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EQUIVALENT METRICS ON NORMAL COMPOSITION OPERATORS

MOHAMMAD R. JABBARZADEH AND SEDDIGHE HAGHIGHATJOO

We define some metrics on the set of all bounded normal composition operators in L>(X), and show that
these metrics are equivalent with the metric induced by the usual operator norm.

1. Introduction and preliminaries

Let %€ be a separable, infinite-dimensional, complex Hilbert space and let B(#) denote the algebra of all
bounded linear operators on 7. For A € B(%(), let A*, R(A), r(A) and || A| denote the adjoint, the range,
the spectral radius and the usual operator norm of A, respectively. A is called positive if (Ax,x) >0
holds for each x € #, in which case we write A > 0. Let A € C(#), the subsets of closed and densely
defined linear operators on #. Then the defect operator I + A*A is a bounded and invertible operator
on #. The orthogonal projection of # @ # onto the graph G(A) of A € C(#) is given by the operator
block matrix [21, p. 54]
P(A) = [ (I+A*A)~1  A*(I +AA%)™! ]
Al + A*A)™" AA*(T+ AAST [T

For A € C(%), put K(A) =1+ A*A, R(A) = (I + A*A)~" and S(A) = (I + A*A)~/2. The topolog-
ical structure of C(¥) induced by a metric has been considered starting with the paper by Cordes and
Labrousse [3]. They proved that the metric distance between two densely defined unbounded operators
A and B may be taken as ||R(A) — R(B)||. They showed that this metric defines the same topology
for bounded operators as the ordinary metric ||A — BJ|. Kaufman [12] studied a metric § on C (%)
defined by 6(A, B) = ||AS(A) — BS(B)|| and discussed connections between §-convergence and sot-
convergence. Also, he showed that this metric is stronger than the gap metric d(A, B) = || P(A) — P(B)||
(see [11, p. 197]) and not equivalent to it. In [15; 17], Kittaneh and Koliha presented quantitative improve-
ments of the result of Kaufman [12] concerning equivalence of three metrics on the space of bounded
linear operators on a Hilbert space. Motivated by the results mentioned above, we define some metrics
on the set of all bounded normal composition operators in L?(X).

Let (X, X, ) be a complete o-finite measure space. We use the notation L?(X) for L*(X, 2, u). All
comparisons between two functions or two sets are to be interpreted as holding up to a w-null set. We
denote the linear space of all complex-valued X-measurable functions on X by L%(X). The support of a
measurable function u € L°(X) is defined by o(u) ={x € X :u(x) #0}. Let ¢ : X — X be a nonsingular
measurable point transformation, which means the measure p o~ !, defined by no ¢~ (B) = u(@~Y(B))
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for all B € X, is absolutely continuous with respect to ., and write 4 o ¢! <« w. Then by the
Radon—Nikodym theorem there exists a unique nonnegative sigma-measurable function 2 on X with
h=duwog~'/du. Notice that o (hop) = X. Let ¢! (X) be a sub-o-finite algebra of X. The conditional
expectation operator associated with ¢! (X) is the mapping f — E? ' (® £, defined for all -measurable
nonnegative f where E#~ (® £ is, by the Radon-Nikodym theorem, the unique finite-valued ¢! (Z)-
measurable function satisfying

/fdu=/ EY ' ®(f)ydu forall Beg (D).
B B

For simplicity set EY® = E,. As an operator on L*(X%), E, is an orthogonal projection of L2(%)
onto L?(¢~(X)). The weighted composition operator W on (W) ={f € L*(Z) :u.(fogp) e LA(X)}
induced by a measurable function u € L°(X) and a nonsingular self-map measurable function ¢ is
given by W = M,,C,, where M, is a multiplication operator and C, is a composition operator, defined
by M, f =uf and C, f = f o ¢, respectively. Note that the nonsingularity of ¢ guarantees that Cy,
and so W, is well defined on o (). It is easy to check that |Co (). = IM 5 f ;e = 1| f lnayp for all
F€B(CH={feL*(X): fope L*(X)}. Hence B(C,) = L>(Z)NL>(h dw). Moreover, B(C,) = L*(X)
if and only if u({h =00}) =0, and R(C,) = L*(¢~ ' (Z))={fo@: f € L (hd)}. Note that every densely
defined composition operator in L?(X) is closed; see [2]. A densely defined composition operator Cyin
L?(%) is said to be normal if C »Co = CyCy. A good reference for information on unbounded weighted
composition operators is the monograph [1]. Here, we focus on the bounded case. A result of Hoover,
Lambert and Quinn [6] shows that W € B(L?(X)) if and only if ha(lulz) o~ € L*®(X), and in this
case, the adjoint W* of W on L*(X) is given by W*(f) = hE,(ii f)op~". Consequently, C, € B(L*(X))
if and only if 2 € L°°(X). In this case ||C,||*> = ||h]loo and L2(Z) € L2 (h dp), and so B(C,) = L*(X).
Some other basic facts about bounded composition operators can be found in [5; 22; 23].
Let A € B(¥) with r(A) > 0. For 0 <a < r(A)~', we shall relate A with a series such as

