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Abstract

In this paper, we discuss measure theoretic characterizations for Lambert conditional
operators in some operator classes on L?(X) such as, p-hyponormal, centered, n-
normal and binormal. In addition, it is showed when these operators are orthogonal
projection and some correlations between these types of operators are established.
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1 Introduction and Preliminaries

Let ‘H be a Hilbert space with inner product (-, -) and let B(H) denote the linear
bounded operators on H. We use R(T) and N (T), respectively, to denote the range
and the null space of T € B(H). For an operator T € B(H), the adjoint of 7" denoted
by T*. T is self-adjoint if 7* = T and T is normal if T*T = TT*. We write T > 0
if T is a positive operator, meaning (Tx, x) > O for all x € H. An operator T is
quasinormal if 7(T*T) = (T*T)T and is binormal or weakly centered operator if
T*T and T T* commute. An orthogonal projection is an operator P € B () such that
P2 = P = P*. T is said to be p-hyponormal if (T*T)? > (TT*)? for0 < p < 1.
If p =1, T is called hyponormal.

Every bounded operator 7' on a Hilbert space H can be writtenas 7 = U |T |, where
|T| = «/T*T andUU*U = U.Moreover U and |T | are unique if N'(U) = N (|T|).In
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this case, U|T| is said to be the polar decomposition of 7. Associated with T € B(H)
and 0 < A < 1, there is a useful related operator Ay(T) = |T*U|T|'~*, called
the A-Aluthge transformation of 7. A 1 (T) = T is the Aluthge transformation and

A(T) = T is the Duggal transformation of 7' . Let B¢ (H) be the set of all bounded
linear operators on H with closed range. For T € B¢ (H), the Moore—Penrose inverse
of T, denoted by T'¥, is the unique operator 7" € B¢ (H) that satisfying the equations

TT'T =1, T'TT =7T", (TTHY*=7TT", (T'T)*=T'T.

We recall that T exists if and only if T € B¢ (). For other important properties of
T and T see e.g. [1,2,6,21]. In [17] Morrel and Muhly introduced the concept of a
centered operator. An operator 7 € B(H) with polar decomposition U|T| is said to
be centered if the doubly infinite sequence {T"T**, T*"T™ : n, m > 0} consists of
mutually commuting operators. Let U, |T"| be the polar decomposition of 7. It is
shown in [17] that T is centered if and only if U, = U", for each n € N. Note that
every centered operator 7 is binormal. The relations between these classes are studied
in [10]. Let P = P? € B(H) be an idempotent. Then we can represent element

T € B(H) as
T, T
Ty T |’

where 11 = PTP,Tio = PT(I—P), T,y =(U—P)TPand Ty, = (I—P)T(I—P).
Then, R(P) is an invariant subspace of 7 iff 7>; = 0 and is reducing subspace of T'
iff Tip =0 = Tp;.

Let (X, X, u) be a complete o-finite measure space and let .4 be a sub-o-finite
algebra of X. Inequalities between measurable functions is interpreted in the almost
everywhere sense, and equality between sets is interpreted up to a set of measure 0.
We denote the linear space of all complex-valued X-measurable functions on X by
LO(2). We use the notation of [8] which is a basic reference for details. The support
of a measurable function f € L%(X) is defined byo(f)={xe X: f(x) #0}.Fora
real number r the power f” is defined by f"(x) = sgn(f(x))| f(x)|". The associated
conditional expectation with respect to A is denoted by E ;14’ or when no confusion
will arise, simply E.Let D(E) = {f € LY(Z) : E(|f]) € L°(A)} be the domain of E
(see [7]). It is known that U > LP(Z) U {f € Lo%(%): f =0} € D(E). Conditional
expectation operator E is an orthogonal projection onto L2(A). Let u, w € L°(X)
ando(u) € A € X.Then xau = u = xouu.So,if o (u) C o (w) then 3 xow) = 3 -
Indeed, we adhere to the convention that 8 = 0. If u is an A-measurable function,
then o (1) € A but the converse is not hold. Now let {uy, up, ujur} C D(E). Put
S; = o (E(|u;|*)). Then by conditional Cauchy—Schwarz inequality, Xs;Ui = Ui,
xs; E(u;) = E(u;) and xs; E(uiuz) = E(uiuz). For details on the properties of E
see e.g. [3,8,13,15,20].

Lambert conditional operators are closely related to the multiplication operators,
integral and averaging operators and to the operators called conditional expectation-
type which has been introduced in [3] and [14]. Let | < p < oo. Moy in [18]
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showed that if T € B(LP(X)), T(L®(X)) € L®(X)and T(fT(g)) = T(f)T(g)
for all f,g € L®(X), then T = EAM, for some A C X. For w,u € D(E),
the mapping 7 : L?>(X) 2 D(T) — L*(X) given by T(f) = wE(uf) for f €
D(T) = {f € L2(2) : T(f) € L*(X)}, is well-defined and linear. Such an operator
is called a Lambert conditional operator induced by the pair (w, u). Let g be the
conjugate exponent to p. Lambert and Herron in [8,14] considered the conditional
operator Ty = EM, on LP(X) and they showed that 7} € B(L?(X)) if and only
if E(Ju|?) € L°°(A) and in this case ||[T1]|1? = |E(|u|?)|lco. Let T = MyEM,
and set v = u(E(|lw|P)Y/?. Then |Tf|| = ||[EM, f| for all f € LP(Z). It follows
that T € B(LP(X)) if and only if E(ju|?)/9E(|lw|?)!/P € L>®(A). In this case,
1T = I1E(u|D)Y9E(w|P)P| s (see [5]). Throughout this paper we consider the
case p = 2 and assume that T € B(L?(X)). For further information on conditional
type operators, see e.g. [5,9,14,16].

Let K denote the set of all bounded Lambert conditional operators on L>(X) and
let T € K. In the next section, first we review some basic results on the elements of
IC and state some general assumptions and then we present a method for computing
the null space and the range of T". Also, we give some necessary and sufficient
conditions for T being normal, quasinormal, p-hyponormal, centered, binormal and
n-normal. In fact, we show that all of these classes in K coincide. In addition, the
reverse order law for the Moore—Penrose inverse is established and it is showed when
these operators are partial isometry or orthogonal projection. Lastly, we show that
the Duggal transformation and the A-Aluthge transform of T coincide. To explain the
results, some examples are then presented.

