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Abstract

In this paper point spectrum, compactness, reducibility, generalized inverse and some
weak normal classes of substitution conditional type operators acting on L?(X) will
be investigated.
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1 Introduction and preliminaries

Let (X, X, u) be acomplete o -finite measure space and let .4 be a sub-o -finite algebra
of =. We use the notation L2(A) for L2(X, A, 11 4) and henceforth we write  in
place of | .. All comparisons between two functions or two sets are to be interpreted
as holding up to a p-null set. We denote the linear space of all complex-valued X-
measurable functions on X by LO(X). The support of f € L°(X) is defined by
o(f) ={x € X : f(x) # 0}. We say that S is a localizing set for A (see [13]) if S is
notanullset,and Ag = X5, where As = {ANS : A € A}.LetE 4 : L*(%) — L*(A)
be the conditional expectation operator, so that for f € L>(X), E 4(f) is the unique
A-measurable function such that [, fdu = [, E4(f)du for all A € A. As an
operator on L*(%),E=E 4 is an orthogonal projection of L?(X) onto L?(A). Note
that D(E), the domain of E, contains L?(Z)U {f e L) : f = 0}. For more details
on the properties of E see ( [8, 13, 15]). Those properties of E used in our discussion
are summarized below. In all cases, we assume that f, g, fg € D(E).

e xaf = f whenevero(f) C AeX.
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E(g) = g if and only if g is .A-measurable.
If g is A-measurable then E(fg) = E(f)g.

If f>gthen E(f) > E(g)and o (f —g) Co(E(f — g)).
|E(fg)|> < E(If1*)E(]g|?) (conditonal Cauchy-Schwarz inequality).

For w, u € D(E), the mapping T} : L>(Z) 2 D(T;) — L*(X) given by T1(f) =
wEuf)for f € D(Ty) = {f € L*(2) : T1(f) € L*(X)}, is well-defined and linear.
Such an operator is called a Lambert conditional type operator induced by the pair
(w, u).Letp : X — X be a measurable transformation on X, that is, go_l(A) € X for
all A € X. Define the measure it 0 ¢! on T by (1o ¢~ 1)(A) = u(p~'(A)) for all
A € X. We say that ¢ is nonsingular, if 1 o ¢! is absolutely continuous with respect
to . In this case we write o ¢! <« u, as usual. Let & be the Radon-Nikodym
derivative h = d (i o ¢~ ') /du and it is always assumed that & is almost everywhere
finite-valued. Equivalently, ¢ ~'(X) is a sub-o-finite algebra of . By the change of
variables formula we observe that for each f € L'(X)and A €  we have

/ fd(uog™) = / (f o p)dp = f hfdp.
A o-1(4) A

Let u and w be in D(E), the domain of E. The operator T : L*>(X) — L%(Z) that
induced by the triple (u, w, ¢) is called substitution conditional type operator and
defined by T = M, EM,C,, where M, and M,, are multiplication operators and C,,
is a composition operator. If we take ¢ = id, the identity map, then C, = I and T is
a Lambert conditional type operator Ty = My, EM,,. Also, if A = X, then E = I and
T is a weighted composition operator 75 = M, Cy,.

Letl < p < co.Moyin[14] showedthatif T € B(L? (X)), T(L*°(X)) C L™ (%)
and T(fT(g)) = T(f)T(g) forall f,g € L*®°(X). then T = E M, for some
A C 3. Substitution conditional type operators of the form T = T1C,, are closely
related to the multipication operators, weighted composition operators, integral and
averaging operators and to the operators called conditional expectation type which has
been studied in [5, 6, 8, 9, 15]. For example, let X = [0, 1] x [0, 1], du = dxdy, ¥
be the Lebesgue subsets of X and let A = {A x [0, 1] : A is a Lebesgue set in [0, 1]}.
Then, for each f € L2(D), (Ef)(x,y) = fol f(x, t)dt, which is independent of the
second coordinate. In this case we have

1
T(f)=wk, VE@.fop)(x,y) =w, y)/o u(x, ) f(p(x, 0)dt.

In [5, 11] we have studied substitution conditional type operator T = M, EM, C,
induced by the triple (w, u, ¢) on L2(X). In the next section, we discuss measure
theoretic characterizations for substitution conditional type operators. Boundedness,
point spectrum, compactness, reducibility, generalized inverse and some weak normal
classes of a these type of operators will be investigated.
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2 Characterizations

Let A C X be a sub-o-algebra and let ¢ be a nonsingular measurable transformation
for which the composition operator Cy, is densely defined. For each u, w € LO(D),
it is assumed that uR(Cy) C D(E). It follows that the substitution conditional type
operator T = My, EM,Cy : L%(2) — LX) is well-defined. Now, we provide some
lemmas for later use.