Ko(A) =T +a?A*A+a* A" A2 1 ...

and then define R,(A) and S,(A). This relation has been previously used by Lambert and Petrovic [19]
in the study of spectral reduced algebras; see also [4]. In the next section, we discuss some equivalent
metrics on the set Jl of all bounded normal composition operators in L?(X) endowed with the quasigap
metric. More precisely, we define some metrics on J equivalent to the metric generated by the operator
norm. Similar results on densely defined closed operators between Hilbert spaces have been obtained in
[3; 10; 18].

2. Equivalent metrics on Jl

Let A € B(#) withr(A) >0andlet0 <a < r(A)_1 be an arbitrary but fixed number. Define K,(A) =
3% pa¥A* A", Since lim,_, oo [[a®* A*" A"||V/" < 1, the mapping B(¥) — B(%), A > K,(A) is well-
defined. Also, for any x € # we have

2-1) Il < Y @ A0 = (Ka(A)x, x) = VKo (A)x|* < [ Ka (A1

n=0
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Then K,(A) is positive and invertible with || K,(A)|| > 1. Set R,(A) = Ka_1 (A) and S,(A) = VR, (A).
Replacing x by (K,(A))~"/?(x) in (2-1) we obtain that || S, (A)|| < 1. Thus, || R,(A)||=]|S2(A)| < 1. Con-
sequently, R,(A) and S,(A) are positive and invertible elements of B(#), max{||R,(A)|, [|S.(A)|} <1,
and

(2-2) IKa(A)ll = sup (Ka(A)x. ) Z(IIaAII )" = ” T aAlE

Let A,, A€ B(%),0 <ag=inf{r(A,)~", r(A)~':meN}andlet0 <a < ap. If | A,, — A|| — 0, then
aZ”A;‘;{’A”m — a?" A" A" for each n € N, and so || K4 (An) — K4 (A)|| = 0 as m — oo. But the converse is
not true. Indeed, if A; and A, are distinct unitary operators on €, then K,(A;) = K,(A2) = (1 — a®)~ '
forall0 <a < 1. Set N ={A € B(¥)\ {0} : Aisnormal}. Let Ae N and 0 <a <r(A)~! =|A|""
Then K,(A*) = K,(A) = K,(|A]), and A" and A* commute with K,(A) and R,(A). Moreover,

(2-3) K,(A) = Zaz”(A*A)” = —a’A*A)"", R, A) =1-d*A*A, S,(A)=+1—a2A*A.

n=0

Consequently, R,(A) — 0, S,(A) — 0 and ||K,(A)|| = +ocasa — ||A||~!. Let Aj, A, € N. Then it
follows from (2-3) that K,(A1) = K,(A3) whenever A7JA| = A5 A, forall 0 <a <min{||A; =1, 114271
Let0O<a <b < ||A||~". Then K,(A) < K,(A). Hence the net {K,(A)}, is increasing with respect to a.

Set N6 = {C,, € B(L*(%)) \ {0} : C, is normal}. It is a classical fact that C, € N6 if and only if
¢ () =% and h o ¢ = h; see [5; 22]. In this case, C, is injective and has dense range. Moreover,
IColI> =r*(Cy) = lh]loo and C}C,, = M. It follows that Ko(Cy) = M(1_g24-1, Ra(Cy) = M;_,2; and
Sa(Cp) =M ji—s, forall 0 <a < ||C¢,||_1. Let A, B, C, D € B(#). Then

2-4) AB—CD:%(A—C)(B—l—D)—i—%(A—i—C)(B—D).
In the following lemma we recall some useful operator inequalities which will be used later.
Lemma 2.1 (Kittaneh [14; 13; 16]). Let A, B € B(¥). Then the following hold.