2 Characterizations

Let M be a closed subspace of . Relative to the direct sum decomposition M @ M+,
an element f € H can be written uniquely as f = f; + f» where f; € M and
fre€ M LetT € B(H).Then Tf =Tfi+Tfr = [(Tfi1 + (T2l +[(Tf)1 +
(Tf2)2]. Let P € B(H) be an orthogonal projection onto M. For 1 < i, j < 2, put
T; j(fj) = (Tf;)i. Then

T T2 _ PT|m PT|MJ_ @.1)
T Tn I —=P)TIpm U= P)T|pqe '

is the matrix representation of 7'. In particular, let H = Lz(E), P=EA=E s
M = R(E) = L*(A) and M+ = N>(E) = {f — Ef : f € L*(X)}. Note that
fi = Efand b = f — f1, forall f € D(E). Let fi = 0 and f» > 0. Since
o(f) € o(f1),so f = 0. Consequently, {f € D(E) : f > 0} NAN2(E) = . In
general, the structure of AV (E) is very complicated (see [16]). Note that E(| f |2) =
E((fi + £)(fi + f2) = | fiI* + E(| /2]%). Using above argument, E(| f»|>) = 0 if
and only if f» = 0. So, |E(f)|> = E(|f|?) if and only if f € LO(A).

Notice that 771 and T»; are the compressions of T to the closed subspace M and
M, respectively. Let A : B(M) — B(H) be a mapping defined as A(T) = PTP,
where P be an orthogonal projection onto M. Then A is linearand A(T*) = PT*P =
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(A(T))*, because P = P* = (P|,)*. Let T\, T» € B(M). Since P2 = P and
PT, = Tp, then A(T\T>) = (PT\P)(PT, P) = A(T1)A(T2). Moreover, A(T>) = 0,
implies that P73|,, = PT,P = 0, and hence 7, = 0. Consequently, A is a *-
monomorphism and thus B(M) can be considered a C*-subalgebra of a C*-algebra
B(H). It is a well-known fact that for any C*-subalgebra B of a C*-algebra 2 and
b € B, Specgg (b) U{0} = Specg (b) U {0}, where Speceyg (D) is denote the spectrum of
b as an element of B. Consequently, for T € B(H) with matrix representation (2.1)
we have

Specgagy (T11) U {0} = Specg 3¢ (T11) U {0};
Specgaqty(T22) U {0} = Specg ) (T22) U {0}

Let f,g € L*(Z). Then f1.g1 € L*(A), f2.82 € Na(E) and E(figr) =
E(g2f1) = 0. It follows that (fg)1 = E(fg) = fig1 + E(f2g2) and (fg)2 =
(I — E)(fg) = fg — fig1 — E(f2g2). Let K = E(lu|*)E(lw[?). We recall that
T = MyEM, is bounded in L*(X) if and only if K € L°(X). In this case,
IT1? = |K |l and D(T) = L%(Z) (see [5]). Now, let T = M, EM, € B(L*(%))
andlet f = fi + f» € L?(X). Then we have

Tf = w1 +w)E(ur +u2) f1) = wiur fi + wour fi = (Tf)1 + (Tf1)2
THh =i +w)E(ur +u2)f2) = E(wiuz f2) + waE(uz f2) = (Tf2)1 + (T f2)2.

Thus,

T11(f1) = My, f1. T21(f1) = My, fi
T\2(f2) = EMyu, /o Too(f2) = My, EMy, f>.

Consequently, the matrix representation of T = M, EM,, and T* with respect to the
decomposition L>(X) = L*(A) @ N>(E) are

Mw u EMw u Mw u EMw u
T = e 12 | and T* = i 20 2.2
|:Mw2u1 My, EM,, :| |:Mwl,,2 My, EMy, i| 2.2)

In particular, if w = 1 then w; = 1 and wy = 0 and hence the matrix representation
of Ty := EM,, and T} are

| My, EM,, « | Mz O
T1_|: 0 0 and T|" = My 0] 2.3)

Note that N(EM,) = {f € L*() : u1 fi + E(ua f>) = 0}. In the following we
characterize the null space and the range of M, EM,,.

Lemma2.1 Let T} = EM, € B(L3(X)). Then N'(T1) = (aL?(A))~.
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Proof Let f € L*>(X) and let g € L?(A). Since EM,, f € L*(A), then

f e L (AN < (g, EM, f) = (Eg,uf) = (g, uf) = (g, f) =0
& f e N(TY).

Thus, N(T1) = {f € LA(Z) : f L aL*(A)}. O
Proposition 2.2 Let T = M, EM, € B(L*(X)) and let n € N. Then we have

(@) N(T™) = {a| E(ww)|" "'V E(w|>) L* (A}

(b) R(T™) = {w|E uw) "'V E(|lu|?)L*(A))}.

Moreover; if |E(uw)| > k on o (E(uw)) for some k > 0, then N(T") = N(T?) and
R(T?) = R(T").

Proof Letn = 1 and f € L?(X). Since
1My EMy fIl = IEM, /prom s (24)
then by Lemma 2.1 we have
N(T) = N(EM, /o) = (i E(w ) L2 (A}
R(T) = N(T*)* = {wyE(lul>)L*(A)}.

Now, () and (b) follows from equality 7" = Mg, yyn—1, EMy.

Put v; = it/ E(Jlw|?) and A = o (E(uw)). Then for each g € L*(A) and n > 2

X 1 X 2
we have ||W||2 < =z llgll2. Thus, W € L“(A) and so

8XA

W (S V1|E(MU))|”71L2(A).

VI |E(uw)lg = vi|E@w)|"™!

Consequently, vi| E (uw)|L>(A) € vi|E(uw)|*"'L?(A) and hence
N(T?) = | E@w)|L* (AN 2 (1| E@w)[" L2 (AN = N(T").
Now, by a similar argument we have
RT™) = N(T"™)* = (wlE@w)|""'VE(uP) L2 (A))}.
Set v, = wy/E(Ju|?). By a similar argument as above,
V2| E uw)|L*(A) S val E(uw)["~ ' L2(A),

and hence R(T2) € R(T"). This completes the proof. O
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It is worth nothing that if |E (uw)|?> = E(|u|*)E(|lw|*) = K?, then for all n € N,
1771 = I1E @w)|* 'K |loo = IK %, = IT|I" and hence T, in this case, is normaloid.