Lemma 2.1 Let ¢~ (A) be a o -finite subalgebra of Aandletp™' (A) € A C ¢~ (D).
Then E(pfl(E)E.A = EAE(pfl(E) = EA, E(pfl(.A)EA = EAE(p—l(A) = E(p—l(A).
Moreover, EA(f o) = fop = E,-1(5)(f o@) and E4(f) o o~V is well-defined
forall f e L°(A) N D(E).

From now on, we take E, = E(p—l():), E = E 4 and assume that 7 < oo.

Lemma22 LetT = M,EM,Cy, : L3(Z) > LY%%) be adensely defined substitution
conditional type operator. Then for each f € D(T*), T* f = hE,{uE(w f)} o oL

Proof Let f € D(T*) and g € D(T). Then we have

(6. T*f) = (Tg. f) =waE<u<go¢>>fdu=/Xu<go¢>E<wf>du
=/XE¢ (uE(wf))gogodM:/Xha {uE(wf)}o¢71gdu
= (g, hEJTE@ )} o p7!).

Thus, the desired conclusion holds. O

We recall that, by assumption, & is finite-valued. Thus, C, is densely defined and
hence C; is well-defined (see [1]). Then by Lemma 2.2, T* = C;M,; EMy.

We write B(L2(X)) and K (L2(X)) for the space of bounded and compact linear
operators on L?(X), respectively. Boundedness of T has been proven in [5]. In the
following we improve it as follows.

Theorem 2.3 Let T : L*(X) — L°(X) be a substitution conditional type operator
T = MyEM,Cy. If Ji = hEL{E([ul»)E(lw*)} op~! € L®(T), then T is bounded
and |T||> < | Jillco. Moreover, if h € L®() and T € B(L*(X)), then J, =
E{|hE,(iy/E(lw|?) 0 9~ 1*} € L®(A) with || J2]loo < 1l lIT 1%

Proof Let f € L*>(X). Then by Lemma 2.1 we have
IITfI|2=/XE(lez)lE(u(fow))lzdu=/X|E(ux/E(|w|2)(forp))I2du
5/XE(Iule(lez))E(lflzw)du=/XE(IuIZ)E(lez)(Iflzow)du

=/XEw{E(Iulz)E(lwlz)}(lflzow)du
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:/Xha{E(Iulz)E(lez)}Osfllflzdﬂ

=fXJl|f|2dus ||J||oofx|f|2du:||Jl||oo||f||2.

Thus, 7 is bounded and ||T|> < |Jilleo. Conversely, let T is bounded. Set

v = uy/E(lwP). Then ||Tf|> = [y IEM,Cyf|?’du = ||[EM,C,f|?, for each
fe LZ(E).Consequently, EM,C, is bounded and ||C:;M5E|| = EM,Cyll = |IT]|.
Now, for A € A with 0 < (A) < oo we have

/Jza'u=/h2|E¢(ﬁ>o¢—1|Zdu=/h|E¢<a>|2o<p—1d<uo<p—‘)
A A A
= / (h o @)|Ey(0)Pdp = / (h 0 @) Ey(Dxy-1(a))12d 1t
o 1(4) X
— [ 1B @) P o9 i = [ WEGE R, 10) 0 P
= fx |CEMBE (X104 1Pd it = | CLMBE (3104 II?
< ICiME|Pu(p™" (A) = ||T||2Ad(u0¢_l)

= ||T||2/Ahdu < ITIPIRllso 1(A).

Thus, [[/2llee = supliay [ Jadi = 0 < p(A) < 00} < ITIP |kl < 00, and
hence || 2lloo < l1Alloo I 711 o

Corollary 2.4 T) = M,EM, € B(L*(%)) if and only if E(lu|*) E(Jw|?) € L®(A),
and in this case |T1||? = |E(Ju|®)E (w]?) |l co-

Proof Put ¢ = id in Theorem 2.3. Then E, =1 = C, = Cjand h = 1. O

Letv e L%(Z)and J = h(E¢(|v|2)og0_1). We recall that the weighted composition
operator (vCy)(f) := v.(f o ¢) defines a bounded operator on L?*(%) if and only if
J € L®°(X) (see [3]).

