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ABSTRACT

We present some unitarily invariant norm and Schatten p-norm
inequalities relevant to accretive-dissipative matrices involving con-
vex and concave functions. In particular, we show thatif T = (T;,-)2X2
is an accretive-dissipative block matrix with Tjj € Mp(C), i,j = 1,2,
and f is an increasing convex function on [0, co) with f(0) = 0, then

T
2}+(3)

2
for every unitarily invariant norm | - ||,. We also extract several

inequalities for accretive-dissipative n x n operator matrices. The
obtained inequalities extend some known results.
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1. Introduction

Let M,,(C) denote the algebra of all n x n complex matrices. The matrix T € M,,(C) can
be represented as an 2 x 2 block matrix, i.e. T = [gi %2 ], with Tj € M,(C),j, k = 1,2.
On the other hand, every T € M,,(C) can be written uniquely as

T = A+ iB, (1)

where A = (T + T*)/2and B = (T — T*)/2iare Hermitian matrices. This is the Cartesian
decomposition of T, and A and B are called the real and imaginary parts of T, respectively.
In this paper, the decomposition (1) is represented as

Tn To|_ [An An iy Bi1  Bi 2)
T T AT, Axn B}, Bn]’
where Tjk’ BjkaAjk € M,(C),j,k=1,2.
For a matrix T € M,(C), we always denote the eigenvalues of |T| = (T*T)Y/2 by

$1(T) = s2(T) = --- = s,(T) and put {s;(T)} as a vector of eigenvalues of |T|. These are
called the singular values of T. For 1 < p < oo, the Schatten p-norm of T is defined
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by T, = (X:J';1 sf (T))Y/P. The Schatten p-norms are important examples of unitar-
ily invariant norms || - ||, i.e. norms satisfying || T||, = [|[UTV||, for all unitaries U,V €
M, (C).

A matrix T € M,(C) is called accretive-dissipative if in its Cartesian decomposition (1),
the matrices A and B are positive. In recent years, considerable attention has been given to
the accretive-dissipative operators or matrices [8,11,13].

Recently, Lin and Zhou [14] considered the accretive-dissipative block matrix (2) and
established several norm inequalities between the whole block matrix and its diagonal
blocks.

After that, Gumus et al. [8] investigated another type of inequalities involving accretive-
dissipative operators (2) interfering with some matrix functions. They showed [8,
Theorem 2.5] if f is an increasing convex function on [0, co) such that f(0) = 0, then

IF (T2l + £(T52) ], = IFGT1P) ], (3)

In this paper, we are interested in some inequalities for accretive-dissipative block matrices
that involve matrix functions. In Section 2, we present an inequality between the norm
of T to its diagonal blocks providing an upper bound for the inequality (3). The obtained
result extends the main theorem in [14] to all convex functions, simultaneously. Section 3 is
devoted to studying Schatten p-norm inequalities, including sums of accretive-dissipative
matrices and convex functions. Among other inequalities, we prove that if T and S are
accretive-dissipative matrices and f is an increasing convex function on [0, 0o) with f(0) =
0, then for every o € [0,1] and p > 1,

If GaT+ 1 =sh [ < 27 (af V21D + |1 = af V21D L)

We also provide some corresponding inequalities related to concave functions. In the spe-
cial case f(f) = tand @ = %, the results reduce to an inequality presented by Kittaneh and
Sakkijha [11, Theorem 2.7] as follows:

2—(p/2)(”T”§ n Hs”i) <IT+ S||§ < 2(3p/2)—1(“TH§ + HSHi) (4)

In the last two sections, we deal with a class of functions on [0, 00) which preserve weak
log-majorization. In Section 4, we first present some majorizations for this class of func-
tions comparing diagonal and off-diagonal blocks of T. Eventually, an application of the
results in Section 4 leads to an elegant unitarily invariant norm inequality for n x n opera-
tor matrices. The obtained results extend some Schatten p-norm inequalities in [11] to all
unitarily invariant norms.

We note the statements in Section 4 and 5 are held not only for matrices but also for
operators on any infinite-dimensional Hilbert spaces H. Also, throughout the paper, all
functions are assumed to be continuous.

2. Unitarily invariant norm inequalities

In what follows, capital letters A, B, C means n x n matrices or bounded linear operators
on an n-dimensional complex Hilbert space H. In addition, all partitioned matrices are in
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M, (C) with matrix entries in M, (C). We start this section with the following definition of
majorization. For the matrices A, B, the weak log-majorization {s;(A)} <yiog {sj(B)} means

k k
[[s@=<]]s®, k=12...,n
j=1 j=1

There is a close relation between the (log-)majorization and the unitarily invariant norm
inequalities that will be constructive in our proofs. In the following, we state some related
lemmas and use them frequently.