Recall that the multiplication operator M,, € B(L?(X)) has closed range if and only
if there exists k > O such that | M, (f xow))ll = kIl f o ll, forall f € L?(%). Equiv-
alently, || M, f|l = k| f]|l forall f € N(M,)* = X,,(,,)LZ(E). Using Lemma 2.1,
Ty € B(L*(X)) has closed range if and only if there exists k& > 0 such that
Ty £l = k|l £, forall f € aL2(A). So we have the following proposition.

Proposition 2.3 Let Ty = EM, € B(L*(X)) and S = o (E(|u|?)). Then the follow-
ings hold.

(a) If Ty has closed range, then E(|u|?) > k on S for some k > 0.
(b) Ifo(u) € Aand E(|u|2) >« on S for some a > 0, then Ty has closed range.

Proof (a) Suppose E(Ju|?) is not bounded away from zero on its support. Then for
fixed ¢ > 0, there exists A € A with A C Sand 0 < u(A) < oo such that
E(lul*)xa < e.Put fo = iixa. Then fo is nonzero and | fol|> = fA lul?dp =

[y E(lu>)dp < ep(A) < oo. Thus, fy € iL?(A) N L*(X) and satisfies

T foll* = IEfo)ll* = I1E(ul®) xal* = /A (E(ul)xa)E(lu*)dp

< e/ E(lul®)dp =sf lu|?dp =e/ liixal?dp = ell foll*.
A A X

But this is a contraction.
(b) Let o(u) € A. Since o (1) = o (|u]) € o (E(|u|?)) = S, then for all f € L%(A)
we have

||Mlz(fXa(u))||2=/ qulzdu=/( )E(Iulz)lflzdu

o (u)

> a/ xsl F1Rdn = all f Ko
o (u)

It follows that M; : L?>(A) — L*(%) have closed range. Hence uL2(A) =
iWL*(A). Let ig € uL*(A) be arbitrary. Since xsE(|u|?) = E(Ju|?), then we
have

IT1Gig)I1* = |1 EM, (ag)ll> = | E(Jul®)gll* = fX(Euu|2)>(E(|u|2)|g|2)du
za/ E(|u|2>|g|2du=a/ liglPdu = alig].
X X

This completes the proof. O

Using (2.4), we have the following corollary.
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Corollary2.4 Let T = MyEM, € B(L*(X)) has closed range. Then K =
E(lul®)E(|w|?) is bounded away from zero on o (K). Also, if o(uy/E(Jw|?)) € A
and K is bounded away from zero on o (K), then T has closed range.

Remark 2.5 Recall that asc(7") and des(T'), the ascent and descent of T € B(H), is the
smallest non-negative integer n such that V' (7") = N (T" 1) and R(T") = R(T"1),
respectively. If T = M, EM, € B(L*(%)),o(uy/E(lw|?)) € Aand E([u|>) E(|w|?)
is bounded away from zero on its support, then by Proposition 2.2 and Corollary 2.4,
asc(T) = des(T) = 2.

Let EM, € B(L*(X)) and EM, = 0. Then by (2.3), M,, = 0on L%*(A) and
EM,, = 0on N2(E). Let o (u1) = UA, with A, € A,4+1,0 < n(A,) < oo. Then
XA, /" Xo@y)- Set f = xa,u1. Then for eachn € N,

/ |XA”"_i1|2dM=/ E(Iullz)dMS/ E(ulPdp < 1E(ul®) oo (An) < 0.
X An A)l

Thus, f, € L>(A) and 0 = M, (f,) = xa,lu1l?> — |uy|?. It follows that u; = 0.
Moreover, EM,,, = 0onN>(E) if and only if us N2 (E) € N>(E). However, if u > 0,
then ¥ = 0. Thus, the mapping u +— E M, is not one-to-one, in general. However,
this occurs under certain conditions.

Proposition 2.6 Let K, = {u € L"() : E(Ju|?) € L¥(A)}.

(a) If w(X) < o0, then the mapping A : Ko — B(Lz(E)) definedby A (u) = EM,
is one-to-one.
(b) The mapping Ay : Ky — B(L2(%)) defined by A>(u) = EM, is one-to-one.

Proof Let EM,, = 0. Using (2.3), M,, = 0 and EM,, = 0 on L2(A) and N> (E),
respectively. Then by the above discussion, u; = 0. Also, since E (|u|*) = |u1]* +
E(|luz|?) then we have

_ ) IE ([ul*) oot (X) if 1(X) < o0,
/X|uz| du s/XE(|u| Y < { i a0 e

Thus, it € N(E)NLA(T) = Na(E). It follows that E(Juq |2) = EM,,(u2) =0, and
hence u = u; +uy =0. O

Corollary 2.7 Let My, EM,, € B(L*(X)). If u(X) < oo oruy/E(|lw|?) € L*(%), then
My EM, = 0 implies that u = 0 on o (E(|w)).

Proof Since |My,EM,| = |E Mu VEGD ||, then the desired conclusion follows from

Proposition 2.6. O

Let T = My,EM, € B(L*(X)).If w = gii, for some 0 < g € LY(A), then

(Tf, f) = (MgaEM,f, f) = [X gUEuf) fdu
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= /X SEWf)E(uf)du = /X glEuf)|?du =0

for all f € L%(X), and so T > 0. In this case, Mg EM)P(f) = glu
E(lul>)?~YE(uf) for p € (0,00) and f € L*(X) [11, Lemma 2.1]. Now, sup-
pose T > 0. Then T7; = ET|L2(A) >0and Tpp = (I — E)Twz(E) > 0. Indeed, for

f € L>(A) and g € N>(E) we have

(T f, f)=(ETf, ) =(Tf,Ef)y=(Tf, f) =0;
(Tnf, fY=(U—-E)Tg, g)=(Tg,g) —(Tg, Eg) =(Tg,g) =0.