(a) If A and B are positive, then |A — B||* < |A> — B?||.
(b) If A and B are positive and A+ B > ¢I > 0, then c||A — B|| < |A> — B?||.
(¢) |A*A—B*B| <||A—BJl[|A+ B

Theorem 2.2. Let {Cy,, Cy} € N6, 0 <a <minf||Cy, ||~ :i = 1,2} and let a,(Cy,) = aCy, S, (Cy,).
Then |lag(Cy,) — g (Cp,) | < k1[|Cy, — Cy, || for some ki = ky(a) > 0.

Proof. Fori =1,2,puth; =dupo (pi_l/du. First observe that

1/V1=a2h +1/v1-a2h; >21.

Sa (Co) + 85, (Cp) =M
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So by Lemma 2.1(b), 2||S; 1 (Cy,) =S, N (C o) | < 1S,2(Cy ) =S, 2(Cpo) |l Putk =[S, 1(Cyy )+, (Cpy) |
and [ = [|Cy, + Cy,||. Using (2-2) and (2-4), we obtain

lata (Cy) =t (Cyp) || = laCy, S (Cy)—aCy, S, (Cy) |
=< EII(Cw.—C@)(S_ (C¢])+S_ (C 2))|I+g||(C<p.+C¢2)(S;1(C¢1)—S;1(C¢2))||

- C¢2||+ LS2(Co) = S72(C)

—|Cy,— ¢2||+ ||S 2(Cp) (S2(Cy) =S (Cy)) S (C

2
ak
2

ak 2 2
§7||C<pl ¢2||+ IIS (Co) I 1S (Co) | 1 Magny -l

ak a22
§7||C<pl ¢2||+ 1S, 2(Co) | 1S, 2(C )l 1€y —Coo

ak 212
= ||Cyp,—Cy, |l +—|IK (Co) Ko (Cpy) I

212

<|c I “k+ .
=G =Col\ Tt o =il

This completes the proof with

ak a’l?
ki=qy—+ 2 2
41 —a*[[hillc) (1 —a*||h2]lo0)
Notice that [|21 + halloc < [|Cy, +C(02||2 <2|lh1 + hz|le for all {Cy,, Cyp,} € N€; see [9].
Lemma 2.3. Let {Cy,, Cyp,} € N€ and let 0 < a < min{||C,, |7':i=1,2). Then

[154(Cy,) = Sa(Cpo) | < k2llRa(Cy,) — Ra(Co,) |l
for some ko > 0.

Proof. Put ay = /1 —a2h;. Since 0 < a?h; < a?||hille < 1, wWe get that infycx ay, (x) > 0. Thus,
min{ay, , ay,} > 1/ng for some ng € N. This implies that ay, +ay,, > 2min{ay, , ay,} > 2/ng 1= k;l. Then
we obtain

[154(Cg)) = Sa(Cp) | = 1M, — Mq,, || = llag, — ag, |l
2 2

a. —da
— |22 <k|M, —M, |
afﬂl +a<ﬂ2 o] & 2
=< k2“Ra(Cq)1) - Ra(sz)”- 0

Theorem 2.4. Let Cy, € N¢ and 0 < a < min{||Cy, ||~ :i = 1,2}. Then
[Cpy — Copy | < kllota(Cyy) — e (Cop,) |

for some k3 = k3(a) > 0.
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Proof. Put B = ||S.(Cyp,) + Sa(Cp,)) |l and y = ||ay(Cy,) + @a(Cyp,)||. Using equality K,(Cy,) — I =
Ma2p, j—a2ny) = azc;[ Cy, Sa_z(C(p,.) and Lemma 2.1(c) we obtain
(2-5) IR, (Cy) — R N(C)Il = 1(Ka(Cy) = 1) = (Ka(Cy,) — D
= [la’C}; Cy, S;%(Cyy) —a*C;s,Cp, S (Cy)
= lla*(Cya(Cy,) —a™(Cy,)a(Cyy) |
< yllea(Cyp) — ota(Cy,) -
Then by Lemma 2.3 and (2-5) we have

