser-
tions hold.

(a) L= K2.

(b) R = L*(X) if and only if BB is generated by a finite partition of X.

(c) & = L®(X) if and only if there is a constant C so that every f € L'(Z), | f| < CEB(|f)).

Lemma 2.23. Let B be a (¢g)y-type sub-sigma algebra of Z. Then the following assertions hold.

(a) If ho @ is bounded away from zero then for each f € L*(X), h(E“’_I(B)(f)) ol € L®(X) if and only ifE‘ﬂ_l(B)(f) (S
L*®(Z).

(b) If ho @ is bounded away from zero, then & , = {u e LX) : EW_I(B)(|M|2) € L°°(Z)}.

Proof.

(a) Let f € L (Z) and let g := h(E‘/’_l(B)( f))op! € L®(%). Since L*(E) reduces C,, then E?'B(f) = S8 o L>e().

hog
Conversely, let E?"'B(f) € L®(Z). Then g = C(’;(Effl(B)( 1) € L=(®).

(b) By Theorem 2.10, & , = {u € L*(Z) : hE,(E(|ul*)) op~' € L®(Z)}. Now, the desired conclusion follows from (a) and
Lemma 2.11. O

Corollary 2.24. Let B be a (¢)y-type sub-sigma algebra of Z. Then the following assertions hold.

(a) 8, = L2(Z) if and only if ™' (BB) is generated by a finite partition of X.
(b) 8, = L*(Z) if and only if there is a constant C so that every [ € L'(Z), |f] < CE“’_I(B)(lfl).

Let f,g € L*(X). Then by conditional Cauchy—Schwarz inequality we have

2

E(1f +P) < E(FP) + E(1P) + 2(E( 7)) (E(1eP)* = (VEGTP) + VE(2P) )

Thus, we have the following corollary.
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Corollary 2.25. Let f,g € L>(Z). Then

VHE(E(1f +812)) 00! < \/RE,(E(If 1)) 0 97! + \[hE, (E(1g]?)) o 0~

We recall that 8 , = {u € L*(Z) : hE,(E(|ul*)) op~' € L®(Z)} is a closed subspace of L*(L). For u € £, define

lulle, = \/||hE (1uP)) o] _ \/HC* (1u2))]|_-

Let |lullg, =0. Then C;(E(|u|2))=0, and so (ho(p)E(p(E(|u|2))=C¢C;(E(|u|2))=0. Since hog >0 and

E,E = E?'B_ then E“’_I(B)(|u|2) =0 and thus u =0, because J\/'(E‘”_](Z)) contains no positive element. Triangle
inequality follows from Corollary 2.25.
Hence (Sq,, I| - II%) is a normed space.

Lemma 2.26. Letu € 8 ,. Then ||u|, < \/M(X)”ullg(p.

Proof.

||u||§=/X|u|2du=/ o(E(1u?)) 0™ lolu</ |PE, (Eul?)) oo™ | _ du = nCONuI -

Proposition 2.27. (£, || - II%) is a Banach space.

O

Proof. Let {u,} C 8, be a Cauchy sequence. Then by Lemma 2.26 there is an element u € L?(X) such that ||u, —ul|, = O.
Also, for € > 0 fixed, we can find an n; € N such that hE(p(E(Iun0 — un|2)) o (p_l < g, foralln > ng. Let

S = {x exX: h(x)E(ﬂ<E<|un0 _u|2>> oo l(x) > 25}.

Since L?(B) reduces C;, then S € B and so @ 1(S) € = 1(B) C B. It follows that
eu(S)z/hE(,,(E(|un0—un|2))o(p—ldu
s
=/ E(luno—un|2)d,u=/ |un0—un|2dy
e 1(S) e 1(S)

2
(”no - ”n>1¢*1<s> .

=/ |un0—u|2d,u=/ E<| no—u|2>d/4
o7 1(S) P 1(S)

- LhE¢<E<|un0 - u|2>> 0@ \du > 2eu(S),

which is impossible. Thus, u(.S) = 0 and so hE(p(E(lu,,0 —ul?)) o=l € L*(B). So u, —u € 8, and thus u € L,. More-
over, we obtain hE,,(E (|un0 —ul?)) o @~ < ¢ for some Uy, € £, and consequently, [lu, —ullg < \/€. This completes the
proof. l

A Lie algebra over the field F € {R, C} is a vector space & over [F endowed with a Lie product 8 X - &, (f,g) = [f, gl
which is bilinear, [ f, g] = —[g, f] and satisfies the Jacobi identity, i.e.