Theorem 2.8 Let T = M, EM, € B(L*(X)). IfT > 0, then E(uw) > 0, i E (uw) =
wE(|u|?) and /Ty = My, EM,,, where v = —m

Proof Let T > 0. Using above argument Ty; = M,,,, and To» = M, EM,, are
positive operators on L2(A) and N> (E), respectively. It follows that wyu; > 0 and

0< fX W E(ua f) fdp = fx E(u, f)E(wyf)du, VfeNyuE). (2.5)

Since A is o-finite, there exists {A,}, € A such that X = U, A,, A, C A, with

0 < (A,) < ooforall n € N. In this case xa, /' xx.Put f, = iiay/E(|w2l?) xa,-
Then || full®> = [, lu2l* E(qwa*)dp < I T|*1(An) < oo, and hence f, € Na(E).
Replacing f in (2.5) by f,,, we obtain

/ E(ua)E(lwa|*)E(uaw)dp > 0, ¥n € N.
A)'l

Thus, E(upw,) > 0oneach A,, and so E(uowy) > 0 on X. From this and wiu; > 0,
we conclude that E(uw) = E(uiwy + upwy) = ujw; + E(upwy) > 0 on X. Now,
from the equalities T2, fo = T, fo and T12 fo = T fo and that E(uow;) > 0 and
Wi Xo (Elw;)) = w; we deduce that

waE(jua|*) = it E(uawn);
w1 E(|uz|?) = itg E (uaw»). (2.6)

Thus, (w1 + w2) E(|ua|?) = (it + it2) E (urw>) and hence
wE(luz)?) = i E(uawy). 2.7)

On the other hand, since w1|141|2 = ui(uywy), 721 = T} and wiu; > 0, then
w2|u1|2 = (upwy)uy = up(ujwyr). Consequently,

wlug|* = i(uyw). (2.8)
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Now, from (2.7) and (2.8) we have

w(ur|* + E(u2l?) = it(uiwy + Euawn))
= WE(ul>) = uEuw).

Using (2.6), w”;"z“‘” = g ((‘l‘;zl’ljzz)) Then by [11, Lemma 2.1] we get that

E(|up|?)

NGB =\/szxg(u2)ﬁ2EMu2= M £y - EMy,
uz

= M\/WL-QEMMZ'

E(jup|?)

This completes the proof. O

Corollary 2.9 [12] Let T = M, EM, € B(L*(X)). Then T is positive if and only if
w = gii for some 0 < g € LO(A).

Corollary 2.10 Let T = My, EM, € B(L*(£)). If T > 0 and E(uw) < 1, then T is
an contraction on Lz(E).

Proof Let E(uw) < landputg = EE((l';"‘i)).ThenO < g € L9A) and by Corollary 2.9,
w = git. It follows that | E (uw)|* = g?(E(lu|*))* = E(Ju|*) E(|w|?). Consequently,
ITI? = IE(u*)E(wl* oo = | E@w)||%, < 1, and hence T is a contraction. O

Bounded self-adjoint, normal and quasinormal Lambert conditional operators have
recently been characterized in [12].

Proposition 2.11 [12] Let T = M, EM,, € B(L2(X)). Then the followings hold.
(a) T is self-adjoint if and only if T = Mgz EM, for some g = g € LO(A).

(b) T is normal if and only if T = Mgz EM,, for some g € LO(A).

(c) T is quasinormal if and only if T is normal.

Corollary 2.12 Let T = M,EM, € B(L*(X)). Then T is normal if and only if so is
T", forn e N.

Proof Suppose n € N and T" = M, g1 EM, is normal. Using Proposi-
tion 2.11(b), wE (uw)"~! = gyi for some g; € LO(A). It follows that w = gi
where g = WXU(E(MW)) S LO(.A). O

Corollary 2.13 Let T = My, EM,,, S = M, EM, be two bounded self-adjoint oper-
ators on L*(2). If TS is normal, then it is self-adjoint.

Proof Using Proposition 2.11(a), T = Mg s EM, and § = Mg,; EM, for some

gi =& € L>(A). Since TS = Mg, o,iE(uv) E M, is normal, then g1 g E(uv) = g30

for some g3 € L?(A). After multiplying both sides by v and then taking E we obtain
=\12

g182| Euv))? = g3E(|v]?). Thus, g3 = g1£2 Iggm;g ,and so g3 = g3. It follows that

TS is self-adjoint. O
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In the following we study measure-theoretic characterizations for p-hyponorma,
centered and binormal Lambert conditional operators in L>(X) space.

Theorem 2.14 Let T = M, EM, € B(L*(X)). Then the followings hold.

(a) T is binormalifand only if T is normal. In this case |E (uw) |2 = E(|lu |2)E(|w|2).
(b) T is centered if and only if |E (uw)|*> = E(|u|*)E(Jw|?).
(c) T is p-hyponormal if and only if T is normal.

Proof (a) It is easy to check that

(TT*)(T*T) = (Mu}E(‘Ll|2)EMII))(MIZE(\IU\Z)EMM)

= My £ u) E@m £ EMu

= MiEqw) E@w) E(u?) EMb-
Thus, T is binormal if and only if
WE([u*)E@)E(|w)E(uf) = i E(w*)E@w)E(u)EWf),  (2.9)

forall f € L>(%). Put f, = i/ E(|lw|*xa,. After substituting f in (2.9) and taking
limit on n, we obtain

wE (Ju|*) E@w)E(|w*) E(lul*)v E(|w|?
= i E(|w|*)E (uw) E(|u|*) E (@w)y/ E (Jw|?,

and hence
wE(|ul®) Xo (B @) = BE (uw). (2.10)
It follows that w = git where g = g ((II;T;)) € LO(A). Now, multiplying both sides of

(2.10) by w and then taking E we obtain |E(uw)|> = E(Ju|?)E(Jw|?).
(b) Let U|T | be the polar decomposition of 7. Then by [5, Theorem 3.6],

U=M___ v ___EM,; |TI=M —EM,.

Now let U,|T"| be the polar decomposition of 7" = Mg ,,yn-1, EM,. Put K =
E(lu)?)E (Jw|?). Then we have

U"=Myg,pp-1, EM,, and U, = M gip-1, EMy,

Kn—lk |E@w)"=1K

for all n € N. Consequently, if |E(uw)| = K then U, = U", and so T is centered.
The converse follows from part (a).
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(c) Let T is p-hyponormal. Then by [5, Theorem 3.4(a)], T is hyponormal. So, for
each f € L*(Z) we have

fx {ﬁE(IwIZ)E(uf) - wE(Iulz)E(wf)} fdu > 0. (2.11)
Put f, = i/ E(Jw|?xa,- After substituting f in (2.11), we obtain

/ EQuPE(wP) {luPEuP) - wwEww)| dp

A

=/ E(u)E(wl) {|w|2E(|u|2> - qu(uw)}dpc > 0.