Example 2.5 Let X be the Lebesgue subsets of X = [0, 1] x [0, 1], du = dxdy and
let ¢ : X — X be the baker transformation defined by

y y+1
p(x,y) = (zxa 5) X[O,%)X[O,l] + <2x -1, Y )X[;,I]X[O,l]‘

Then

—1 X x+1
o (x,y) = (5, 2y> X[O‘I]X[O,%) + ( 5 2y — 1) X[O,l]X[%,l]'
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It follows that ¢ preserves the Lebesgue measure ¢ on X. Thus, 2 = 1 = ||Cy|l,
E, = I and hence hE,(f) o 9! = fogp ! forall f € L}(Z). Letu,w €
L*(2), A = {#, X} and let T = M, EM,C,. Then ¢~ !(A) = A and for each
f € L%(Z) we have E(f)(x,y) = fol fol f (s, t)dsdt for all (x,y) € X. Therefor
{E(f) oo™} (x, y) = E(f)(x, y). It follows that

X Ly , t L el , t+1
Tf=w / / u(s,t)f <2s, 7> dsdt +/ f u(s,t)f <2s —1, —) dsdt ¢ .
o Jo 2 0o/} 2

Moreover, J1 = hEG{E(Ju[>)E(|w|*)}og™" = E(lu)) E(Jw|*) = ||ull3 ||w]3. Thus,
by Theorem 2.3, T € B(L*(X)) with |T|| = |lull2 w2 = ||T1]|. Also, by Lemma
2.2, we have

T*f(x.y) = i~ (x. yDE@f)(x, y)
_(x _(x+1 Ll
- u<§,2y)x[0,uxm%)+u( : ,2y—1))([0.1]x[%,1] /O/Ow(s,t)f(s,t)dsdt.

We write N'(T) and R(T) for the null-space and the range of an operator T €
B(L?(%)), respectively. In the following we characterize the null-space of T

Lemma2.6 LetT = M, EM,C, be a weighted composition Lambert-type operator
on L*(X). Then N(T) = {C;(ﬁ\/E(|w|2)L2(A))}J-.

Proof Set v = uy/E(|w|?). Since |Tf| = |EM,C,f] for all f € L%(%), then
N(T) = N(EMUC(/,). Letg e L2(A) be an arbitrary. Then we have

(f. Co59) = (1. hE,(5g) 0 ¢™") = /X FE,wR) o9~ d(nop™)
=/(fow)E¢(v§)du=/ v(fop)gdu
X X
_ /X EQ(f o p)gdn = (EM,Cy(f). ).

Consequently, f € {C;(DLZ(.A))}J- if and only if f € N(EM,Cy) = N(T). O

Theorem 2.7 Let ¢~ (A) be o-finite, S = o (Ew)E(w)), ¢~ (A) € A C ¢~ (D)
andlet T = MyEM,C, € B(L2(X)). If (971 (2))s = As and

hE, {ﬁE(|w|2)E(u)} o9 ' =wE {u(ho9)E,(ME(W))}, 2.1

then T is normal on L*(¢~'(X)). Moreover, if T is normal, then (2.1) is holds.

Proof Let f € L*>(A).Then fog € LO(¢~1(A)) € LO%p~1(Z)) and (fog)op~! =
f on o (h). It follows that

T*Tf = hE, {ﬁE(|w|2)E(u)} op ! f)
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TT*f =wE {u(ho@)E,(WE(W))} f.

Let (¢~ '(Z))s = Ag and (2.1) is true. For A € A with u(A) < oo, put
g = Xans. Since EE, = E and G(hE(p{IZE(|w|2)E(u)} op ) = c(wE{uh o
P E,EW))}) = o(w) No(Em) NowEwW)) S o(EE(w)) = S, then
T*Tg = TT*g. From (¢~ (X))s = Ag, we obtain that 7*Tg = TT*g holds for
any ¢! (X)-measurable subset A of S, as long as A has finite measure. Consequently,
T*T x4 = TT*x, for all such A, implying T is normal on L? (¢~ (%)).