1
1Co, = Conll = 1@C, S (CoSu(Cop) = @Cpu8; (€D Co

1

= Enaa(cwl)Sa(C(ﬂ) - aa(ctpz)sa(c‘ﬂz)”
B 4

< L (o — (€l + L 184(Co) — SuCo]

k
< %naaww — 2o (Co)ll + UuRa(apJ — Ra(Cyy)

sguaa(agl) W (Coll+ 52 ||R (Co) (R (Cp) = Ry (Cp)) Ra(Cypy)|
2

ko
g 1Ra (CoD R (Cpy) ot (Cy;) — aa(Coy) |

p
=< Z”aa(cw) aa(C(pz)” +

_ B V *ky
= lleta(Cyp) = a(Ci)lly 5+ = IR (Co) [ 1Ra(C) [ -

Since ||R,(Cy,)|l <1, then the desired conclusion holds with k3 = {8/2a + y2ky/2a). O

Lemma 2.5. Let Cy, € N6, 0 < a < min{[|C, 7' :i=1,2and 0 < u € L®°(X). Then Cy, = Cy,
whenever M,,Cy, = Cy,.

Proof. It suffices to show that u = 1. If u(X) < oo, then there is nothing to prove, because Cy, (1) =
Cp,(1)=1.Set A ={x €o(u) :u(x) # 1}. If u(A) > 0, then there exists B C A with 0 < u(B) < o0.
Moreover, since ¢; ' (X) = £, then B = ¢;~!(C) for some C € . Now choose Cy € C such that
u(Cop) < oo and M(Qﬂlfl(co)) > 0. Take fo = xc,- Then UXp—1(Cy) = M, Cy, (fo) = Cy,(fo) = Xor=1(Co)+
But this is a contraction. Thus, ©(A) =0 and hence Cy, = C,,. O

Now we consider the bounded weighted composition operators on L?(X). Recall that the adjoint W*
of W is given by W*(f) =hE(ii f) o ™" for each f € L?>(X). As an application of this adjoint formula,
we have W*W = M, where J = hE(lu|?) o ¢~'. Moreover, W is normal (see [2]) if and only if
e '(Z)NJ=%and J=Jopono(J). Put NW = {M,C, e B(L*(2)\ {0} : M, C, is normal}. Suppose
{W,} € NW converges (in norm) to some K € B(L*(%)). Then {W} converges to K*, and since the
multiplication map is continuous, then we have K*K =1lim, oo W;W, =lim,_,oc W, W = KK*, and
so K isnormal. Let W = M,,C, e NW and let 0 < a < |W]~! be a fixed number. Direct computations
show that Ko(W) = M(1_,27)-1, Ra(W) = M(1_,25) and So(W) = M ;;—57. The previous results can be
stated in terms of weighted composition operators.
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Definition 2.6. Let il € NW. We say that A has infimum property if
ag := inf{|| M, C,|~" : M,,C, € M} > 0.

Let C,, € L. For fixed 0 < a < ag, leta < a; < ag. It is easy to see that (1 —a?||h;|) < llag |13 <2,
where h; = hy, and a,, = /1 — a*h;. Define

34(Cy,, Cpy) = llaa(Cyp,) — aq(Cy,)ll,  where o, (Cy,) = aCy, SJI(C(,,,,) = Ma/mai.

Note that «,(Cy,) is not necessarily a contraction. Indeed,

ot (Cy) I* = a®

ah,-
1 —Clzhi

oo
Moreover, §,(Cy,, Cy,) = 0 implies that M, C,, = Cy,, where u = ay,/a,,. Then by Lemma 2.5,
Cy, = Cy,. Thus, for each correspondence a, the function §, is a metric on .. Put

[=1Cyp +Cpll, ¥ =llaa(Cy)+aa(Cy)ll,  p=1Ka(Cy )+ Ka(Cp))ll.
Then by Theorem 2.2, Theorem 2.4 and (2-5) we have

(2_6) Sa(cwla C({Jz) =< kl ”C(pl - C(pz” = k1k35a(c(p1’ Cg{)z)a
(2'7) ”Ka(cgol) - Ka(cgoz)” =< Vaa (Cgals Cgoz) =< Vkl ”C(pl - C<p2||-

Moreover, since K,(Cy,) and o, (Cy,) are bounded and positive, then by (2-5), (2-6) and (2-7) we get

