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Hypercyclicity of Weighted Composition
Operators on LP-Spaces
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Abstract. Let (X, X, 1) be a o-finite measure space and W = uC\, be
a weighted composition operator on LP(X) (1 < p < 0), defined by
W f— u.(foy), where p : X — X is a measurable transformation
and u is a weight function on X. In this paper, we study the hyper-
cyclicity of W in terms of u, using the Radon—Nikodym derivatives and
the conditional expectations. First, it is shown that if ¢ is a periodic
nonsingular transformation, then W cannot be hypercyclic. The nec-
essary conditions for the hypercyclicity of W are then given in terms
of the Radon-Nikodym derivatives provided that ¢ is non-singular and
finitely non-mixing. For the sufficient conditions, we also require that
¢ is normal. The weakly mixing and topologically mixing concepts are
also studied for W. Moreover, under some specific conditions, we estab-
lish the subspace hypercyclicity of the adjoint operator W* with respect
to the Hilbert subspace L2(.A). Finally, to illustrate the results, some
examples are given.
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1. Introduction and Preliminaries

A bounded linear operator T' on a topological vector space Y is hypercyclic,
if there is a vector = € Y( called a hypercyclic vector) whose orbit i.e.,
orb(T,z) := {T"x : n = 0,1,2,...} is dense in Y, where T™ stands for the
n-th iterate of T and T° is the identity map. Moreover, an operator T is
topologically transitive if for each pair of non-empty open sets (U, V) in Y,
there exists an n € N such that 7"(U) NV # 0. By Birkoff’s transitivity
theorem on a separable F-space setting, notions of topological transitivity and
hypercyclicity are equivalent. A continuous operator T is said to be weakly
mizing if themap TxT : Y XY — Y xY defined by T x T'(z,y) := (Tx,Ty)
is topologically transitive. It is worth noting that a linear operator 7" on a
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separable F-space is weakly mixing if and only if 7' @ T is hypercyclic on
Y @& Y. Moreover, weakly mixing maps are topologically transitive but in
the topological setting, the converse is not true. For example, any irrational
rotation of the unit circle T is topologically transitive but it is not weakly
mixing. An operator T is topologically mizing whenever for each pair of no-
empty open sets (U, V) in Y, there exists an N € N such that T*(U)NV #
for all n > N. As an interesting example, the operators of the form “identity
plus a backward shift” are always hypercyclic and even topologically mixing
([3, Chapter 2]).

We say that T satisfies the hypercyclicity criterion [17] if there exists
an increasing sequence of integers (ny), two dense sets D1, Dy C Y and a
sequence of maps S, : Dy — Y (not necessarily linear or continuous) such
that

o T (z) — 0 for any x € Dy;
e S, (y) — 0 for any y € Dy;
o TS, (y) — y for any y € Ds.

For the possible setting, ny = k and Dy = D», it is called the Kitai’s hyper-
cyclicity criterion. The survey articles [1,5,19,22-24,26] and the books [3,13]
are the interesting references in this area.

In what follows, we provide some important notations and definitions
that will be later used for the rest of the paper. Let (X, 3, u) be a complete
o-finite measure space and let A be a o-finite subalgebra of Y. We use the
notation LP(A) for LP(X, A, y1),) and henceforth we write y in place of .
For B € ¥, let Ap = AN B denote the relative completion of the sigma-
algebra generated by {AN B : A € A} and denote the complement of B by
Be¢. All comparisons between two functions or two sets are to be interpreted
as holding up to a p-null set. We denote the linear spaces of all complex-
valued Y-measurable functions on X by L°(X). The support of f € L°()
is defined by o(f) = {x € X : f(x) # 0}. The characteristic function of
any set A will be denoted by xa. Let S(X) be the class of all complex-
valued, measurable and simple functions on X such that p(o(f)) < oo for
each f € S(X). Let ¢ : X — X be a measurable transformation such that
1o~ ! is absolutely continuous with respect to u, that is, ¢ is non-singular.
In this case, we writeluogpfl < 1, as usual. Let h denote the Radon-Nikodym
dpop™

d

property, h = . A measurable transformation ¢ is said to be measure
preserving whenever for each A € X, u(A) = p(p~1(A)) ie., h = 1. The
assumption g o ! < g implies that po ¢ ™ < pu for all n € N and
pop "t < poyw I, for each i > j. Set oo = (o, ¢ "(X) and suppose that
h is Y, .-measurable. Then