Ay

It follows that Im[|w|2E(|u|2) —uwE(uw)t = 0 oneach A, and hence uw E (uw)

is real-valued on X. From this fact and the Cauchy—Schwarz inequality we have
uwwE ww) < [wE(|u)?). (2.12)

For A, € Awith 0 < (A,) < oo, put f, = wy/E(|u|?>xa,. On substituting f in
the inequality (2.11) and using uw E (uw) = uw E (uw) we obtain

/ EQu)E(w) {uwEGw) — [wPEu?) | d = 0.
Ay

Using (2.12) we obtain that uw E (uw) = |lw|2E (Ju|*) oneach A,, and souwE (uw) =
|lw|?>E(|lu|?) on X. Consequently, |Euw)|*> = E(Ju|?)E(lw|?). Now, the desired
conclusion follows from (b). O

Corollary2.15 Let T = My,EM, € B(L*(X)) and n € N. Then T" is normal
(quasinormal, p-hyponormal, binormal) if and only if |E (uw)|* = E(lu|*)E(|w|?).

Remark2.16 Set K = {M,EM, : u,w,uw € D(E), E(u|>)E(w|?) € L®()}.
Then K is closed under multiplication by scaler, multiplication and positive root
elements. Indeed, for 7; = My, EM,, and T; = M, ,EM,; in KC, we have
TiTj = My, Euiw)) EMy; € K. Moreover, if 0 < T = My, EM, € K and n € N then
by Corollary 2.9 and [11, Lemma 2.1] we have

S|—

Th =M -« EM, € K.

gnaE(lu>)
Also,
1 1
IT T = 1E(wi»2E@iw)IE(uj*)2 o

1 1 1 1
< IE(wiH2E(ui|H2E(w; )2 E(u;1*)? o
< IT: I 1T}l < oo.
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However, K is not closed under the sum. Put
n
L=1{> Ty : neN, Ty =MyEM, €K}.
i=1

Then £ is an algebra. Moreover, (X7'_, Ty, u;)* = T/ Ty; . and (2 Ty, 0 )My =
M, (2! Ty, ;). forall 27, Ty, 4, € Landv € L*(A). Thus, £isin fact a x-algebra
and & D {M, : v € L®(A)}, where & = {A € B(L*(X)) : AT = TA, VT € £}
is the commutant of £. Put ® = {EM,, : E(Ju|?) € L*®(A)}. Then by [8, Theorem
3121, R ={M, : v € L*°(A)} whenever u(X) = 1. Since R C £, then £ C K.
Thus, A € £ if and only if A = M, with v € L*°(A). Consequently, if (X, X, i) be
a probability measure space, then £/, the commutant of £, is {M,, : v € L*°(A)}.

Lemma2.17 [5,11] Let T € K. Then the followings hold.
(a) The Aluthge transformation of T is T = M pwwi EM,.

E(ul?)
(b) If T has closed range, then the Moore—Penrose inverse of T is

TV =M . EM;.

E(ul2)E(w|?)

Corollary 2.18 The following assertions hold.

(a) (T:TeK)CK.

(b) (KN Bc(L*(2)T € KN Be(L*(D)).

(c) ForeveryT € K, T is always normal.

(d) U is normal ifand only ifsois T = U|T| € K.
(e) T is normal if and only if so is T € Bc(L*(X)).

Putg = E(wH)2E(u|*)~"2, g2 = E(w|»)"V2E(u>)~? anda = E(|u}?).
Then by [11, Lemma 2.1] and Lemma 2.17, we have

" = (Mg g EMu)* = Mg 1) EMu:
TV = Mgty EMy

and U = Mg, EM,. It follows that |T*U|T|'"™ = Mg, e E@wyaEM, and
A (T) = Mpz EM,,, where b = g1 go E (uw) € L°(A). Then, by Proposition 2.11(b),
A (T) is always normal. Put N' = {M,EM, € K : M,EM, is normal}. Then

A; (K) € N, and so N is invariant under A;. On the other hand, if T = M,EM,, €
E(w)

N, then by Proposition 2.11(b), w = gizt where g = m}(g(g(uw)). It follows that
gE(ul?)
b=gi9E(uw) = ——— = gx 2 = g.
E(|lul?) E(jul*)

Consequently, A; (N) = N and all points of A are fixed points for the A-Aluthge
transform Aj. Also, it is easy to check that |T|U = T and by the conditional
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Cauchy—Schwarz inequality, |Ax(T)|| = [|E@w)|lcc < |IT]]. So, if |E(uw)|* =
E(lul>)E(Jw|?), then | Ay (T)|| = |IT||. Now, let U2 = U*. Then we have
M2 oy EMu = My EM . (2.13)

Put f,, = i~/ E(Jw|?xa,. After substituting f, in (2.13) and using the similar argument
in Proposition 2.11(b), we obtain gsz(uw)E(|u|2) = uE(uw). Then w = gu,
E(uw)
SE@w)E(ul?)’
We recall that L?(A) is a reducing subspace of T if and only if wx, (£ ) and
UXs(Ew)) are A-measurable functions [12]. Now, let T € N. Then by Propo-

where w =

sition 2.11(b), T = Mgz EM, where g = %((‘:]JJZ)) Xo(E@uw))- In view of matrix
representation of T and T*, L?(A) is invariant under 7 and T* if and only if
(gitn)u1 = 0 and (gii)ur = 0. Thus, L2(A) is a reducing subspace for T if and
only if U X5 (Ew))no (Euw)) € LO(.A). Note that Tl24) = MwEWw) is always normal
and for My, EM,, € N, o (E(uw)) = o (E(lu|?)) N o (E(|w|?)).

Now, let T € Be(L*(2)). Put z = 2289 where K = E(Ju|*) E(|w|?). Then, by
Lemma 2.17(b), TT = M_.T*. Thus, the matrix representation of 77 with respect to
the decomposition L2(X) = L*(A) @ N>(E) is

Tt = [Mz 0 :||:Mw1141 E M, }
0 M, Mmz M, EMy,

It follows that

THL2(A) € L2 (A) <= zwjup =0
= 2UXo(Ew) € LO(A)
= Uo (K)o (Ew)) € LO(A)
= U (BN Ew) € LO(A), since o (Ew) SE(lw).

These observations establish the following result.
Theorem 2.19 The following assertions hold.

(a) Ay (K) € N and Ay (N) = N.

(b) Foreach0 <1 <1, n € Nand T € K, A (T) = T=T= AY(T), where
T = |T|U is the Duggal transformation of T and A} (T) is the n-times iterated
A—Aluthge transform of T.

(c) IfU* = U*, then T is normal.