Now, let T € B(L*(X)) is normal. Since ¢~ ! (A) be o -finite, there exists {A,}, C
A such that A, € A,y1, X = U,(9~'(A)) with u(p™'(A,)) < oo. Put f, =
Xo-1(4,)- Since T*T f = TT* fy and f, /" xx, then we obtain (2.1). O
Corollary 2.8 ( [3, 10]) Under assumptions of Theorem 2.7, if ¢ = id, then T} =
My EM, is normal if and only if Ty = Mgz EM,, for some g € LO(A). Moreover, if
A = X then the weighted composition operator T» = My,,C, is normal whenever
hE(p(|uw|2) o (p_l =uw(h o p)E,(uw).

Theorem 2.9 Let T = M,,EM,C,, € B(L*(X)) be self adjoint. Then

(i) hE,(EW)) o ¢~ ! = wE(u).

(ii) WE (u.(wEu)) o ¢) = hE,(@E(|lw|*E(u))) o o~ .

(iii) (p%) = id, where ¢p is a measurable self adjoint map on D =
o (WE(wE (n)) o @) is a localising set for A.

Proof Let f € L*>(X). Since T* = T, then
hELAE@f)} o™ = wE(u.f o). (2.2)

Since A is o-finite, choose an increasing sequence of measurable set {C},}, each of
finite measurable, whose union is all of X. Setting f = xc, in (2.2) and letting
n — 00, we obtain hE,{in E(w)} o ¢~ = wE ). Now, since T2 = T*T then for
each f € L%(A) we have

wuwEwW)) o) f og®> = hE€AE(w|*)Eu)} o™ f. (2.3)

Put again f = xc, as above. Then we obtain (ii). Dividing both side of (2.3) by
wE (u(wE (w)) og) and using (ii), we have xp f op? = xp f.Now, let f = xc, when
C € A. Then xpxc o ¢* = xpnc, and so XDnyp-2(c) = Xpnc- Since 9 2(A) C A,
then (p%) =T on (D, Ap, wAp) = (D, Xp, wx,), because D is a localising set for
A. O

If we take ¢ = id in Theorem 2.9, we get that (a) uE(w) = wE(u) and (b)
wEuw) = aE(w|?). Put A = o (E(w)), B = o(E(|lw|?)) and C = o (E(uw)).
Then

)i b Ew)wE(uw) _ EWE(uw))

E —
(w Equwp) "7 TEqup)

WXB
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® EGE(w])
E(lwP?)
@  uwE@)

wyg = E(Wwyp = wE ),

wE(u|*) = wE (uit) = wE( 2@ xa)
_ wE(uw)E (u) (@ uE(w)E(uw) _iE )
—WXA—WXA—M (ww)xa.

LetT) = My,EM, € B(L*(Z))be self-adjoint. It is known that ([10, Theorem 2.21])
ess range E(uw) =spec(71) C R, the spectrum of 77, and so E(uw) is a real valued
function. Then, using (b), we get that T1 = M; EM, where g = EE((IL”MI;) XC € LO(A)
with g = g (see [10, Theorem 2.32(a)]).

Now, take A = ¥ and v = uw in Theorem 2.9. Setting T} = T, = M,C,
yields v = hE,(v) o e vwog) = hE¢(|v|2) o @~ !and (p%) = id, where D =
(o)) =0 (hEy(lv]*) o9~ ") (see [2]).

We recall that an A-atom of the measure u is an element A € A with u(A) > 0,
such that for each B € A, if B C A, then either u(B) = 0 or u(B) = u(A).
A measure space (X, .4, n) with no atoms is called non-atomic measure space. It
is well-known fact that every o-finite measure space (X, .4, i) can be partitioned
uniquely as X = (U,enA,) U B, where {A,,},,en is a countable collection of pairwise
disjoint A-atoms and B € A, being disjoint from each A,,, is non-atomic (see [17]).

It is known that every A-measurable function f is constant on each A-atom A,
namely fij4 = c. Since f(x)xa(x) = cxa(x) = (fxa)(x) forall x € X, we take
f(A) = ¢ when no confusion can arise. The cardinal number of a set A € X is
represented as #(A). Set go(x) = x and put g (x) = (pr—1(x)), forall x € X. An
A-atom A in (X, A, w) is called a fixed atom of ¢ of order n € N if ¢, (A) = A and
ok(A) #Aforl <k <n-—1.

For Lambert conditional operators and compact weighted composition operators
on L” some properties of their ra were described by Herron [8] and Takagi [16]. In
the following, we show that the point spectrum I1o(7) of a substitution conditional
type operator 7 on L?(%) contains some special numbers.