-1

—n —n

dpoyp dpoyp dpoyp
dpg  dpop—(n-1 dp

hy =

:(hogof("fl)) hogp Hho<p i
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Note that always h o > 0 and h,, = h"™ whenever h o ¢ = h. For example,
if  is measure preserving then obviously & is ¥.-measurable, hop = h and
hence h,, = h™. Throughout this paper, we will use the following change of
variable formula frequently:

/ fowndu:/hnfdu, Aeyx, feL'(D).
P~ (A) A

The measure p is said to be normal with respect to ¢ if, (X) C ¥ and
1o @ < u. Hence, it is reasonable to define hf = %f. Now, consider that

dp dpop™?! _ 1
hu: 1: R 1:
(duogo) ( i ° ) oo

and so hf o ' = (ho '™~ for all i > 1. Similarly, in this case, we have

n

n—1

dpo ™ n— i iy—

M= = (Mo V). (hfo ) = [[ hfop’ =[(how) ",
i=0 i=1

h 0@ >0, hi_H = hPhf o @ and \/ﬁ(hn 0 ") = v/hy 0"

Let 1 < p < co. For any non-negative ¥-measurable functions f as well
as for any f € LP(X), by the Radon—Nikodym theorem, there exists a unique
A-measurable function F4(f) such that

/E“‘l(f)duz/fd,u7 forall Ae A.
A A

Hence, we obtain a contractive projection E* from LP(X) onto LP(A) which
is called a conditional expectation operator associated with the o-finite sub-
algebra A. Put D(EA) = {f € L°(X) : EA(|f|) € L°(A)}. Then, D(EA) the
domain of B4 contains {LP(X): 1 < p < oo} U{f € LX) : f > 0}. Note
that for every f € D(E) and every A-measurable function g € D(E4), we
have E4(fg) = gEA(f). For more details, see [15,18,21].

For n € N, let ¥,, := ¢ "(X) be a o-finite subalgebra of X. Then
Yot1 =@ H(B,) € X, and ¥y, is also o-finite for any k < n. Set £, = E>~.
Since E,(f) is a ¥,-measurable function, there is a g € L°(X) such that
E,.(f) = go¢™ In general, g is not unique. This deficiency can be solved by
assuming o(g) C o(h,) and as a notation, we then write g = E,,(f) o o™"(
[20]). Indeed, note that g1 0 @™ = ga 0 " = E,(f) & (g1 — g2) 09" = 0 &
fa(hn) hn(g1—g2)dp = 0. Thus, g1 = g2 on o(h,,). Now by letting, g1 = g2 =0
on o(hy)¢, we obtain that g; = g on X.

It is known that h, 1 = hE1(hy) 0 o™t = h,E,(h) o ™! (see [16]). So
{o(hn)}n is a decreasing sequence. Moreover, if we set F' = (f o ™) o ™",
then o(F) C o(hy,) and F o ™ = f o ™. It follows that h, F = h, f, and so
Xo(hn)f = Xo(h) F' = F. Consequently, (fo¢™) oo™ = Xo@,)f-

Let 1 < p < oo, u € LX) and let the measurable transformation
¢ : X — X be non-singular. By a weighted composition operator in LP(X),
we mean a mapping W = uCy, : LP(X) D D(W) — LP(X) formally defined
by
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W () = {g(w)f(tp(l‘)) ’ ; ZEZ;

forall fe DIW) ={f € LP(X) :u.(fop) € LP(X)}. We use the assumption
(Ho@™)|, 0y < i to see that W is well-defined on D(W), for more details, see
[8]. Now by setting u = 1, a composition operator C, defined by Cy(f) = fop
on LP(X) is well-defined if and only if the transformation ¢ is non-singular.
It is known that C, € B(LP(X)), the algebra of all bounded linear operators
on LP(X), if and only if h € L>®(X).

In this case D(Cy,) = LP(X), ||Cy||P = ||h]|c and W = M,,C,,, where M,
is a multiplication operator defined by M, (f) = uf on D(M,) ={f € L*(X) :
u.f € LP(X)}. Tt is known by the closed graph theorem that D(M,) = LP(X)
if and only if w € L*°(X), or equivalently, M, € B(LP(X)). In this case,
M| = ||ulleo (see [25]). Put J := hEA(|u|P) o =1, Then W € B(LP(X))
if and only if J € L*°(X). In this case D(W) = LP(X) and |[W]|? = || /|l
(see [16]). The kernel and the range of W are denoted by N (W) and R(W)
respectively.

As mentioned before, h, = h"™ whenever h o ¢ = h. In some cases, this
can occur, as happens, for instance, when the composition operator C,, is an
isometry or a normal operator.