(d) L*(A) is a reducing subspace of T € N if and only if uxp € L°(A), where
B = o (E(lw]*) No(E)).

(e) Let T € Bc(L*(X)). Then L*(A) is a invariant subspace of T™ if and only if
uxc € L°(A), where C = o (E(|u|?)) N o (E(w)).

Let T and S are in B(H). The equality (T $)T = STTT is called the reverse order
low for the Moore-Penrose inverse whenever both sides of equality be well defined.
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Proposition 2.20 Let T = My, EM,, S = M, EM,, and {T, S, TS} C Bc(L*(%)).
Then (TS)" = STTT if and only if |E (uw)|* = E(|u|*)E(Jw|?).
Proof Put K = E(lu|>)E(lw|?) and K| = E(Ju;|*)E(Jw;|?). Direct computations
show that TT = Mz EM, ST = Ma, EMy, and for all f € L?>(Z) we have

K 9

(ST (/) = b E@f):  (214)
E@PEwPDE(uPEqu D - '
TS (f) = Euwuy E@ ). (2.15)

E(u1 ) E(lw|?)|E (uwr)[?

Let |E(uwy)|> = E(lu|?)E(lwi]?). Then by (2.14) and (2.15), (T )T = STTT. Con-
versely, let (TS)" = STTT. Put

g :
g = Eluwn) { KK E(uP)EquP)E@wn)? } '

Then M, T* = Mz((TS)" — STTT) = 0, and so

1 1
IM T = IllglE(Jul*)2 E(Jw|*)? |0 = 0.

Consequently, g = 0 and hence |E (uw1)|*> = E(ju|*) E(Jw|?). o

In view of matrix representation of 7 and 7* (2.2), we have

T*T — [M|u1|2E<|w|2> EMi b (i) }
Misur ey MioE(u) EMu,

Thus, for A # X, T*T, under any other conditions, can not be an isometry. However,
it can be partial isometry. A bounded operator T € B(H) is a partial isometry if
ITx| = |lx|| for all x € N(T)* or equivalently, TT*T = T. Powers and roots of a
partial isometry are not necessarily partial isometries.

Proposition 2.21 Let T € K and K = E(|lw|*) E(|u|?). Then the followings hold.

(a) T is a partial isometry if and only if K = 1 on o (K).

(b) If T™ is a partial isometry for some ng > 2, then for alln € N, T" is a partial
isometry whenever ||T| < 1.

Proof (a) Direct computations show that TT*T = MgT. Thus, T is a partial isom-
etry iff Mg 1T = Mx—1ywEM, = 0iff [||[K — 1|VK|l = |[Mxg_1T|| = 0iff
K = Yo (x)-

(b) Put S = Xo(Euw))- Using (a), |E(uw)|>*™~DK = xs. Since, by the conditional
Cauchy—-Schwarz inequality, |E(uw)|® < K then K™ > xg. On the other hand,
because K < ||T||> then K < x5 whenever || T|| < 1. Consequently, K = x5 =
|E (uw)|, and hence |E (uw)|?®~VK = xg foralln € N.

O
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Douglas in [4] showed that P € B(L'(X)) is a contractive projection if and only
if P = M;EM,, for some u € L°(X) with |u| = 1. The following theorem gives a
necessary and sufficient condition for the Lambert conditional operator My, E M,, on
L%(%) to be an orthogonal projection.

Theorem 2.22 Let T € K be a nonzero operator. Then T is an orthogonal projection
) G

if and only if w = Eu-

Proof Let w = % Then it is easy to check that |T| = 1 and T> = T = T*.

Conversely, let T be an orthogonal projection. Using (2.2), the equality 7 = T* and
T? = T becomes:

Mwlul EMUJIMZ — Mml EMW] . (2.16)
szul szEMuz MWz MﬁzEMiJz

and
Mw2u2 + EMuyuywou; = Muwyu, (D)
MwlulEMwluz + EMwluzszMuz = EMwluz (2);
Mwlulwzul + szEszuluz = Mw2u1 (3)»

My, EMyy iy + My, EM 1y EMy, = My, EM,, (4).
We consider the following cases;

(I) one of u;’s is zero;

(I) one of w;’s is zero;

(ID) upwz € N(E) and wiuy = 1;

(IV) wauy € L*(A) and wiuy + wous = 1.

(M) Ifu; =0oruy =0, we have

]—O(:Lw]uz—o :0>w1 0 @':)>E(u2w2)—1:>E(uw)_1

» =0 (:Lw2u1—0=£>w2—0 :>u1w1—1:>E(uw)—1

(IT) Suppose that one of w;’s is zero. Then we get that

@

wi =022 = 022% wy = 0= E(uown) = 1 = Euw) = 1.

@

. T#0
wzzoggwlln:o:#:}uz:o::ulwl=1:>E(uw)=1.

In both cases (IIT) and (IV), we have E(uw) = E(ujw; 4+ uowy) = 1. On the other
hand, since T is self-adjoint, then by Proposition 2.11(a), T = Mg; EM, for some
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g =& € LYA). It follows that 1 = E(uw) = gE(Ju|?), and so o(g) = X. Thus,
g:m,andhenceT:M i EM,. O

E(juf?)

Let T € B(H). T is said to be generalized projection [19], if 72 = T*. In this case,
TT* = T*T = T3, and so T is normal. So, when T € K be a nonzero generalized
projection, then by Proposition 2.11(b), T = Mgz EM, for some g € LO(A).
Proposition 2.23 Let g € LOCA) andlet T = Mgz EM, € K be anonzero generalized
projection. Then g = mXJ(E(IuIZ))'

Proof The equality 72 = T* implies that M pu2ya EMy = MygEM, and hence
M (g2 (up2)—gMi EMy = 0. Then by multiplying both sides of this by M, we obtain
Mg upy-gT = 0. Thus, (g2E(|ul*) — &) E(lug|))E(|u|*)|lc = 0. Because
T # 0, g2E(Jul?) = g. So if we multiply both sides of this by g, we conclude that
g>0and g = mxg(ﬂw‘z)). This completes the proof. O
Corollary 2.24 The following assertions hold.

(a) EM, € B(L*(X)) is an orthogonal projection if and only ifu = 1 on X.
(b) Let0 # T € IC with o(E(|u|2)) = X. Then T is an orthogonal projection if and
only if T is a generalized projection on L*(X).

