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Abstract

In this paper, for each a € A we introduce an algebra K, € K of bounded Lambert
conditional operators on a unital C*-algebra A, which is defined in terms of the left
multiplication operators and conditional expectations. The commutant of /C is studied,
as well as the question of when K is closed in the norm operator topology.

Keywords C*-algebra - Conditional expectation - Commutant

Mathematics Subject Classification Primary 461.05 - 47B47

1 Introduction and preliminaries

Let A be a unital C*-algebra and let B be a C*-subalgebra of A. From now on, B(A)
will denote the Banach algebra of all bounded and linear maps defined on .4 and
with values in A. In addition, if T € B(A), then N'(T) and R(T) will stand for the
null space and the range of T, respectively. Note also that / € B(A) will denote
the identity operator on 4. A linear mapping T : A — B is said to be positive, if
T(a) > 0 whenever a > 0. Recall that an element a in a C*-algebra A is called
positive, and we write a > 0, if @« = a™* and the spectrum of a lies on the nonnegative
real axis. A linear mapping E : A — B is called a projection if E(b) = b for every
b € B. In this case E2 = E and ||[E| > 1. Tomiyama in [18] proved that if E is a
projection of norm 1 from .4 onto B, then E is positive, E(a*)E(a) < E(a*a) and
B-linear. A B-linear projection E : A — B which is also a positive mapping, is called
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a conditional expectation. A positive linear mapping 7 : A — B is called faithful if
T (a*a) = 0 implies a = 0.

For each a € A, we denote by L, the left multiplication operator on A. Our
interest in operators of the form L, E L, stems from the fact that such products tend
to appear often in the study of those operators related to the conditional expectation
E. These types of operators appear in [6], where it is shown that every contractive
projection on certain L'-spaces can be decomposed into an operator of the form
L,ELp and a nilpotent operator. In [8] and [9] operators that are representable as
products involving multiplications and conditional expectations are studied. Also,
in [14], Moy has characterized all operators on L” of the form ELj, and L,ELj.
Some classical properties of the Lambert conditional operator L, E L, on L>-spaces
are characterized in [7, 10-12]. In general, the theory of conditional measures and
conditional expectations is extremely rich and varied (see e.g. [1] for references).

Put C = {L,ELj : a,b € A}. Then K is a subset of B(A). Set K, = {L,ELy, :
be Ayand Kb = {L,ELy, : a € A}. Then K, and K” are subalgebras of B(A). In
the next section we prove that &, and K are closed in the norm operator topology
and then, under some assumptions, we determine the commutant of /C.

2 Characterizations

We recall that a positive linear mapping E : A — B is said to be a conditional
expectation when E(A) = B, E(b) = band E(bac) = bE(a)cifa € Aand b, c € B.
It follows that E2 = E, ||[E|| = 1, E(14) = 1, E(x*) = E(x)* and E(xE(a)) =
E(E(x)a) = E(x)E(a) for all x,a € A. Note that the existence of a conditional
expectation E : A — Bisarich subject, and is often a very tricky matter (seee.g. [1, 2,
17]). Also, conditional expectations may not be unique. Every conditional expectation
E from A onto B is a Schwarz mapping (see [15]), i.e., E(x*)E(x) < E(x*x) and
|E(x*a*ax)|| < |la*a| |E(x*x)| (see [16]) forall x, a € A.In Schwarz’s inequality,
equality holds if and only if E is multiplicative (see [3]). Henceforth we take 1 4 = 1,
13 = eand N (E) = N Note that the closed subspace \'is a B-module and N2 ¢ N/,
in general.

Definition 2.1 Let S(A|N) = {x € A : Ax € N}. NV is called a subspace of type
zero if S(AJN) = {0} and is of type one if S(A|N) = N.

As an immediate consequence of Definition 2.1, S(A|N) is a closed left ideal of A,
{0, 1—¢} € S(A|N) € N and (A|N) contains every leftideal of A whichis contained
in V. Because N* = N, NV is a two-sided ideal whenever N is of type one. By using
Peirce decomposition, we have N = e A(1—e)® (1 —e) Ae® (1 —e) A(1 —e). The left
annihilator of e4is A(1 —e) and e A(1 —e)® (1 —e) A(1—e) € A(l—e) € S(AIN).
So, if we take B = e.Ae and define E(a) = eae foralla € A, then A = B® N . In
Definition 2.1, if we take S1(AIN) = {x € A : x A C N}, then S| (A|N) is a closed
right ideal of A4, {0,1 — e} € SI(AIN) C N and (1 —e)Ade ®d (1 —e)A(l —e) C
(1—-e)AC Si(AIN).