In this stage, we confine our attention to the dynamics of known op-
erators, such as weighted shifts, weighted translations and composition op-
erators. In [23], Salas has studied the hypercyclicity of the weighted shifts
on (?(Z) widely and technically. The hypercyclicity of a weighted transla-
tion on LP(G) (G is a locally compact group) defined by Ty, f = wf * dg,
g € G,f € LP(G), has been studied in [11] by Chen and Chu. Moreover,
Bayart et al. [4], have provided a necessary and sufficient condition for a
composition operator C, on the LP-spaces of measurable functions to be
topologically transitive or topologically mixing.

To be precise, we mention some of the concrete conditions under which
these operators are known to be hypercyclic. In this way, the reader can
appreciate how much of the panorama changes for weighted composition op-
erators and how the results in the present paper fit into the general theory.

Theorem 1.1 [23]. A bilateral weighted shift with positive weight sequence
{wy} on (2(Z) is hypercyclic if and only if given ¢ > 0 and q € N, there
exists n arbitrarily large such that for all |j| < g, H?:_ol wir; < € and
[Ty wji > ¢

Theorem 1.2 [11]. For an aperiodic element g, a weighted translation T,
on LP(QG) is hypercyclic if and only if for each compact subset K C G with
MK) > 0(X\ is a right Haar measure), there is a sequence of Borel sets {F,}
in K such that lim, ..o A(F,,) = AN(K) and both sequences wy, =[]\ w *
62,1 and Wy, = (H?;Ol w6,)"" admit respectively subsequences (wy,,)

and (y,) satisfying lim,, .o ||wr,, |7y, oo = liMy oo [[Wk,, |7y, oo = 0.
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Theorem 1.3 [4]. A composition operator C, on LP(X) is topologically tran-
sitive if and only if p~'X = ¥ and for each ¢ > 0, F € X with finite mea-
sure, there exists a measurable subset B C F, k > 1 and S € ¥ such that
w(F\ B) <€, ulp=*(B)) <e, ¢*(B) C S and u(S) < e.

These interesting works motivated us to study the hypercyclicity of a
weighted composition operator on LP-spaces of measurable functions.

It is well known that only infinite-dimensional and separable spaces
can admit the hypercyclic vectors [3,13]. Upon classical fact, LP(X, %, ) is
separable if and only if (X, X, ) is, i.e., there exists a countable o-subalgebra
F C ¥ such that for each € > 0 and A € 3, we have u(AAB) < ¢ for some
B € F. For more details consult [20].

A measurable transformation ¢ : X — X is said to be periodic if " = I
for some m € N, where [ is the identity map. It is called aperiodic, if it is
not periodic. Moreover, it is said to be finitely non-mizing if for each subset
F € ¥ with finite measure, there exists an N € N such that F N " (F) =0
for every n > N. It is clear that if ¢ is finitely non-mixing then for each
x € X, orb(p, x) has not finite measure.

Let W € B(LP(X)) and let M be a nonzero subspace of LP(X). Then
W is subspace-hypercyclic for the subspace M, if there exists f € LP(X) such
that orb(W, f)N M is dense in M. The notion of the subspace hypercyclicity
has been studied in [19]. In this paper, we investigate the dynamics of a
weighted composition operator W = uCy, : f — u.(f o) on LP(X) spaces. It
is shown that if ¢ is a periodic non-singular transformation, then W nor C,
can be hypercyclic. Also, if ¢ is normal and finitely non-mixing, then using
the Radon—Nikodym derivatives and the conditional expectations, conditions
that either sufficient or necessary for W to be hypercyclic are given. The
weakly mixing and topologically mixing concepts are also studied for W.
Further, we show that the adjoint operator W* is subspace hypercyclic for
L?(A). At the end, to illustrate the obtained results, some examples are given.

2. Hypercyclicity of Weighted Composition Operators on
L (%)

In this section, we characterize the hypercyclicity of a weighted composition
operator W. It is done in two cases, in the first case ¢ is periodic and in the
second case is aperiodic. In the last case, the Kitai’s hypercyclicity criterion
will be essentially used. Basically, the obtained results are engaged with the
Radon—-Nikodym derivative and the conditional expectation. The techniques
of the proofs are similar to those used in [11,23] nevertheless, the roles of the
Radon-Nikodym derivative and the conditional expectation are undeniable.