Theorem 2.10 Let (X, A, 1) be partitioned as X = (UpenAn) U B, 9 1 (A) C A,
W=Eu(wogp)) andletT = My,EM,C, € B(L*(X)). Then A C spec(T) where
A= eC:AN"=WAW(@p(A)) - W(pp—1(A)) for some fixed atom A of ¢ of
order n}.

Proof To prove the theorem, we adopt the method used by Kamowitz [12]. Let
W(pn,(A)) = 0 for some Ng = N U {0}. We claim that T is not onto and so
A =0 € 0,(T). Suppose not, then T"+2 is onto. This yields a function f € L?(X)
With 742 f = w{W(Wog) - (Wop)} E(uf op)opa—1 = xa.Thus,o (T"+2 f) C
(W o @,). Since a(W o ¢,) N A = @, then (T"*zf)u = 0 whereas y4(A) = 1.
This shows that T is not onto.

Assume W (gr(A)) # 0forall k € Ngand A" = W(A)W(¢(A)) -+ W(p,—1(A)).
Ifn =1,thenA = W(A) and ¢(A) = A. Put g = wy 4. We show that there exists no
f e L3(Z) such that A f — Tf = g. Indeed,
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C
A —Tf=g=Afop—(wo@)E.fop)op=go¢
=S ufop—u(wo)E.fog)op =ugoy

L AEWf 0 9) — E(wo @) E@u.f o@)op = E(ug o).

Since 7' (A) € A, then 0 = (A — W(ADEuf o ¢)(A) = W(A)xa(p(A) =
W (A) # 0. This shows that A/ — T is not onto and hence A € spec(T).

Now, let n > 2, ' = W(A)W(p(A))--- W(gy—1(A)) and ¢,(A) = A. Put
F = E(uf o) and G = E(ug o ¢) where f € L*(%) and g = wxa. It fol-
lows that F(¢,(A)) = F(A), G(gn-1(A)) = E(u(w o ¢))(gp-1(A)) xa(pn(A)) =
W (pn—1(A)) and G(¢i(A)) = 0for 0 < k < n — 2. Again we claim that there exists
no f € L>(X) which satisfies A f — Tf = g. For, if such a function f exists, then by
induction and using the same method in case n = 1, we have

MF—WWo@) - (Wopu)Fop, =A""1G+ A" *WGogp+---
+WWog) - (Wo@y2)Go@g,—i.

It follows that
{)»" —W(A)--- W(‘Pn—l(A))]F(A) = W(A) - W(pn-1(A)). 2.4)

Since W (pr(A)) # 0 for all k € Ny, the right hand side of (2.4) is non-zero, whereas
the left hand side of (2.4) is zero. This contradiction shows that A/ — T is not onto
and thus A € spec(T). O

Corollary 2.11 Under assumptions of Theorem 2.10, if T = M, EM,Cy € K(L%(%))
then A U {0} C ITo(MyEM,) U {0}.

Corollary 212 Let {M,EM,, M,,C,} C K(L*(Z). Ay = {» € C : A" =
u(A)---u(pp—1(A)), for some fixed x-atom A of ¢ of order n} and Ay = {A €
C: A = Eww)(A), for some A-atom A}. Then A1 U {0} C (M, C,) U {0} and
Ay U0} € Mo(My EM,) U {0}.

Recall that a linear operator 7 on a Hilbert space H is said to be compact if
for each bounded sequence {f,}, < H, there is a subsequence of {Tf,}, that is
convergent. In the following theorem we give a sufficient and necessary conditions
for the compactness of T = M, EM,C, on L2(3).

Theorem 2.13 Let (X, A, jv) be partitioned as X = (UyenAy) U B, o~ 1(A) € A
and let T = My EM, Cy, be a substitution conditional type operator on L3 (). If T
is compact, then for eache > 0, u(BNK,) =0and#{n e N: K, D A, € A} < o0,
where K, .= {x € X : h(x)E(p{E(|w|2)|E(u)|2} o gp’l(x) > ¢}. Conversely, T is
compact whenever for each ¢ > 0, u(BNG,) =0and#{n e N:G, D A, € A} <
00, where G := {x € X : h(xX) Eo2{E(w|*)|E(|u|*)} 0 ¢~ (x) > &}.
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Proof Suppose T is a compact operator. We show that for each ¢ > 0 the set K,
consists of finitely many .4 atoms. Assume the contrary. Then for some ¢ > 0 the set
K, either contains a subset of nonatomic part B € A or has infinitely many .A-atoms.
In both cases we can find a sequence {A,}, of pairwise disjoint .A-measurable sets

with 0 < w(A,) < oo. Define f, = W%. Then for each n € N, {f,,, fu 0o ¢} C

L?(A) U L* (¢~ (A)) = L?(A) with || f,]l> = 1 and

||Tfn||%=/X|wE<u(fno¢))|2du=/X|w|2|E(u)|2|ﬁ1|2o¢du

/XE(IwIZ)IE(u)IZIfnlzode=/Xha{E(IwIZ)IE(u)Iz}ow_llfnlzdu
1
i(An)