Lemma 2.1 ([3, Theorem 1.1]): Let A, B be positive matrices. Then
SA+B) < V2si(A+iB), j=12,...,n (5)

Lemma 2.2 ([9, Theorem 6.23]): Let A, B be positive and f be an increasing convex function
on [0,00). If {sj(A)} <wiog {sj(B)}, then |f(A)llu < |If (B)llu for every unitarily invariant
norm || - ||y

Lemma 2.3: Let A, B be positive and f be an increasing convex function on [0, 00). Then for
every unitarily invariant norm || - ||, and r > 0,

lf(a+ BN, < If(@A+B7)], < [f"* 14+ BI)],
Proof: It is shown in [16] if A, B are positive, then
{sj(A +iB)} <yioq {Sj(A+B)}, j=12,...,n (6)
Also, by Lemma 2.1 we have
{5/(A+ B} <uiog (V25(A+iB)}, j=1,2,...,n. (7)

Combining (6) and (7), taking rth power on all sides and using the spectral mapping
theorem gives

{Sj(|A +iB|")} <wlog {Sj((A +B)")} <wlog {21’/25j(|A +iB[")}.

Now the desired inequality deduces from Lemma 2.2. |

Part (a) and (c) of the following Lemma has been given in [5]. Parts () and (d) can be
found in [12] and [7], respectively.

Lemma 2.4: Let A, B € B(H) be positive. Then for every unitarily invariant norm || - ||,

@) If((A+B)/2)lu < II(f(A) + f(B)) /2|y for every nonnegative convex function f on
[0, 00).

(b) IIf(A) +fB)lu < |If(A + B)|l, for every nonnegative convex function f on [0, 00) with
f(0)=0.
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(©) II(f(A) +fB)/2llu < If((A+ B)/2)|lu for every nonnegative concave function f on
[0, 20).

(d) IIf(A+B)lu < lIf(A) + f(B)lly for every nonnegative concave function f on [0, 00).

The last needed result is a remarkable matrix decomposition introduced by Bourin and
Lee in [5] as follows.

Lemma 2.5: For every positive block matrix in My, (C), we have the decomposition
A C]_,.JA 0],. .
& 5ol el By
for some unitaries U,V € M3,(C).
Now we are ready to state the first main result of this section.

Theorem 2.6: Let T € M,,(C) be accretive-dissipative partitioned as in (2) and f be an
increasing convex function on [0, 0o) with f(0) = 0. Then

IT]
2 ()] =lrwzimal, ®
u
for every unitarily invariant norm || - ||,.
Proof: By applying Lemma 2.3 for r = 1, we have
|T| |A + iB| A+ B
PV LA () g
u 2 u

On the other hand, since

A+B 1 [Au + B Ap+ 312]
2

2 Al, + B}, Axn+ Bn

is a positive block matrix, according to Lemma 2.5 there are unitaries U and V such that

A+ B 1 Aq1 + Bia 0 % 0 *
—=—-|U Uur+v \%a
2 2( |: 0 0 Axn + B

Now letting

Aip+Bin 0], 0 0 %
M=U UfandN =V V7,
|: :| an 0 Axn+Bxn
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we can write

aevl)
i

u

< ”w (by Lemma 2.4, (a))

< 3 (”f(M)”u + IfF (N lu)

_1 f(An+Bu) 0 " f(0) 0 .
=5 (o™ ol U st s] )

3 (4Bl + lfan + 5o, )

IA

1
3 <||f(«/§ A1 + iBuD, + [[f(V2 142 + i322|)||u) (by Lemma 2.2)

% <||f(ﬁ|Tu|>||u + ||f(~/§|T22|)||u)-

Combining this inequality with the inequality (9), we have

b=k ()

as desired. [ |

<5 (I!f(ﬁ T, + £ |T22|>||u),

u

In the following, we will see that Theorem 2.6 can be considered as an upper bound
of (3) as well.