For this, we adopt some settings and notations. Set u,, = u.(uoy) - -- (uo
e 1) and J, = h,E,(|u,|P) o ¢~". We use the symbols u, h, h¥, E and
J = hE(|ulP) o o1 instead of uy, hq, hﬁ, FEy and Jp, respectively. If o™ = I,
then Upmin = Umtn, (Un)™ = (W™)n = Umn, Um © O™ = Uy, and o(u,) =

My o(uo ).
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Theorem 2.1. Let ¢ be a periodic non-singular transformation. Then a
weighted composition operator W € B(LP(X)) is not hypercyclic.

Proof. Suppose that there exists an m € N such that ¢™ = I. Consider the
orbit of W at f € LP(X):

orb(W, f)
={fWf . W fyu{wmfwmt g o wEm ey
U U{Wwhmyp whkmtly gptbm=tmg. ..
= {fiufopusfop? - um1.fop™ "}
U { i fy - (U f 0 0), - (Uz.f 0 ©?), .o U (U —1.f 0 @™ 1)}
U{uZ, foul, (u.f o), u . (ug.fop?), ... u2 (Um_1.fo™ H}IU....

First, suppose that |[um|ls < 1. Since W7 = ||, [|XF < W™ = ||J||27,
then for each n € N, we have
W™ fllp < max{[| fllp, [lu.f o @llp. lluz-f 0 @® - s [lum—1-f 0 ™}
1 2 m—1
< ”f”PmaX{L HJ”gOv HJ”&, T HJ”OOP }

Hence, orb(W, f) is a bounded subset and cannot be dense in L?(X). There-
fore, W is not hypercyclic.

To prove in the case ||t ||cc > 1, similarly as shown in [11, Lemma 1.1],
suppose on contrary that W is hypercyclic. For each ¢ > 0, there exists a
subset F' € ¥ with 0 < u(F) < oo, on which |u,,| > 1. Hence, one may find
f € LP(X) and n € N, sufficiently large such that

If =2xrllp, <e and [((W™)"f], <e.

In the last, we have already used the hypercyclicity of W™ and the fact that
all hypercyclic vectors are dense in LP(X). Set S = {t € F': |f(t)| < 1} and
note that xs < xs|f — 2| < xs|f — 2xr|- So it is clear that u(S) < &P. On
the other hand, we have

& > (W™ || = /X it f © @™ P

— [ Jun Pz [ 1P ales),
X F-S

Therefore, u(F) = p(S) + p(F — S) < 2P, which is a contradiction. O

Remark 2.2. If ¢ is a periodic non-singular transformation, then a compo-
sition operator C, € B(LP(X)) is not hypercyclic either. Since its orbit at
feLP(X)ie, orb(Cy, f) ={f,fop, fop? -+, fop™ 1} forms a bounded
subset and cannot be dense in LP(X).

Theorem 2.3. Let ¢ : X — X be a non-singular and finitely non-mizing
transformation. If W € B(LP(X)) is hypercyclic, then for each ¢ > 0 and
subset F € 3 with 0 < u(F) < oo, there exists a sequence of measurable sets
{Vi} C F such that p(Vy) — u(F) as k — oo, and there is a sequence of
integers {ny} such that [[u, v, |lee <& and || /hp, En, (tn,) o0 ™|y [loo <
€.
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Proof. Since W is hypercyclic, it has dense range and then o(u) = X (see [8,
Proposition 17]). So a(uy,) = NF- o~ (o(u)) = X for all k € N. Let F € ¥
be an arbitrary set with 0 < pu(F) < oo and let € be an arbitrary positive
real number. That a transformation ¢ is assumed to be finitely non-mixing,
ensures the existence of an N € N such that Fne"(F) =0 for each n > N.
Choose €7 in such a way that 0 < g7 < + . It is known that the set of all
hypercyclic vectors for W and also the set of all simple functions form dense
subsets in LP(X). Hence, there exists a hypercyclic vector f € LP(X) and
m € N with m > N such that

If =xrlp < and [[W™f—xpll, <ef.

Puw P, ={t e F:|f(t)—1 >e1}and R, ={t € X — F : |f(t)] > e1}.
Then we have

P> 0 = xellp = [ 1 = el
> [ 1@ -1 + [ 1@l

€1 €1

Z Ell)(M(Pﬂ) + /’L(REI))'

Then, max{u(P:,), u(Re,)} < &l.Set Spe, ={t € F : |up(t) fop™(t)—1| >
1} and now consider the following relationships:

W = xellp

= / [t f 0 @™ — xp[Pdu
X

> /S s (£)f 0 ™ (£) — 1P du(t)

m,eq

2 611)“(5771761)

to deduce that (S, 751) < . But for an arbitrary ¢ € F, it is readily
seen that ¢™(t) ¢ F because of F' N ¢ ™(F) = (. Hence, for each t €
F — (Sm.e, U ™(Re,)), we have

-1 |foe™ ()l €1
t < < e.
|um ( )| 1—61 1_61 €

Now, let Up e, = ¢ ™ ({t € F : {/hm(t) [(Em(um) 0@ ™) (&) f(t)] > e1}).