Proposition 2.2 The followings are equivalent:
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(1) E is multiplicative.
(i) N is an ideal.
(i) S(AIN) = N.
(v) |E(a*a)|l = | E(@)|? foralla € A.

Proof (i)= (ii)Leta € Aandx € N.Then E(ax) = E(@)E(x) =0 = E(x)E(a) =
E(xa).So AN C N and NA C N.

(il)= (iii) Let x € N. Since N is an ideal, then ax € N for all @ € A. Thus,
x € S(AN) CN.

(iii)= (v) Let b € A. Then b — E(b) € N = S(A|N), and so a(b — E(b)) € N
for all a € A. Hence 0 = E(a(b — E(b))) = E(ab) — E(a)E(b). In particular,
|E(a*a)|| = ||E(a)|? foralla € A.

(iv)= (i) Let a,b € A. Then |E(a(b — ED)||> = ||E((b — E(b))*a*a(b —
E®))| < lla*all |E((b — E(b))*(b — E(b))|| = |la*all | E(b — E(b))||* = 0. Thus,
E(ab) = E(a)E (D). O

Let So = So(AIB) ={x e A: Aex CBland S ={x e A: Ax C B}. Bisa
subalgebra of type zero if So = {0} and is of restricted type zero if e # 1 and S| = {0}.
It follows that S; € BN S is a closed two-sided ideal of A and is the annihilator of
N (see [4]).

Example 2.3 Let (X, X, 1) be a o-finite measure space. For any sub-o -finite algebra
Y1 C¥and1l < p <oo,the LP-space L (X, X1, u|x,) is abbreviated by L?(X1).
In this case one may identify L”(X) isometrically with a subspace of L?(X). Let
A = L®(X), B= L*°(X;) and the mapping E = E(.|X) be a classical conditional
expectation operator from abelian C*-algebra A onto B. So for f € A, E(f) =
E(f), E(HE) = |E(HIF < E(fP) and if E(ff) = 0, then [y |fPdp =
/ x E(f |*)dju = 0,and hence f = 0. Thus, the probabilistic conditional expectations
are always faithful. Also, E = E2 = E* and so | E|| = 1. Here any C*-subalgebra B
of L°°(X) is of this form. In fact B = L*°(X) where X1 = {A € X : x4 € B}. Let
¢ : X — X be a non-singular measurable transformation, i.e. 1t o ¢! <« . Here the
non-singularity of ¢ guarantees that the operator f — f o ¢ is well defined. For each
n e N,leth, = duoe™"/dun be the Radon-Nikodym derivative. We also assume
that &, for each n € N is finite-valued, or equivalently ¢ ™" (X) C X is a sub-o -finite
algebra, A, = L®(¢ (X)) and E,, = E(.J¢”""(X)). Then {E,, : A — A}, is a
sequence of conditional expectations and for each m > n, E, E,, = E,E;, = E;,, =
E E, where E7, is a conditional expectation from A, onto A,,. Now,let X = [—1, 1],
2du = dx, X be the Lebesgue sets and let X be the sub-o-algebra of ¥ consisting
of sets symmetric about the origin. Then for f € A, Eo(f) is the even part of f
and those in the kernel of Eg = E((.|X1) are the odd functions. Define E1(f)(x) =
f(x|) (see [4]) and E>(f)(x) = f(—|x]). Then E1, E, are distinct non-probabilistic
conditional expectations from A onto B, N(E1) = {f € A : xpo.1f = 0} and
N(E))={fecA: Xi—1,01f =0}. Fori, j € {1,2}, EoE; = E;,2E,Ey = E1 + E»
and E; E; = E;. The null space of Ey and E» are ideals in A but NZ(EO) C B and
hence N (Ep) is not an ideal. In fact So = §; = {0}, S(A, N'(Ey)) = {0} and for
i€{1,2}, S(A, N(E;)) = N(E;).So, Band N (E) are of type zero and N'(E1) and
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N (E3) are of type one. Note that E| and E» are far from faithful and these conditional
expectations play no role in the definition of Sy and Sj.

Remark 2.4 Conditional expectations play an important role in classical probability
theory (see [5]). Some properties of probabilistic conditional expectations cannot hold
in our situation. For example, probabilistic conditional expectation of the idempotent
element x4 is zero if and only if x4 = 0. In fact, the support of E(x4) contains the

support of x4 (see [13]). However, if wedefine E : M>(C) — M(C)asE (CCZ Z) =

<8 8), then E is a conditional expectation with S(M>(C)|N) = {0} and for the
0

idempotent element p = (8 1>, E(p) =0.