Corollary 2.7: Let T € M,,(C) be accretive-dissipative partitioned as in (2) and f be an
increasing convex function [0,00) with f(0) = 0. Then for every unitarily invariant norm
I~ lluandp =1,

i((3))],-

In particular

= (BT + IHGE L)

u

b,

Proof: The results are obtained by applying Theorem 2.6 to the convex function f(#/),
p>1 u

<3 (Wempl,+ =P, )
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Corollary 2.8: Let T € M,,(C) be accretive-dissipative partitioned as in (2). Then

1
HelT‘ZM _n, ”u < ; (Hez [Ty |2 1, ”u n Hez Tl _ In”u)’

for every unitarily invariant norm || - ||,

Proof: Applying Corollary 2.7 to the increasing convex function f(f) = e’ — 1 gives the
result. |

Remark 2.1: Replacing the accretive-dissipative operator T with 2T in the above inequal-
ities, one can get the reverses of Theorem 2.5, Corollary 2.6 and Corollary 2.7 in [8],
immediately.

Remark 2.2: Lin and Zhou [14, Theorem 3.11] presented an interesting inequality for the
accretive-dissipative block matrix (2) as follows:

1T, < V2 {l TuHu + | T22 ||u) (10)

A significant extension of (10) to all increasing convex functions is provided in
Theorem 2.6. In fact, by letting f(t) = ', r > 1 we have

TVl = 297270 (T, + [17217],),

which coincides with the inequality (10) in the case r = 1.

3. Schatten p-norm inequalities

In this section, we will present some new Schatten p-norm inequalities related to sums of
two accretive-dissipative matrices that include convex and concave functions and extend
some known results. We first start with the inequalities on concave functions.

Lemma 3.1 ([4, Corollary 2.2]): Let T = A + iB be a decomposition into real and imaginary
parts, and let f be a nonnegative concave function on [0, 00). Then for all unitarily invariant
norms || - |lu,

I ATDIw < I GAD + fUBDlu-

Lemma 3.2: Let A, B be positive matrices and f be a nonnegative increasing concave function
on [0, 00). Then for every unitarily invariant norm || - ||,

1 . :
3 IfIA + iBDllu < If (A + B)llu < [f (V2 A +iB)) .-
Proof: Using Lemma 3.1 and part (c) of Lemma 2.4, respectively

(%57)

Replacing A and B by 2A and 2B, we have the first alleged inequality. The second one
deduces from Lemma 2.1 and the equality f (sj(A)) = s;(f(A)) for nonnegative increasing
functions on [0, 00). |

If 1A+ iBDllu < If (A) +fB)llu < 2 (11)

u
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Lemma 3.3 ([15, p. 14]): Let A, B be positive matrices. Then for every p > 1,
IAIS + 1BIS < 1A + BIlh < 2271 (Al + 11BI5). (12)
The following is our first main result in this section.

Theorem 3.4: Let T,S € M, (C) be accretive-dissipative and f be a nonnegative increasing
concave function on [0, 00). Then for every p > 1,
1T+ S\ |f
fl— :
P

Proof: At first, let X, Y be two positive matrices. By applying the right-hand side of
Lemma 3.2 for l/ZﬁX and I/ZﬁY, we have
|X +iY|
-W (557

PG, = b,

Also, applying the left-hand side of Lemma 3.2 for matrices 1/+/2X and 1/+/2Y gives

)L =)

Now, considering the Cartesian decompositions T = A 4 iBand S = C+ iD we can write

/(7)) -

ﬁ(llf(\/ﬂﬂ)nﬁ + ||f(ﬁ|3|)||§) <

(13)

u

(14)

u

2

_ f<|A+C+i(B+D)|) p

P p

v

A+ C+B+D\|?
f (L) (by (13))

232

f(A+B) +f(C+D)
2

P

%

(by Lemma 2.4, (c))

e,
L (el

HED) s

5 (G 5 )

= %F(Hf(ﬁ h|f + Ifv2 |5|>||§>. |

| V

) (by (14))
»
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Remark 3.1: By letting f(#) =t in Theorem 3.4, it reduces to the left-hand side of
inequality (4) as follows:

p

1 p p IT + S|
F(1vamg+ pvasiy) < [

P
and thereupon

2@ (T + |S|2) < 1T+ I

Thanks to the following lemma, we give the counterpart of Theorem 3.4 for all convex
functions and o € [0, 1] in the next theorem.