The inclusion Uy, ., € ¢~ ™(F) C X — F causes to 0< fU E,.(xr)dp =
m,eq
fU xrdp = 0 and hence we may conclude that E,,(xr) = 0 on Uy, -
m,eq
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Use the change of variable formula to obtain that

e > W f —xpl?
= / (U f 0 @™ — xp[Pdp
X
= /X ‘Em(um)f o™ — Em(XF)lde
>

- / | B (). f 0 @™ [Pdp
U,

m,eq

> / | (ttm) © 9™ fP R
@™ (Unm,eq)

> el (@™ (Um.e, )

which implies in turn that p(¢™(Up.e,)) < €}. Note that for each t € F —
(cpm(Um,sl) U Pgl), we have

a0 |(Bonat) 0 0~ (O (0] < 72

Finally, put Vipe, == F — (P-, U@ "™ (Rmc,) U Spe, U @™ (Unye,)). Then,
clearly p(F — Vinc,) < 4eV, [Jup v, . lloo < € and [|[Vhp Ep(um) 0 ™™
Voo, lloo < €. Proceeding inductively, for each k € N, there will be a measur-
able set Vi, C F and an increasing subsequence {ny} such that u(F — V) <
A7), lunt il < € and [[§/n, B, (un,) 0 97" v [loc <. 0

Theorem 2.4. Let W € B(LP(X)) with o(u) = X, and let ¢ be a nor-
mal and finitely non-mizing transformation provided that ¢~ *(¥) = X. If
sup,, A4 |loo < 00 and for each ¢ > 0 and subset F € ¥ with 0 < u(F) < oo,
there exists a sequence of measurable sets {Vi} C F such that u(Vy) — p(F)
as k — oo, and there is a sequence of integers {ny,} such that |[u, v, |loc < €
and || {/ b, Un,, © 07" |y, [loo < €, then W is hypercyclic.

Proof. Clearly, S(X) is dense in LP(X) and we may take D; = Dy = S(X)
in the Kitai’s hypercyclicity criterion. For an arbitrary f € S(X), one can
find {Vi} C o(f) such that u(Vy) — wp(o(f)) and moreover, there exists
an Nj such that o(f) N ™ (o(f)) = 0 for each n > N;. By the hypothesis,
Uy, # 0 and X, = X for all n € N. It follows that E,, = F = I, and so for
each g € D(E), go ¢~ " is well-defined. Now, for each n; > N; define the
map W, : S(X) — LP(X) by W, (f) = %. In this setting, we have
W (W, (f)) = f-
Just it remains to show that

(W™ fll, — 0 and ||Wp, (f)|l, — 0 as k — oco. Let € > 0 be an arbitrary.

According to the hypothesis, there exist M, N; € N, sufficiently large such
that Vi, C o(f) and

<E€.

g
wlo(f) = Vn,) < M

We may assume that {{/hy, un, 0@~ "} converges to 0 uniformly on Vi,
by Egoroff’s theorem. Hence, there exists an Ns such that for each n; > Ns,
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| &/ Py, iy, 00~ ™ ||B < T on Vi, Hence, we may claim that there exists

a non-negative real number M such that || {/hy, tn, 0 @ ™ |8, < M < o0
on o(f). Recall that h,, = h(ho@™t)---(hoe ™) and u,, o p~ ™ =
(wop™H(uop=2)---(uogp ). Now, by the change of variable formula, for
each n; > N = max{Ny, Ny}, we have

W gl = / e f 0 ™ [Pdu
X
= /(f) ‘unk o <P7n'“f|phnkdﬂ

= / [tny, 0 @~ fP I, dps +/ |tiny, © 7" f[P I, dps
(f)=Vn VN
. €
<[/ e tmy 0 @ IEM B 1o (f) = V) + T
Accordingly, repeat the above method this time for the subsequence {u; '}
and use the fact that sup,, ||k ||« < 00, to derive the following inference:

T (17, 1

= li Pd
kingo/unkocp ”k‘ .