/A REAE(Iw)IE)*} oo~ dp > e.

For n # m, w(o(Tfy) No(Tfw)) = 0 and hence |Tfy — Tful; = ITfall* +
T fnll® = 2¢. Thus, the sequence {T f,,} does not contain any convergent subsequence,
and so T is not compact.

Conversely, suppose for each ¢ > 0, G, N {A,}, = {Al,---, AX}. Put B, =
Aé U---u Alg, v = uyp, and take T, = M,,EM,C,. Then for each f € L2(E) we
have

k
T.f = wE@xs,(f o) = (T)xp, = w Y (E@(f o 9))(AD ).
i=1

Thus, T is a finite rank operator. Also, since u = v on By, then

[\ =10 sPan = [ 1B Co P =0
It follows that
II(T—Te)f||§=/ ITf—Teflzdu=f \Tf1*dp
X\)S‘S X\IiE
=/ W E@(f o ))|Pdu
X\ B
=/ E(w»)E@(f o p)du
X\B:
sf E(w»E(u>)E(f1? o )dp
X\B;

=/ EquP)E(uP)(f1? 0 9)du
X\B.

= [ nE, {EQuPEWR] g7 1 Pan
X\B;
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ss/x|f|2du=e||f||%.

Consequently, T is compact on L2(X). O

Corollary 2.14 Let T : L*(X) — L°(X) be a substitution conditional type operator
T =My,EM,C,. Then the followings hold.

(i) If Ty = My EM, is a compact operator on L*>(X), then for each ¢ > 0 the set
(E(w|®)|E w)|* > &} consists of finitely many A-atoms. Conversely, if for each & > 0
the set {E(|w|*)E(|u|?) > ¢} consists of finitely many A-atoms, then T is compact
on L*(2).

(ii) The weighted composition operator Tp = M,,,Cy is compact on L*(%) if and
only if for each ¢ > 0 the set {hE¢(|uw|2) o ¢! > &} consists of finitely many
X -atoms.

Proof Take ¢ = id and A = ¥ in Theorem 2.13, respectively. O

Let T € B(H). We recall that the unique operator S € B(H) satisfying
HTST=T, STS=S, BTH*=TS, (4 (ST)*=S8T

is called the Moore-Penrose inverse of 7 and is denoted by T7. Let T'{i, ..., j} denote
the set of all operators S satisfying condition (k) for all labels & in the list {i, - - - , j}.
In this case S € T{i, ..., j}isa{i, ..., j}-inverse of T and is denoted by 7¢>+~/) Note
that 7(1-234) = T7_ For other important properties of T (see [4, 7]).

Lemma2.15 Letg~'(A) CAC ¢ 1(2),h € LO(A), K = {EE, (@) E(|w|*)}o
(pfl andT = M, EM,C, € B(LZ(E)). Then K is bounded away from zero on o (K)
whenever T has closed range.

Proof Suppose T has closed range, but K is not bounded away from zero on o (K).
Then for fixed ¢ > O, there exists {A,}, € A with A, € A1 € o(K) and

0 < 1(A,) < cosuchthat|K|xa, < 1/+/n.Put f, = VhE, @i/ E(w[?)op™ xa,.
Then by Theorem 2.3 we have

||fn||%=/X|E¢<WE<|w|2>>|2<xA,, o@)dus/XE<|u|2>E<|w|2><xAn o)dp

:/ hEJE(uME(w*)} oo du < |1 lleit(Ar) < 0.