Lemma 3.5 ([1, Corollary 2.6]): Let A, B be positive matrices and f be a convex function on
[0, 00). Then for every unitarily invariant norm | - ||, and a € [0,1],

If (@A + (1 = a)B)|lu = llaf (A) + (1 — a)f (B) |-

Theorem 3.6: Let T,S € M,(C) be accretive-dissipative and f be an increasing convex
function on [0, 00). Then for every o € [0,1] and p > 1,

I+ =5 If <27 (Ja(V2im [+ [ — (V2 5)] )

Proof: Considering the Cartesian decompositions T = A + iBand S = C 4 iD, we have
If GaT + =) |
= |f (lea +iB) + A =) (C+iD)D [}
= |f jeA + (1 = &)C + i(@B + (1 — a)D)|) ||§
<|f@A+1-a)C+aB+(1—0)D) [} (byLemma2.3)
= ||f (@(A + B) + (1 — &)(C+ D)) H§

< |ef(A+B) + (1 — a)f (C+ D) ||§ (by Lemma 3.5)

<! <Haf(A +B)[) + [ (1 - o)f (C+ D) \|§> (by Lemma 3.3)

<2t <Haf(ﬁ A+iB) [} + | - a)f (V2 (C +iD)) Hﬁ) (by Lemma 2.3)
=2 (Js (V2T + 1 - e (W2 ) 7).

as desired. [ |

By applying Theorem 3.6, the following subadditive inequality for accretive-dissipative
operators is achieved.
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Corollary 3.7: Let T,S € M,(C) be accretive-dissipative and f be an increasing convex
function on [0, 00). Then for every p > 1,

If Qo+ @ =S b < 277" af (V21TI) + (1 = e)f (V2 IS]) 5.

Particularly
”f(|T;rS|)”z§ %(Hf(«/flTD”iJr ||f<~/5|T|)||§)
_ ot [JV21TD) +£(V21S)) p.
- 2
P

Proof: The results are obtained by applying Theorem 3.6 and the left-hand side of the
inequality (12). |

Remark 3.2: The right-hand side of [11, Theorem 2.7] follows as a special case of
Theorem 3.6 with f(t) = tand o = %

Finally, one can reach an extension of Lemma 3.3 to all operator convex functions, with
a similar proof sketch, as follows:

Corollary 3.8: Let A,B € M, (C) be positive and f be a nonnegative increasing convex
function on [0, 00). Then for every o € [0,1] and p > 1,

If @A+ =B} < If A + 1~ P If Bl

4. Majorizations for special class of functions

In [8], it has been shown some unitarily invariant norm inequalities involving accretive-
dissipative block matrices and a class of nonnegative increasing functions on [0, 00)
which preserve weak log-majorization, i.e. the functions satisfying the following condition:
if ]—[]]»‘:1 xj < ]_[]I-;lyj,k =1,2,..., then ]_[]]lef(xj) < ]_[szlf(yj) for every real numbers
X1 > x> --->0andy; >y, > --- > 0. The simple example of such functions is f (t) =
tP, p > 0. For more examples, see [8]. In the next, for the sake of convenience, we show this
class of functions with C and present several majorizations related to them. It is worthwhile
to mention that a function f(¢) preserves weak-log majorization if and only if log(f (¢')) is
a convex, nondecreasing function on the real line. Equivalently, the class C is the class of
functions f(t) which are nondecreasing and geometrically convex, f(,/xy) < \/f(x)f (y)
for allx, y > 0. See [6].

Forthcoming results are stated for all bounded linear operators on a complex Hilbert
space H.

Lemma 4.1: Let P;, Q; be positive operators and let C; be contractive,i = 1,2, ..., m. Then,
for every submultiplicative f € C,r>0andk =1,2,. ..,

15 S0l <[ S7) ) () ) o

J

m

> PCiQ;

i=1
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Proof: For every r>0, it is inferred from [19, Lemma 2] and The Spectral mapping

Theorem that
k m r k m r/2 m r
(1 Sreal) <1o(5) ) (S ) oo
j=1 i=1 j=1 i=1 i=1

BB ) () ) e

]:

T G((2)) bz )

]:

in which the last inequality follows from submultiplicativity of f. |

Proposition 4.2: Let T be an accretive-dissipative operator partitioned as in (2) and f € C
be a submultiplicative function. Then for everyr>0andj=1,2,...,

s (r0mam) | <un {s(r7 110 ) 5@ mar) )| an
s (7070 | <o fs (7 ) ) (s ) )] o

Proof: Since in the Cartesian decomposition T'= A +iB, the operators A and B are
positive, by [17, Lemma 1. 21] there exist two contractions W} and W, such that

and

A = AlPwWiAM2 By, = Bl W,BIL

Now, fork=1,2,...