(2-8) ||C:;] Ka(c(pl) - C;ZKa(C(pz)” = ”C(pl Ka(c(pl) - C¢2Ka (sz)”
p l
< EIIC@ —Cop, |l + EHKa(C(p]) — Ka(Cy,)l

lyk
2
(29)  1a2CE Cp Ka(Cpp) — a2CE, Cp Ku(Cop)ll = 0" (Cy )t (Cyp) — @ (Cp)ar(Cy)
vy ”aa(cqol) —Qq (Crpz)”
< vkillCy — Co, .

p
< EHC(,O] - C(pz” + ||C(01 - C¢2||5

So, we have the following corollary.
Corollary 2.7. In M, the metric 8, is equivalent to the metric generated by the operator norm.

Let C, € Jl. Since for each n € N, |C¢,|2" = (C(’;)”Cg, we have K,(|Cy|) = K,(Cy) and hence
S71(Cyl) = S;1(C,). Consequently, |a,(Cy)| = aa(|Cy ).
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Now, let {Cy,} € M and 6,(C,,, Cyp) — 0 as n — oo. Then by (2-6) we have ||C,, — Cy|| — 0. But

11Co, M, —n, |

I
o0

1
—|C =M <||—
IClll = I ﬁhwmn_Her%

1€, Con = CoColl

o0

1
a thwn‘i‘vhw
1
S e —
H\/h§0n+\/h¢

Again by using Corollary 2.7, we conclude that é,(|C, |, |Cy|) — 0. It is not the case in general that
lA; — A|l = 0 whenever |||A;| — |A||| = 0. Indeed, for

_ [ o
]

and A =1, we have |||A,| —|A||| =0 but ||A2,+1 — A|| = 2. However, in our setting, if

1€y, = Coll 1€y, +Cop .
o0

max{|ly/tn — Vhlloo, 1M, ji-Cp, = M, ;Cyll} > 0 as n — oo,
then we have
1Cp, —Coll = IM i, (M, ) fii-Cp) =M f;(M,, 7;C)
< IIWhn =Vl M, i Cop, + My, i Coll 1M, /i Cop, =My, i ColllV hin 4+ oo — 0.
So we have the following corollary.
Corollary 2.8. Let {C,,, Cy} € M. Then the following hold.

(@) 64(ICy, |, |Cyl) — O whenever §,(Cy,, Cy) — 0; i.e., the mapping C, — |Cy| is continuous on
(M, 84).

(b) If max{[[|Cy,| = |Cylll, 1M}, /-Cy, = M, ;Cpll} = 0, then 8,(|Cy, |, |Cy ) — 0.
For C, € B(L*(X)) with0 <a < ||C, || !, the graph of C,, is the set Y(C,) = {(f, Cp(f)): f € L*(X)}.
Now, let Cy € JM. Define

2 vk
nico=[ S GRC) ]

CyKa(Cy) —a>CiCyKa(Cyp)

Then %,(C,) is a bounded operator on L?(£) & L*(Z) with R(P,(C,)) € 4(C,). Let A, B,C, D €
B(L*()) and k = | A[I> 4+ | BI* + ICII> + | D||>. Put

A, B, A B
We recall the well-known fact (see e.g. [3]) that

[Pn—Pll =0 < max{|A, —Al, B, — Bl IC, = ClII, IDy — D]} = 0.
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Moreover, if P is positive, then

(2-10) max{v/[ A2+ [CI% VIIBIZ+IDI?} < | Pl < vk < 2| P|.
Now, we consider two other metrics on Jl defined as

da(Cyy. Cpy) = [|Pa(Cy)) = Pa(Cp))ll,

la(Cgals Cgoz) = \/2||Ka(c(p1) - Ka(c(pz)”2 +b||C(01 Ka(cgol) - C(sza(Cgoz)Hz,

where b = a* + 1. The metric d, is called, in that case, a quasigap metric, or more specifically, an
a-quasigap metric. Inspired by the matrix representation of %,(C,,) we get that