Ap

Now, let g € N'(T). Then we get that

(e, f) 2 |/ 2o ¢ /B 09 xa, (w0 ¢
_ 8°¢ 2 o 2
"/XWWE('”" ) xa, o @)dul
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E(jw|?)
hog

E(lwl*)
hog

(Xa, o @)dul*

= I/ E(g o))
X

< /X E(u(g 0 ) (xa, o @)dit

1

=/ |WE(”(80§0))|2h—(XA,, o@)du
X oQ

Z/ 1TgP 24 %% gy = 0,
X hog

It follows that f, € L2(X) N N(T)* and satisfies
17 full? =f oy PPIE @0 9 Ep @)V E(u) Fdu

(728 n

_ / (h o @) EWE, @) E(lw]) Pdu
(p_l(An)

=/ W EWEy (@) E(wlH* o9~ du

An

1
= / IK>xa,din < —ju(A1) = 0, asn — oo.
Ay n

But this is a contradiction. O

In Theorem 2.15, if we take ¢ = id or A = X, then we have the following corollary.

Corollary2.16 (a) If T\ = MyuEM, < B(L*(X)) has closed range, then
K = E(|u|2)E(|w|2) is bounded away from zero on o (K1).

(b) Let v = uw and cp_l(E) =X.Then Ky = h(|v|2 O(p_l) is bounded away from
zero on o (K2) whenever the weighted composition operator To = M, Cy, has closed
range.

Lemma2.17 Let 9~ '(A) € A C ¢ 4(2), A = c(hRE(UEL,@E(w|*)} o ¢~ 1),
h € L°(A) and for each f € L*(%),

_ XA
hE{uE,(@)E(|w|?)} o ¢~

Sf ShE{EWf)} o g

Then S € B(L*(X)) whenever T = MyEM,C, € B(L*(X)) has closed range.

Proof Let f € L?().ByLemma2.15, |K|> = h2[{EUE, (@) E(lw|})}Pop~! >
on 0(K) = o(A) for some o > 0. Using Theorem 2.3 and the conditional Cauchy
inequality we have

”anzzf xah?| Eg{a EQ f)}* 0 ¢!
27 Jx R2IEWE (@) E(|w|?)}2 0 g1
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1
<L / Il Eg(GE @ )} 2d (w0 o™ ")
o Jx
1
_ ! / (h o 0)(xa 0 O Ep@E (i )} P
o Jx
1
< &/X(how)(mow)E(Iulz)E(lwlz)E(lflz)du
1
_ E/X(how)(x/a o @ E(uP)E(w)| f12du
1
=~ [ toprtn 0 0)E, [EQPIEGP)] EnlsPran
o Jx

< [ (o {EuPrEQP} 0 o) (hE 1P o 0 i

[T
[07

I[/1]] -
<= | REL(f Py o du = 1113
X

m}

Leto (uE,(i1)) 2 o (u). As the assumptions of Lemma2.17leth € LOCA), 971 (A) C
AC o (%) and A = o (hE{uE, () E(|w|?)} o ¢~ 1). Since o (h o ¢) = X, then
¢ (A) =0 ((ho ) EluE,()E(lw|*)}) = 6 (E{uE,(@)E(|w|*)}) and so x4 0 ¢ =

Xo—1(A) = XoWE, (@) Xo (E(lw|2))- Thus, for each f € L*(X) we have

XA oD Tf = Wi gquwpnE (XowE,@nu(f o @)
=wEmop)=Tf.

It follows that

_ XA - 2 -1
ST/ = Faty@E (oo oo (TEIDE@T 20| o

and

u(xao¢) . )
E{uE(p(ﬁ)E(|w|2)}Ew(”)E(lwl )E(u(fo<p))}

=(Xao@QWE(fop)=(xaocp)Tf=Tf.

TSTf:wE{

By Similar computations, we have

STS =35 (wE < u(xa o) EﬂﬁE(lZ}f)})) =5 (w(XA o ) L&) )

E{uE,()E(w) EquP)
~ XA o E@HN]
- E{uE¢<ﬁ>E(|w|2)}ow—1E‘”{”E (ww(“ “’)Equ))} v

XA

- 7 0 o -1 =
= EE,@E(uP) o g1 W E@ D ey =57
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These observations establish the following result.

Theorem 2.18 Let ¢~ 1(A) € A C ¢ (%), A = o(hE{uEw(ﬁ)E(|w|2)} o™,
h e LO(.A) andletT = M, EM,C, € B(LZ(Z)) has closed range and

XA

= FWE,@E(wD o B EE@N 09Tl [ LD,

Sf

Then T® = S. Moreover, ifo(uEy(u)) 2 o(u) then 742 =g

Corollary 2.19 Let T\ = My EM, and T> = M,Cy, wherev = uw. If T; € B(L*(%))
has closed range, then for each f € L*(%),

T KXoE(wP) - -
D= E Q) Equy "
T, (f) = Mf#(f op™h

where Ay = o (h(|v|* o9~ 1)) and E, = 1.