= lim |7|phﬁ du
k—o0 o(f) Un,, "

. /
L B B T e
k k—oo Jo(r)—vn Ung Vn  Uny,

Eventually, all third conditions of Kitai’s hypercyclicity criterion are satisfied
and the proof is completed. O

1f1I5 < 2e.

Proposition 2.5. Suppose that ¢ : X — X is a normal and finitely non-mizing
transformation with ~1(¥) = % and o(u) = X. Let sup,, ||hf|lec < oo and
W e B(LP(X)). Then the following conditions are equivalent:

(i) W satisfies the hypercyclic criterion.

(il) W is hypercyclic.

(iil) W @ W is hypercyclic on LP(X) ® LP(X).
v) W

(i is weakly mizing.

Proof. Note that an operator satisfies the hypercyclic criterion if and only
if it is weakly mixing [6]. Hence, we only prove the implication (i) = (ii3).
By Birkoff’s transitivity theorem, it is sufficient to show that W & W is
topologically transitive. To begin, pick two pairs of non-empty open sets
(A1, B1) and (Ag, By) in LP(X) @ LP(X) arbitrarily. For j = 1,2, choose
the functions f;,g; € S(X) with f; € A; and ¢g; € B;. Let F = O'(fl)

o(f2) Uo(g1) Uoa(gz). Then u(F) < oo. Assume that {Vi} C F, {u; '} and
{%/hn, Un, ©p ™} are as provided by Theorem 2.3. By assumption, there
exists an N7 € N, such that for all n > Ny, F N ¢"(F) = (. Moreover, for
each ¢ > 0, there exists Ny € N, such that for each & > Ny and n; > Ny,

ngk
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|| &/ Py, Uy, 007" [[B < m on V. Hence, for k > Ny, we apply the change
of variable formula to get that

W (Fx) 2 = /X W™ () P
= / i (f5 0 ™) dp
@~ "k (Vi)

= / [ty © 7™ f|Php,du < €.
Vi

Now, define a map D, (f) = ixj on the subspace S(X). Then for each
feS(X), Wr=Dgr(f) = f. Again, we may find an N3 € N such that for each
k > N3 and ni, > Ny, \|u;,}||go < m on Vj,, where M = sup,, ||hf || <

00. On the other hand, for each & > N3, note that

gjoe ™
DZ*(gixv, ”:/ Pdp
105" (gixvi )l w(v,«)‘unkw‘"k‘

= [ |2 ptdu<e.
Vi Uny,

For each k € N, let f;,k = fixvi + DZ*(gixv;,)- Then we have f;k € LP(Y),

15 = Fillp < 1F511% w(F = Vi) + I1DZ* (g5xw ) IIp

and
W £7 = gillE < NlgslIB w(F = Vi) + W™ (fixv)lIB-

Finally, we obtain that limy_, o f]tl e = fi, limp_ oo W fjtl w = g; and W (A;)
NB; # 0 for some k € N. So by Birkoff’s transitivity theorem, the last means
that W @ W is hypercyclic on LP(X) @ LP(X). O

Corollary 2.6. Under the assumptions of Proposition 2.5, the following con-
ditions are equivalent:
(i) W is topologically mizing on LP(3).
(ii) For each measurable subset F C X with 0 < u(F) < oo, there exists
a sequence of measurable sets {V,,} C F such that u(V,) — w(F) as
n — 00 and limy, o ||ty v, leo = limy oo || &/Pn (tn 0 07 ™)|v, [leo = 0.

Proof. The implication (i) = (i) follows from Theorem 2.4, just using the
full sequences instead of subsequences and then apply the similar method
used in the proof of the implication (i) = (¢i¢) in Proposition 2.5. For the
implication (i) = (ii), let € > 0 and F' € ¥ with 0 < p(F) < oo be arbitrary.
Consider a non-empty and open subset U = {f € LP(2) : ||f — xrll, < €}
Since W is topologically mixing and ¢ : X — X is finitely non-mixing, one
may find N € N such that for alln > N, W™ (U)NU # 0 and FNe™(F) = 0.
Hence, for each n > N, we can choose a function f,, € U such that W™ f,, € U.
Then || fn, — xFllp <€ and |[W™f,, — xF|, < €. Now, for each f,, the similar
arguments used in the proof of Theorem 2.3, can be proceed and the proof
is completed. O

Vi Vi,
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Let W € B(LP(X)) and let M be a non-zero subspace of LP(X). Then
W is subspace hypercyclic for the subspace M if there exists f € LP(X) such
that orb(W, f) N M is dense in M. In this stage, we are going to characterize
the subspace-hypercyclicity of W*  the adjoint of a weighted composition
operator W, for the subspace L?(A). Hoover, Lambert and Quinn in [16]
have shown that the adjoint W* of W € B(L*(X)) is given by W*(f) =
hE(uf) o ™1, for each f € L?(X). Let u be normal with respect to . Take
hit = % and hiA = %, which are non-negative A-measurable
Radon-Nikodym derivatives for each n € N.