(2-11) d*(C,,, Cyy)
< 1Ka(Cyy) = Ka(Cy) I +a*C Ka(Cyy) — C, Ka(Cy) 1?4+ 1Cy Ka(Cyy) = Cyy Ku(Cyy) |1
+ lla*(Cy)a(Cy)) — o (Cpp)a(Cyy) 1>
Using (2-7), (2-8) and (2-9) we obtain
(2-12) da(Cy,, Cyy) < l|Cyy — Coy |
for some ¢ > 0. On the other hand we have
84(Cy,, Cy) = llaa(Cy,) — 0ta(Cy) |
<l1aCy,Ku(Cy)K;*(Cy,) — CuKu(Cp) K2 (Cy)
<al|Cy,Ka(Cy,) — CuKa(CHIIIIK,*(Cy,) + K 2(CY)
+allCy, Ka(Cy,) + CoKa(CHIIIIK,?(Cy,) — KT2H(CY)I.
But using Lemma 2.1(a) we have
1K, 2(Cy) = KTVACHI? < 1K T(Cy) — KT (CY)
= |1K; ' (Cy,) (Ka(Cy,) — Ka(C)K ;' (Cy)l
< [ RA(Co)INR(CHIINIKa(Cy,) — Ka(Cy)|
< 1Ka(Cy,) — Ka(Cy)|
<du(Cy,.Cy).
and [|Cy, K4 (Cy,) — Cyu Ky (Cy)|l < du(Cy,, Cy). Moreover, since S,(Cy,) and S,(C,) are contractions,
1K, 2(Cy) + K 2(C < 2.
So, if d,(Cy,, Cy) — 0 as n — o0, then §,(C,,, Cy) — 0. On the other hand, by (2-5),
ler*(Cy)t(Cyy) — *(Cp)e(Cy) Il = 11 Ka(Cy,) — Ka(Cy))l,
so by using (2-11) we get that
14(Cyyr Cpy) < N2dy(Cyy, Cpy) < N204(Cyy, Cyy).

In view of these observations and Corollary 2.7 we have the following corollary.
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Corollary 2.9. (i) In M, the metrics d,, 84, 1, and the metric generated by the operator norm on M are
equivalent.

(i1) The mappings Cy, — K,(Cy), Cy — R, (Cyp) and Cy — S,(Cy) on M with operator norm are
continuous.

Let B¢ (%) be the set of all bounded linear operators on # with closed range. For T € B¢ (#), the Moore—
Penrose inverse of T, denoted by 7', is the unique operator T7 € B¢ (%) that satisfies the equations
TST=T,STS=S,(TS)*=TS and (ST)* = ST. The reduced minimum modulus y (T) of T € B(#)
is defined by y (T) = inf{||Tx|| : dist(x, N(T)) = 1 for all x € ¥}. Notice that y(T) = || TT|~L.

Lemma 2.10 [22; 8]. Let C, € B(LZ(E)). Then the following hold.
(i) C, € Bo(L* (X)) ifand only if h =dw o @~ /dw is bounded away from zero on o (h).
(ii) CyCy = MpopE, where E = EY®),
(iii) If C, € Bc(L*(X)), then C) = My, /nCy.
—1/2
(V) ¥(Cy) = 11/ (hop) ">
Using Lemma 2.10 and the fact that x ) 0@ = Xo~ (o (h)) = Xo(hop) = 1, we obtain
CyCl = CyMy, 4y /nCip = Mi /(o) CyCly = E.

Put €M = MNN€ and E; = E% . Define d,,, : €M x €M — RT as

dna(Cy,, Cy,) = \/HEI — B3| + [l (Cy)) — ta(Cy) |12

Then d,,, is a metric on closed subset €.l of B(L*(X)). Let {Cy,, Cyp} € 6. Using Corollary 2.7,
ICy, —Cyll — 0 whenever d,,q (Cy,, Cy) — 0 as n — 00. Now, let || Cy, —Cy |l — 0. Then by Corollary 2.7
and using the continuity of the map C, C;ﬁ (see [7]) on B¢ (L*(X)) we have ||a, (Cy,) —aq(Cy) |l — 0,
ICS, —Cill = 0,and so ||[E,— E|| = C,,C} —C,CJll — 0. Consequently, dyq(C,,, C,) — 0. Moreover,
1Cy, C | = 0 implies that y (Cy,) = C] [I7" = IC} I~ = ¥ (C,). Note that ||C,, — Cy || — 0 does
not imply that ||E,, — E|| — 0. However, if max{||h||gol, |72, ||;ol} < k? for some positive integer k, then
I1Cy, C;ﬂ — C¢,C;|l <k|Cy, — Cyll; see [20, Proposition 6.2]. Thus, in this case, || E, — E|| — 0 wherever
Cy, — Cyll = 0.