Let f € L*(Z) and hE,(f) o ¢! = 0. Then (h o o){E,(f) oo '} op =
(hop)E,(f) =0.Since hog > 0, then E,(f) = 0. Conversely, suppose E,(f) = 0.
Then for each B € X we have

[ nEanotan= [ E(pau=o
B »~1(B)

and so hE,(f) o ¢! = 0. Let ¢g~!(A) C A be a o-finite subalgebra of A and
let E,(f) = 0 for all f € L?(X). Then there is {B,} € ¢~'(A) C ¢~ !(X) with
B, € Byy1,0 < u(B,) < ooand X = U,B,. Take f, = xp,. Then Ey(u) =
lim E,(u) f, = lim E,(uf,) = 0.

Now, let 9~ 1(X) is a o -finite. Then i = d (1 0 ¢~ 1) /d . is finite-valued and hence
C, is densely defined. It follows that (see [1])

R(Cy) = R(Ey) = L* (9™ (2))

= {f 0p: /X |fPd(nog™) < oo} ={fog:[feL*hdw).

Hence we have the following lemma.

Lemma 2.20 Letu € D(E,) and (p_l(.A) be a o-finite subalgebra of(p_l(E). Then
the following assertions hold.

(a) hEy(f) o @' =0 ifand only IfEy,(f) =0, forall f e L*(A).

(b)IfEy(uf) =0forall f L%(A), then Ey(u) =0.

(R(Cy24) = R(CyEy) = Cu(L2(A) = L*(¢p7'(A) = {fog :
Jx|fPd(pog™) < oo} ={fog: f e L*(hdu)).
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Let M be a closed subspace of H. If T € B(H), then T can be written 2 x 2
matrix with operator entries [7;;11<; j<2, where T11 € B(M), Tiz € B(M*L, M),
Tr1 € BIM, M%) and T»» € B(M~). M is said to be a reducing subspace for T if
M is invariant subspace for T and T*, or equivalently, 71, = Tl*2 =0.

Relative to the direct sum decomposition L*(Z) = R(E) ® NA2(E), any element
f of L2(%) can be written uniquely as f = f; + f» where fi = E(f) € L*(A)
and fr = f — E(f) € N2(E) = {f € L*(Z) : E(f) = 0}. Now, let T =
MyEM,C, € B(L?*(X)). Then the matrix representation of T and T* with respect
to the decomposition L>(X) = L?(A) @ N>(E) are

T = My, Cp EMyyu, Cyp and T* = CEMml EC;MWI )
Mypu, Cp My, EM,,Cy CoMyia, CoMi, EMyp,

Consequently, L?(A) is a reducing subspace for 7T if and only if My, Cy : L*(A) —
N2(E) and Cy My, : Na(E) — L*(A) are 0. Let o' (4) = A € ¢~ '(2). Then
by Lemma 2.20, R(C(ple(A)) = L2(A). In this case we have

My Cp =0 <= waui(f o) =0, Vf € L3(A)
<« wou; =0 (by Lemma2.20)
<— (w—wpu; = wu; —wiu; =0

< WXo®w;) = W1Xow;) € LO(A)
and

Ci Mg, =0 <= hE,(wiizf) o9~ ' =0, Vf € L*(A)

— E,(wiuzf) =0 (by Lemma2.20)
— Ep(wi(u —up)) = Eg(wiu) — Eg(wiug) =0
= Ey(Ww = wiug (since A C (p_l(E))
= Ep ()Xo (w) = 1 Xowr) € LO(A).

These observations establish the following result.

Theorem 2.21 Let 9~ (A) = Abe ao-finite algebra of ¥ and let T = M, EM,, Cy €
B(L?(X)). Then L*(A) is a reducing subspace of T if and only if

{an(ul) s Ego (M)Xo(wl) } - LO(-A)~
In Theorem 2.21 if we take ¢ = id, then we have the following corollary.

Corollary 2.22 Let Ty = My,EM, € B(L*(X)). Then R(E) = L*(A) is a reducing
subspace of Ty if and only if W o (Ew)) and u Xo (E(w)) are A-measurable functions.
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