Proposition 2.25 Let T € K. Then T is quasinilpotent if and only if E(uw) = 0 on
X.

Proof Letn € N. By induction we have 7" = M g -1, E My, and hence || T"|| =
I(E@w))" 'WE(u?)E(w|?)|loo. It follows that r(T) = lim,_ o || T"||'/"

IE(uw)|lco = 0, whenever E(uw) = 0 on X.

Conversely, suppose T is quasinilpotent. We show that E(uw) = 0. Suppose, on
the contrary that there exists A = 0 and B € A with 0 < u(B) < oo such that

E(uw)xp = Axs- (2.17)
Multiplying both sides of (2.17) by A*~'w+/E(Ju|? x5 we obtain
Ew)" "wE@wvE(u|? xg) = A"wvVE(ul? x5. (2.18)
Put f = wy/E(Ju|?xp. Evidently, f is in L>(X). Also f is nonzero because if
f =0, then |[E@w)|*xp < E(u»)E(w*)xp = E(|fI*) = 0. So E(uw)xs = 0,
and hence A = 0. But this is a contradiction. Now, from (2.18) we obtain that

. T 1
0= lim [T"f|» = lim [A[[lf]" = [A].
n—o0 n—oo

But again, this is a contradiction. Thus, E(uw) = 0 on X. O
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Corollary2.26 Let T € K andng > 2. If T" = 0, then E(uw) = 0.

Example2.27 Let X ={1,2,3,4}, X = 2X, u({n}) = 1/4 and let A be the o-algebra
generated by the partition {{1, 3}, {2, 4}}. Then L*(X) = C*and

1 1
E = d d
) <M(A1) W’ “)XA1+<M<A2> i ”)“2

it f o+ fa
2 2

XA + XAz,

where A| = {1, 3} and A> = {2, 4}. Then matrix representation of E with respect to
the standard orthonormal basis is

O I= O I—
= ONI— O
O I= O I=—

W= O NI—= O

It can be easily checked that E’=E = E*, N\o(E) = ((a,a, —a, —b) : a,b € C),
R(E) = ((a,b,a,b) : a,b € C) and R(E) L N2(E). For w = (wy, w2, w3, w4)
and u = (uy, ua, uz, us) in C* we have

w 0 0 07[2 0 % 07[uyr 0 0 o
_ 0 w, 0 O[O0 5 0 $|]0 u 0 0
T=MeEMe=1 "0 g wy o[l 0 L 0]|0 0 us 0
0 0 0 wy 0 % 0 % 0 0 O wug
H)12M1 O IU12M3 0
O wou O wWollg
= | wan (2) wis (2) (2.19)
0 wqu 0 wqlg
Let u; # 0and w; # 0. Put G = (E(Jw|?)"?(E(ju|?))~!/?. Then
[Twi]? + |ws3|?
G)=GB) =,|—5——7:
lut]? + u3|?
[wa|? + |wgl?
G2)=GM4) = |[——— .
lu2)? + u4l?
For1 <i <4, take W; = G(i)u;. Then we have
e g W g
0 Wouo 0 Wouy
IT|=MwEM, = | w,, (2) Wans (2) (2.20)
(2) Waur (2) Waug

9
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Now, put K z2 -

E(lw|]®)E(Ju|%). Then we have

1
K1) =K@ = ;
VQwi 2 + (w32 (Jur > + |uz]?)

KQ)=K@4) = !

V(w22 + [wa?) (Jual? + [ual?)’

Set V; = K (i)w;. Then

S
=
o
=
<
S
o

8 Vouy (2) Vouy
U - MVEMM - VSMI (2) ‘/3143 8 (2.21)
2 2
V. V.
0 42142 0 42'44
Put b; = K2(i). Then we get that
by 0 0 O0][®L o0 B0
o . 0 b2 0 0 0 woup 0 W4l
T' = MKZT* - 0 0 b 0 11)12123 (2) 1D32ﬁ3 (2)
0 0 0 b 0 '7)22L74 0 Wity
biwiig 0 blugﬁl 0
0 bywyity 0 bywaity
=|amn 5 mmm g (2.22)
2 by byiyily
2
O 2 22 4 0 5
Also, since
E(lul?) = (Iull2 + Ju3|? Junl? + [ual? Jur? + usl? fuzl? + |u4|2> )
N 2 ' 2 ' 2 ’ 2 '
E(uw) = Uiw] +uUzwi Urwr + uUawsq UiwW1 + U3zwW3 UrW + UsW4
N 2 ’ 2 ' 2 ’ 2 ’
then
E(uw) uiwi + uzws Ur W) + U4Wy
= (ay,ap,ay,az), whereaj = ———— anday = ——————.
E(|Jul?) 1] + uz|? luz|? + ug)?
Consequently,
a0 0 o7[ME 0 e oo
1
~ |1/i2|2 Uiy
T = Mg MaEMy = | 0 @2 0 0 1) 0 5= 005
Equi?) 0 0 a O 1432141 0 |M§| 0
0 0 0 an 0 ugqun 0 ‘144|2
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ailuy?

3 O 6”1221143 0
0 aus|? 0 axiipity
= _ 2 2 2 (2.23)
ajuzug ay|us| 0
2 2 wal?
a)uqu aj|u
O 2Uu4U2 0 2 24
Now, setu = (1,7,2,2i)andw = (i, 1, 2i, 2).Itiseasytocheck that G = (1, 1, 1, 1),

u
K=(322%),W=iandV = Zw. Then by (2.19), (2.20) and (2.21) we have

$ 0 i 0
0 L o i
T = 2 ;
i 0 2 0}
L0 i 0 2
r1 2i
2 010 s 005 0
0 1 01 0 L o %
Tl = 2 = 5 .5
=17 0 20| ™VU=12 5 4 g
L0 1 0 2 o % o %

It follows that U|T| = |T|U, T* # T, but TT* = T*T, and so T = T and
|E(mw)|? = E(Jul?) E(Jw|?). Also, by (2.22) and (2.23) we have

0
—i
2
0 =2 0
0 —i 0 —2i
Finally, take u = (i, —1,2i,3) and w = (%21', %1, %41', %). Direct computations
show that

s 0 2 0
r=|9 m O W|_pop
$ 0 20
=3 9
0 @ 0 1
Indeed, E(lul?) = (3.5.3.5) and % = w. It follows by Theorem 2.22 that

T is a orthogonal projection. Moreover, N (T) = ((—2a,3b,a,b) : a,b € C),
R(T) = {(a, b,2a, —3b) :a,b € C).