Corollary 2.11. For a fixed positive integer k, the metric dy,, is equivalent to the metric generated by
the operator norm on {Cy, € €A : || h; |I~' < k).

For0 <a < ||C¢,||_1, the a-bisecting of Cy, € M is, in our case, defined as

(Cp), =aS; (CHU + 5,1 (C 7' C,.

Put ta, = /1 —a?h. Then (C(/,) = My(144,)-1Cyp is a normal weighted composition operator with norm
||(C(p) | =1 +ay)” 1Va2h| . Let Cy € M and 0 < a < ap; see Definition 2.6. If (C(pl) = (Cm)

then M, C,, = C,, where u = (1+ a(pl)/(l +ay,). Then by Lemma 2.5, Cy, = Cy,. Thus, the mapping
Cy (5 ), from A into NW is injective and continuous with respect to the operator norm. Indeed, if
1Cy, — Coyll = 0O, then M), = C;nC% — C;Cw = M}, and so ||h, — h|lo — 0. Then a,, — a, and hence
Myai4a,)-t = Ma(i+a,)-1- Now, the desired conclusion follows from the continuity of the multiplication
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map in B(L?(X)). The bisecting of a closed operator A was originally introduced in [18] by Labrousse
and Mercier, in order to study semi-Fredholm operators.

Let Cy,, Cy, € Jl. For a fixed 0 < a < ag we define the Cordes—Labrousse type transform V> with
respect to the pair (Cy,, Cy,) as

Vi = Mija, a,) — (@M, Cp)(aMijq, Cp,).

Then Vi 2 € B(L*(X)), Vi, =1 and V', = Vy,1. For f € L*(%), set fi = M\a,, f and fr=aM 4, Cy,
By a similar argument to that used in [18, Lemma 5.3], we can show that

V212 = 1F1P < ALAIP+ 1AL (Cy, s Cg,)

and
1+ a’h;

2 2
—_— du <2||K,(C .
1—a2h1|f| = 2| Ka(Co) I

2 2 _
TN —fx

It follows that (1 —2||K;(Cy,) |l 1a(Cy,, C(/,z))||f||2 < V1’2f||2. In view of these observations we have
the following proposition.

Proposition 2.12. For a fixed 0 < a < ay, the following assertions hold.

(1) The bisecting map Cy, — (ap) o Jrom M into NW is injective and continuous.

(i) If 1,(Cy,, Cp,)) < 1/Q2IIK4(Cpy) ), then the Cordes—Labrousse type transform V 5 is invertible.

Example 2.13. Let X = [0, 1] with Lebesgue measure, a,, k € (1, +00) and let ¢, (x) = a,x + b and
¢(x) = kx +b. Then, for all n € N, C,, is a bounded and normal composition operator on L%([0, 1])
with ||Cy, | = 1//a, and C;ﬂ = (l/a,,)C(pn_l. Moreover, 1 <ag=inf{,/a, :n > 1} and foreach0 <a < 1,
the operator K,(Cy,) = (an/(a, — a’)1 is

scalar multiple of the identity operator. Thus, for fixed ng € N, || K, (C%) | = 400 as a — /an,. Put
b, =a,/(a, — a?). Then
byl (—a’b, /an)cwnl]

Pa(Co) = [b,,C% (—a2by Jan) ]

If |Cy, — Cyll = 0O, then h, =1/a, = ||C,, > > ||C¢,||2 = 1/k = h. Conversely, let h,, — h. It follows
that ¢, = ¢. Then, by the Weierstrass approximation theorem, f o ¢, — f o ¢ uniformly on [0, 1] for
all continuous functions f € C([0, 1]). Since C ([0, 1]) is dense in L?([0, 1]) and |Cy, I < 1/ag for all
n e N, we have Cy, (f) — Cy(f) in L2-norm for all f € L%([0, 1]). Also, according to the previous
discussions we have

Sy ~ laCoyl|
(Cp), = Ma/(\/@(l-h/(an—az)/an))C‘p’ 1Cp) Il = 1+./1— ||aC¢||2’

1 2 B

ai
ay —a?\ (ar —a?
c= )
ai ay

where
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