Let W* be a subspace hypercyclic operator for L?(A). Then N'(W)+ =
R(W*) D R(W*)N L2(A) = L?(A). So, N(W) C L?(A)*. It follows that
X\ ¢(X) does not contain any A € A with 0 < u(A) < co. Because otherwise,
xa € L*(A) and W(xa) = t.xp-1(4) = 0. Thus, if p(X) € A, then ¢ must be
onto. Let n € N, o(u) = X and let A C %,,. For k < n, set EA(w@)op™* =g.
Then ¢ *(0(g)) = o(go ¢*) = o(EA(w)) = X. If ¢ is onto, then o(g) =
©* (0% (0(g))) = ¢*(X) = X and hence o(E4(a,) o p~") = X. Moreover,
if ¢ is normal, then for A € A with u(A4) > 0, [, hAdu = p(e=*(4)) > 0.
So, in this case, o(h?) = o(h') = X. In the following proposition, we give
a necessary condition for W* to be subspace hypercyclic. Also, it should be
mentioned that if A is a proper subalgebra of X, the the following result
cannot be directly obtained from Theorem 2.3.

Proposition 2.7. Let ¢ : X — X be a normal and finitely non-mizing trans-
formation such that ¢='(A) C A C S = (Voo "™(2) and let W €
B(LA(X)). If W* s subspace hypercyclic for L?(A), then for each subset
F e A with 0 < u(F) < oo, there exists a sequence of A-measurable sets
{Vi} C F such that p(Vy) — u(F) as k — oo, and there is a sequence of
integers {ny} such that

i |/ 0 e BA (i, )] oo = 0.
Moreover, if o(u) = X and ¢ is onto then

dim [/l B () 007" v lloo = 0.

Proof. Choose f,g € L*(A) arbitrarily. Since g o ¢ is A-measurable and for
each n € N, E,,EA = EAE, = E#, then we have

(9. W f) = (W(g), f) = /Xugocpfdu
/ EAuf)gopdu = /X hAEA(u) fo o™ gdp
/ hATEA(a) f] [EA(w)f] oo tgdu = (g, hA[EA(a)f] o h).

Therefore, W*f = hA[EA(4) o ¢~ '] f o ¢! for all f € L?(A). Furthermore,
for each n € N we have

W f = b [B4(@n) o9~ "|f 007",
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where ht = hA[hA 0 1] [hA 0 o~ "F1]. On the other hand, according to
the hypothesis that asserts ¢ "(F) N F = @, for some n € N and the fact

VR (hA o o) = \/hA o o™, we obtain that
W = xelly = [ WA 1o o7 = el
= [ ko g BA )] = e P

Z/u | RS (Bt o o) EA (uy) f2du

n,e

= [ 1\/bteer BAw) P,

where Uf . = {t € F : \/hi{¢"( ) EA(, (1) f(t)] > €} is a A-measurable
subset for each € > 0. The rest of the proof is routlne and similar to that
done in Theorem 2.3, so to avoid a tediously long discussion we do not repeat
them again. O

Proposition 2.8. Let p : X — X be an onto normal and finitely non-mizing
transformation, A C Yoo = (Nor, ¢ "(2), 0(u) = X and let W € B(L*(X)).
If for each subset F € A with 0 < pu(F) < oo, there exists a sequence of
A-measurable sets {Vi,} C F such that u(Vi) — p(F) as k — oo, and there
is a sequence of integers {ny} such that

kli_)n;Q [/ hst o @™ EA (i, ) v, [loe = 0
and
Jim (it EA (i) 0 07™) T vl =0,
then W* is subspace hypercyclic for L*(A).