Let (X, X, u) be a complete probability space We recall that an A-atom of the
measure p is an element C € A with u(C) > 0 such that foreach F € A, if F C C
then either u(F) = 0 or u(F) = u(C).Let A = {#, X}. Then X is an A-atom. Since
every L*(A)-function is constant on any .A-atom, then we have

E(f)=E(f)M(X)=/){E(f)du=/)(fdA, fel*®).
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Since E is a contraction, E(f) € L°(X) whenever so is f. But the converse, in
general, is not true. For this, let f € L2(X) \ L®(X). Since |E(f)| < E(|f*D'/? =
(fx | f1Pdw)'/? = || fll2 < oo, then E(f) € L*®(X) whence f is notin L*(X).

Now, let A = (X;);cs be the o-algebra generated by the countable collection of the
non-null disjoint measurable subsets of X. As the same way, E(f) is constant on any
A-atom X;. Then forall f € L>(Z)andi € I, wn(X)E(f)xx, = (le_ fdA)xx,. It
follows that

o0

1
B =Y s ([X fdu> .

i=1

Example 2.28 1et X = [0, 1], du = dx, X be the Lebesgue measurable sets and let
A=1{0,X}. Then Tf(x) = wx)Euf)(x) = w(x) /01 u(x) f(x)dx and T* f (x) =
u(x) fol w(x) f(x)dx forall f € L?(X). In this case f is .A-measurable if and only if
f is a constat function. So, L?(A) 2 Rand V2 (E) = {f e L3(%): fol f(x)dx = 0}.
Using the previous results, AT = T A if and only if A = o/ for some « € R.

Putu(x) = —2x2—x+ 1, wkx) = x—il Then E(uw)(x) = fol(—Zx + 1)dx =0,

E(lul®) = 5 and E(w|?) = 5. Thus, Tf(x) = - fol(—2x2 —x + 1) f(x)dx with
IT? = % is quasinilpotent and so Spec(T) = {0}. Also, TT* # T*T but T has
closed range, T' f(x) = 3(=2x% —x + 1) fy L20dx and T = 0.

Now, if we take u(x) = 2x+1and w(x) = e, then we have u(x) = E(u)(x) = 3,
wi(x) = E(w)(x) =e—1,uy(x) =2x —2 and wy(x) = ¢* — e+ 1. Thus the matrix
representation of T with respect to the decomposition L>(Z) = R @ N>(E) is

r [fl} _| 3e-bn 2e = 1) fy & = D frx)dx
f 3 —et+ 1) fi 2 —e+ 1) fi(x—Dfx)dx |

where fi = [} f(x)dxand fo = f — [} f(x)dx.
Finally, if u = ﬁx[o,%] and w = ﬁx[o,%] then E(ju|?) = 1 = E(Jlw|?) and

|E(uw)| = é. Thus, T is a partial isometry but neither T2 nor T" is a partial
isometry.

Acknowledgements The authors are very grateful to the referee(s) for careful reading of the paper and for
a number of helpful comments and corrections which improved the presentation of this paper.

References

1. Ben-Israel, A., Greville, T.N.E.: Generalized Inverses: Theory and Applications, 2nd edn. Springer,
Berlin (2003)

2. Djordjevi¢, D.S., Dinci¢, N.C.: Reverse order law for the Moore—Penrose inverse. J. Math. Anal. Appl.
361, 252-261 (2010)

3. Dodds, P., Huijsmans, C., de Pagter, B.: Characterizations of conditional expectation-type operators.
Pac. J. Math. 141, 55-77 (1990)

4. Douglas, R.G.: Contractive projections on an L space. Pac. J. Math. 15, 443-462 (1965)



Lambert Conditional Operators on LZ(E) Page210f21 18

1.
12.
13.

14.
. Lambert, A.: Localising sets for sigma-algebras and related point transformations. Proc. Royal Soc.

16.

17.
18.

19.
. Rao, M.M.: Conditional Measure and Applications. Marcel Dekker, New York (1993)
21.

. Estaremi, Y., Jabbarzadeh, M.R.: Weighted Lambert conditionaltype operators on L” spaces. Oper.

Matrices 7, 101-116 (2013)

. Furuta, T.: Invitation to Linear Operators. Taylor & Francis Ltd, London (2001)
. Grobler, J.J., de Pagter, B.: Operators representable as multiplication conditional expectation operators.

J. Oper. Theory 48, 15-40 (2002)

. Herron, J.: Weighted conditional expectation operators on L? spaces, UNC Charlotte Doctoral Dis-

sertation (2004)

. Herron, J.: Weighted conditional expectation operators. Oper. Matrices 5, 107-118 (2011)
. Jabbarzadeh, M.R., Jafari Bakhshkandi, M.: Centered operators via Moore—Penrose inverse and

Aluthge transformations. Filomat 31, 6441-6448 (2017)

Jabbarzadeh, M.R., Sohrabi Chegeni, M.: Moore—Penrose inverse of conditional type operators. Oper.
Matrices 11, 289-299 (2017)

Jabbarzadeh, M.R., Sharifi, M.H.: Lambert conditional type operators on LZ(E). Linear Multilinear
Algebra 67, 2030-2047 (2019)

Jabbarzadeh, M.R., Sharifi, M.H.: Operators whose ranges are contained in the null space of conditional
expectations. Math. Nachr. 292, 2427-2440 (2019)

Lambert, A.: LP multipliers and nested sigma-algebras. Oper. Theory Adv. Appl. 104, 147-153 (1998)

Edinburgh 118A, 111-118 (1991)

Lambert, A., Weinstock, B.M.: A class of operator algebras induced by probabilistic conditional expec-
tations. Michigan Math. J. 40, 359-376 (1993)

Morrel, B.B., Muhly, P.S.: Centered operators. Studia Math. 51, 251-263 (1974)

Moy, S.-T.C.: Characterizations of conditional expectation as a transformation on function spaces. Pac.
J. Math. 4, 47-63 (1954)

Patel, S.: A note on quasi-isometries. Glas. Mat. 35, 307-312 (2000)

Yamazaki, T.: On the polar decomposition of the Aluthge transformation and related results. J. Oper.
Theory 51, 303-319 (2004)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.



	Lambert Conditional Operators on L2(Σ)
	Abstract
	1 Introduction and Preliminaries
	2 Characterizations
	Acknowledgements
	References