[Ts(r0men) = 1jsj(f(|Au +iBal))

j=1

_ l_[%‘(f(| 1/2W1A1/2 1/2( W )Bl/2| ))

j=1
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<1 :s,- (f((An + Bu)f/z)ﬂ [s,- <f((A22 + Bzz)r/2)>] (by (15))

T T

) )]

(by (5) and monotony of f)

B -ljf <Sf Tl 2)>f (51-(2”4|Tzz|f/2))
1_[5( 2r/4|7111|r/2)> (f(zf/4|T2 |r/2)>

j=1

This proves the first desired inequality. The second one is obtained in a similar way
considering the fact A>; = A}, and By; = BJ,. [

Remark 4.1: Since s;(|X*|) = s5;(|X]|) for every X € B(H), one can substitute each of oper-
ators | Tj;| with |T;|, i, j = 1, 2 in the above inequalities. This state also holds for all the
following consequences.

Lemma 4.3 ([2, p. 54]): Let x = (x1,%2,...), ¥y = (y1,¥2,...) and o = («1,02,...) be
sequences of real numbers with the components arranged in decreasing order. Moreover, we
assume the components of o are nonnegative. IfZ]];1 xj < ]]-‘:1 yjforallk =1,2,..., then

k k
ijl ajxj < ijl ajyjforallk =1,2,. ...

Theorem 4.4: Let T be an accretive-dissipative operator partitioned as in (2) and f € C be
a submultiplicative function. Then for all positive numbers r,s,t with (1/s) + (1/t) = 1 and
unitarily invariant norms || - ||,

o IFGTa ) ) < [F@7A )| I @7 Tl ) [ (19)

max {[[f(1Ti2I")

and thereupon
(), + ), = 2 @ a2 - @ i) )

Proof: Since weak log-majorization implies weak majorization, from the inequality (17)
we have

Zsj(f(|T21| ) Xk:sj( (274 1 f/z)) (f(zf/‘*u*2 |r/2)> k=1,2,.... (20)

j=1 j=1
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Let @ = (1, @2, ...) be a sequence with decreasing nonnegative entries. Define || X|o =
Z}‘Zl a;si(X) for X € B(H). Compute

lF(Tar) ],
—Z“JSJ< | T12|" )

j=1
k
Z ( (@4 Tl )j<f(2r/4 |T22|r/2)) (by (20) and Lemma 4.3)
k

(f 27’/4 |T11|r/2)) a]/ ](f(27/4 |T22|1’/2)>
1/t

< (2 o (12" mufﬂ))) US (Z o (" mzv”)))

(by Hélder's inequality)

(Zas( "7 Ty ’/2)))1/5 (ZaJ ( (274 Ty |f/2)))

(by the S.M. Theorem)
= lF@ )1 e )

1/t

As « is arbitrarily chosen, by [10, Corollary 3.5.9] we deduce

LF(T2l) ], < IF @7 ITal )| - @7 1Tl 1Y

for any unitarily invariant norm || - [|,. Repeating the same argument and using the
inequality (18), one gets

ATl ], < IF @7 Tl )| - @7 1Tl /) |2
[ |

Remark 4.2: It has been proved in [8, Theorem 3.7] if T is an accretive-dissipative matrix
partitioned as in (2) and f € C is a submultiplicative convex function with f(0) = 0, then
for all positive numbers s, t with (1/s) + (1/¢) = 1 and unitarily invariant norms || - ||,

IF(Tl) +F1T5D) ], < [F@ITn) L - [ @ 1Tl (21)

A corresponding inequality [8, Theorem 3.8] for a submultiplicative concave function f €
C with f(0) = 0 has been shown as follows:

IF(Tal) + £33 ], < 4 1F0Ta) |1 - 10T, (22)
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Here, we are going to compare the above inequalities with the obtained one in Theorem 4.4.
Considering Remark 4.1 and letting r = 2 in Theorem 4.4, we have

AT, + [F0TD ], < 2 A2 i) I V21 23)

This provides a new relation between the diagonal blocks and off diagonal blocks of T
involving a submultiplicative function f € C, with no constraint of convexity or concavity
on f. It also refines the appeared constants in (21) and (22) simultaneously, as follows:

(a) Letf bea concave function. Then for every number a > 1 we have f(az) < af(z) and
SO

FATa P +FAT3, < [FATaP |, + [FaT P,
<2 |2l I (V2ITal) )" Gy 23)
<a|F(mul)l,” - I (2D,

This says in the case f is concave function, the inequality (23) is always more optimal
than (22).