Proof. Let SA(X) be the class of all A-measurable and simple functions
on X with finite supports. So, S4(X) is dense in L?(A). Define the maps
o 1 SHX) — L2(A) by

fopm
(hit o ) EA(y, )’

Tn () =

where {ny} is chosen by the hypothesis for the A-measurable subset o(f) C
X. That ¢ is an onto map implies W*"+(T,, (f)) = f and so we have to
only show that |[W*™ f|l3 — 0 and || Ty, (f)|l2 — 0 as & — co. Let € > 0 be
an arbitrary. We know that there exists a non-negative real number M such
that [[{/hst o @™ EA(ty,)||%, < M < co on o(f). Moreover, there exists an
N € N, sufficiently large such that Vy C o(f) and

5
plo(f) —Vn) < IMIfZ
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We may assume that {,/hsA o™ E4(u,, )} converges to 0 uniformly on
V. Hence, for each ng > N,

€
I/, 0 @ EA (T, )lI2 < 5z
" ’ 2[I 1113
on Vy. Here, for each ny > N and f € S*(X) with the aid of the change of
variable formula, we have that

[Wene g2 = / WA EA(n, f) 0 o™ [2du
- /X (BA (1 EA (@, )2 0 o~™)|f]2 0 =™ du
- /X (A 0 " )2 EA (@, )21 f]2 WA d
= / (A 0 o™ )| EA ()| f Pl
a(f)
—( / 4 / J(BA 0 " | B () 21 f2)du
a(f)=V, Vi

< 2e.

Finally, apply the same method for the subsequence {((h; )/2E4(uy,, ) o
@ )71} to deduce that |1, f||3 < 2¢ as follows:

foe™|* du
To fIl5 =/ | i
” k H2 X (hﬁk o (pnk)2|E‘A(unk)|2

:/ [/, d
'« G I EA () cop
- /X (/P EA () 0 0~ ™) 12 [£[2du

— hAEA - —np\—1(2 2d
</am vﬁ/v)“ () 0 0~™) 2 |f[2d

n

< 2e.
O

Ezample 2.9. Let Z be the integer numbers. Let p denote the point mass
measure on the o-algebra ¥ consisting of all subsets of Z defined by p ({n}) =
m.,. Here, (m,,);7>° __ is an increasing and upper bounded sequence of real

numbers with 1 < m,, < M. For the measurable transformation
ok)=k+2, keZ,
and the weight function
2, k=0,1,2,3,...,
u(k) _{;, k=—1,-2,...;

we show that the corresponding weighted composition operator W is hyper-
cyclic on LP(Z).
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Proof. Concerning a sequence (m,,), one may simply take M = 2 and

1 1 1 1 1 1
n :71 7,]— 731 o) 2a2_7a2_772_7>"'
() TgltgltypVa2-g2-32-g
n<—1 n>1
or the counting measure i.e., m, = 1 for each n € Z can be considered

as well. Clearly, ¢ is a normal and finitely non-mixing transformation and
¢~ 1(X) = 2. Note that for each k € Z, we shall use the following formulas
presently:

1
hk)=— Y m;
mp .
JjEp~1(k)
and
1 .
hn (k) = o > hna()my, n>2.
jep~ (k)
Precisely, for each k € Z, the singleton {k} is a p-atom and so
f{k} hdp = h(k)u({k}) = h(k)my. Therefore,

1 1 1 1
R (k) mi Jiny M Jooiqryy M 2 m

jee=t({k})
On the other hand, with the aid of the change of variable formula and h,, =
hE(h,_1) o ¢~ 1, we see that

1 1
ho(k) = — /{k} hpdp = — /{k} hE(hy_1) oo tdp

my mg
1 1 1 1
=— E(hpn-1)op dup™" = — E(hp-1)dp
mE J ik} Mk Jo=1({k})
1 / 1
= hnfldlu/ = hnfl(j)mj'
M J o1 () M ¢§k})

In our settings, h(k) = “2=2 and h,, (k) = ZE=22 and hf, (k) = 220 > 2,
Subsequently, sup,, |14 |lcc < M and ||h,|/ < 1 for each n € N. Further, for
an arbitrary finite subset F' of Z, take Vj, = F for each k € Z. Then, one may
casily find the suitable subsequences {u, !} and {{/hn, un, o =™} such
that [Ju, ! v |lc — 0 and || {/hn, tn, 09 ™|y, [lc — 0 as k — oco. Hence by
Theorem 2.4, W is hypercyclic. O
Example 2.10. Let X = R, the field of real numbers equipped with the
Lebesgue measure u on the o-algebra of all Lebesgue measurable functions.
Fix a positive t € R and consider the transformation ¢(z) = x + ¢, € R.
Therefore, h,, = hf, = 1. Fix r > 1 and define the weight function u on R by

1, 1<u,
u(r) =4 —5+1, -1<z<l1,
T, xr < —1.
For an arbitrary F = [a,b], take V}, = [a,b — %) In this circumstance, all

conditions of Theorem 2.4 are satisfied and hence W is hypercyclic on LP(R).
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