2
(u"o - ”)h*‘(s’) )

(as n —> )

Lf.[g. k1l + [g. [k, [ + [k, [f, gl =0

forevery f, g, k € & A Banach-Lie algebra is a normed algebra (S, I - ”g) that satisfies ||[f, glll¢ < C||f|lg |lgll¢ for apositive
C>0andall f,gin L.
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Now, we define [, ] on S(p X Sq, by

17.81= D (VhE @ 097" ) = EE, () (VIowE,®)) - E,NE(VEo9E,@)).

For simplicity, set E(p( )= f(p. Since L2(B) reduces C,, then h is B-measurable ([4, Theorem 5(b)]) and so
hop € L*(¢p~'(B)) C L*(B). Thus

1.8l =Vhoo (E(f,)2, - E(g,)f,) = Vhow D, (g,).

Note that (f(p)(p = f(p and [f, g](p =[f, g], because [ f, g] is ¢~ (Z)-measurable (Corollary 2.11(c)). Moreover,

[f.81=-Vhoo D, (f,)=-lg f]
and E([f,g]) = 0, because E (DY) = 0. It follows that
[f.[g. K1l = Vhoo (E(f,)lg.kl, — E(g.k1,)f,)
= Voo (E(£,) (VAo w(E(s,)k, — E(k,),) ))
=hoo (E(f,)E(g,)k, = E(f,) E(ky)8,),

for every f, g,k € 8,. Hence the Jacobi identity holds on £ ,, and so (53(/,, [l Bw) is a complete Lie algebra.

Lemma 2.28. Let f, g € 8 ,. Then the following assertions hold.
(a) f, € &,
(b) E(ILfg11?) < 4(ho @)E,(E(1f1%))E, (E(l81%)).
() I/, glllg, <201 7llg, lglle,.

Proof. (a)Let f € &,.Since EE,, = E, E, then |f,|* = |E,(/)|* < E,(|f]*) andso E(|f,|?) < EE,(|f|*) = E,E(|f]*).
It follows that

hE,(E(If,1*)) oo™ <hE,(E(If*))op™" € L¥(B).
2
(b) For f,g € R, we have |[f, g]|> = '\/hO(p (E(f,)8, - E(g(p)f(p)’ . Then

L. 8117 < (ho @) (|E(f,)8,1* + |E(€,)f 1> + 21E(f ) E(8,) [ ,8,)-

Using EE, = E, E, conditional Cauchy—Schwarz inequality and taking conditional expectation E of both sides the above equa-
tion, gives

E(I[/.211*) <4(ho @)E(1/,I*)E(Ig,|°) <4(ho@)E,(E(If1*))E,(E(lgl?)).
(¢) Using (b) and B-measurability of A, we obtain
hE,(E(ILf.81%)) o @~" <4h(E,(howE,(E(I/1°))E,(E(IgI%)))) oo™
=4n*(E,(E(1/1%)) 007" ) (E,(E(Igl*)) o 0™')
<471, gl -
This completes the proof. O
Corollary 2.29. (£, - | g, [ 1) is a Banach-Lie algebra.

Example 2.30. Let g = (g;, £, &3, &) € C*. Under the hypotheses of Example 2.8(ii) we have ||A||, = 2 and

1
E,(g) = E(gl + 83,8+ 8481 + 83,8+ 84)s
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_ 2
\/ZE(p(g)wp : T(gl + 83,82 + 84,,0,0);

2
[f,gl= D (f)<\/_E (@) ogp~ 1) =%(a,—a,a,—a),

where f = (f}, f2 f3» f4) € C* and

8118 82+g4]
a = det .
[f1+f3 ot /s

Also, a direct computation shows that

E(1f1) = %(w2 s IR T o VA e VAR VR VA

E,(E(1/17)) o0 = (1112 + 121> + |17 + 1S4l L1 P+ 151 + 1317 + 1 £417,0,0);

NI'—'

I/lle, = \/IIhE(,,(I‘f(Iflz))°co‘llloo = \/%(Ifll2 +1 12+ 1312+ 1 f4l?).

Similarly, we have |[f, g]|> = (a2 a,d?, a2) and

VRE(E(IL7.812)) 007! = |/ 1 (@, a2,0,0) = 1(1al. |al.0,0).

Thus ||[f, g] ”g |”| . Then by Cauchy—Schwarz inequality we have

LS elllg, < {lfzgl + /483 — [182 — [384l + | f481 + 283 — f38, — f1841}
< %(\/|f1|2 +1LHP+I517+ |f4|2> <\/|g1|2 + g |> + 18317 + |g4|2>
=Ifllg,llgllg,-

Thus, the inequality in Lemma 2.30(c) is not sharp.
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