(b) Let f be the convex function f () = t',r > 1. Rewriting the inequalities (21) and (23)
respectively, we have

Tl 11507 ], < 22 1Tal®)) - 1Tl (24)
and
NPl + |75 P, < 27 Tl - T . (25)
Since r > 1, then 2"t! < 22" and hence the second inequality is a sharper one.

Remark 4.3: Lin and Zhou [14] showed that if T be an accretive-dissipative operator
partitioned as in (2), then for any unitarily invariant norm || - ||,

max{| Tiz 5 1 T21 17} < 41 Tullull T2z lu-

Zhang [19] optimized the factor 4 to 2. Also, it has been obtained in [18] independently.
Our result in Theorem 4.4 is a considerable extension of Zhang’s refinement to some
functions f € C.

5. An application for n x n operator matrices

In the next, we are going to present an elegant application of Theorem 4.4 for n x n operator
matrices. Let H := @@"_, H and T € B(H) be accretive-dissipative represented in

Ty Ty -+ Ty
Ty Ty - Ty

S 2

Tnl Tn2 e Tnn



408 . M. R. JABBARZADEH AND V. KALEIBARY

in which T;; € B(H),i,j = 1,2,..., n. We provide a norm inequality between the positive
powers of the operators | ;| as follows.

Theorem 5.1: Let T € B(H) be accretive-dissipative partitioned as in (26) and f € C be a
submultiplicative function. Then for all positive numbers r,s,t with (1/s) + (1/t) = 1 and
unitarily invariant norms || - ||y

S im0l =2 X (U5 e mir, + S50 e mirlL),

i
(27)
fori,j=1,2,...,n. Furthermore

n
[Thrmsnl, = [T ) " U@t i) |,
i i=1
Proof: Let T = [CCT]T” TJ'J ] be a principle submatrix of T. Since T is accretive-dissipative, it

follows that T is accretive-dissipative as well. Now, by applying Theorem 4.4 to the operator
T and using the well-known AM-GM inequality, we have

LFsn) |, < ||f5(2’/4 1Tl 72) [ Hff(z”‘* 17172 |
Hfs 2T )|, + - Hft 2T
fori,j = 1, 2. Similarly,
F(T" |, < Hfs(zf“IT ")), + = ||f @)
Consequently,
FOnlL+ mnL, =2 (5 1P nr)l, + ¢ I @ ), ) - e

Here, for the sake of convenience and clarity, we first assume T is an accretive-dissipative
3 X 3 operator matrices as follows:

T Tz Tz
=T Tn Tx|.
T51 Tz Ts3

By applying the inequality (28) for the submatrices [%i %2 ], [%i %z] and [%i %i]
respectively, we have the following inequalities:

o), + 0T, <2 (5 P Tl + I imar)l, ),

ran) ], + 0z, <2 (5 P ), + 1 e msr?)l,)
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and
)l + sl <2 (P ), + 5 e )],

Now adding up these inequalities gives

Y lrarn],

i#]
4 2 2
< ;||fs(2r/4 |T11|r/2)Hu + ;Hfs(zr/4 |T22|r/2)“u + ;||ft(2r/4 |T22|r/2)”u

4
+ I T,

fori, j = 1,2, 3, satisfying in the first claimed inequality with n = 3. Similarly, foran x n
operator matrix T writing the inequality (28) for all 2 x 2 submatrices of T in the form T,
and adding them up yields

S lramnl,

i#j

—<m @ i), + S I T ), +

1
+ - ||fs(2r/4 I T—nn-1|"?),

iV@“ﬂ“WN|+ @ Tl ) +

+L%—ww“nwmwg-

Hence

S imil =2 2 (SR e mir),+ S e ml,),

i

for i,j =1,2,...,n, as desired. The multiplicative inequality is obtained by using the
inequality

A5, < IF @7 Tl ) |2 [ @7 1 72) |

for all 2 x 2 submatrices of T in the form T, in a similar way. [ |

Remark 5.1: Putting f(t) = tand s = t = 2 in Theorem 5.1, we immediately obtain

STy, < (= 1272 Z|||Tl,| |, r>0

i#j

1_[ |||T,J| ” < or(n=1)/2 1_[ |||T i “((n 1))/2 0.
i#j
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The first inequality provides a nice improvement of Shatten p-norm results in [11,
Theorem 2.4] to all unitarily invariant norms. In addition, a simple comparison shows
that the constant 2'/2 is a better one for all > 0. We emphasize the results in this section
are based on the inequality (19) and so letting r = 1 and taking p-powers of that inequality
leads to [11, Theorem 2.4].
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