For each a € A, we denote by R, the left and right multiplication operators on A.
Define the linear operator 7, 5 : A — Aby T, (x) = aE(bx), where E : A — Bis
a conditional expectation operator. Itis clear that 7, , = L, E L}, is linear and bounded
and [|[aE®B) | < 1 Tapll < llall 1D]l. Put K = K(A| B; E) = {Tap : a, b € A}. Then
aTa,b = Taa,b = Ta,ab» Ta,ch,d = TaE(bc),a’ = Ta,E(bc)da Ta,b + Ta,d = Ta,b+d and
Tap+ Tep = Tyyep forall {a, b, c,d} C Aand o € C. Thus, K is closed under the
scalar multiplication and product operators, but not closed under addition. Note that
for a fixed a € A, the mapping K, : A — K, given by K,(b) = T, is linear with
llaell < |Kall < llall. Recall that A = B & N (E). So any a € A can be written
uniquely as a = ay + ap, where a; = E(a) € Band a, = a — E(a) € N(E). Then
Tap(x) = a1bixy + asb1x1 + a1 E(bax2) + a2 E(baxy) for all x € A. If N2 C N,
then Ty, p(x) = (a1b1 + a2by)x1.

Proposition 2.5 Fora € A, K,(S(AIN)HK = K, (Si(AIN)HK = {0} whenever N
is of type one.

Proof If N is of type one, then by Proposition 2.2, N' = S(A|N) = S (A|N) is a two-
sided ideal. So for each {a,c,d} C Aandx € N, T, T.a = TuE(xe).a = To,a = 0.
It follows that for each x € A/, T, , is a left annihilator of K. O

In the following, under some conditions, we obtain connections between
Ka(A|B; Ey) and K, (A|B; E2) = {Sap = LoE2Lp @ b € A}, where Eq, E> :
A — B are distinct conditional expectations.

Proposition 2.6 Let Ey, E> be multiplicative conditional expectations of A onto B.
Forafixeda € A, let Ei(a) = Ex(a), Ty.x € Ka(AIB; E1) and S, x € Kqa(A|B; E2)
be defined by T, (y) = aE1(xy) and S,.x(y) = aEax(xy) for all x € A. Then there
is an invertible operator G on A such that G_lTa,xG = S,4,6-1(x) and the mapping

I:T,, — G 'T, .G isanalgebraisomorphism of K, (A|B; E1) onto K, (A|B; E»)
which is a homeomorphism.

Proof Take G = E; + 1 — E1. Then G is an invertible operator on .4 with G!=
Ei+1— E; (see [4]). Letx, y € A, then

G T, ,G(y) = G N aE1(x(E2(y) + y — E1(¥))
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=(E1+1—-E)@EI(x)E2(y) +aE1(xy) —aE1(x)E((y))
=aE1(x)Ex(y) +aEi1(xy) —aE1(x)E1(y) = aE1(x)Ex2(y)

On the other hand

Sa.c-1x(¥) =aEx((Ey + 1 — E2)(x)y) = aEx(E(x)y — Ex(x)y + xy)
=aE1(x)Ex(y) +aEr(x)Ex(y) — aEa(xy) = aE1(x)Ex(y).

Therefore G™'T, .G = S, -1, and for all x|, x; € A we have

U(Taxi Taxy) = D(Ta Eyiayn) = Sa,6-1(E) (na)x)
= Pa,G"lx Sa,G_]xz = F(Ta,m)F(Ta,xz)-

So, I"is a continuous algebra isomorphism and I' ! (Sq.6-1x) = GS,LquG_1 isalso
continuous with respect to any of the operator topologies. O

Proposition2.7 Let E : A — B be a conditional expectation. Then Ne + B =
Va.be AR(T4,p), where \/ denotes the algebraic span. Moreover, Nyep3 N(T,.) =N.

Proof Recall that for each x € A, x; = E(x) and x» = x — E(x). Then for each
a,b € A we have

Tap(x) = (a1 + a2) E((b1 + b2)(x1 + x2))
= (a1 + a2) E(b1x1 + b1x2 + bax1 + bax2)
= (a1 + a2)(b1x1 + E(bax2))
= (apb1x1 + a2 E(byx)e + arbix) + a1 E(byxy) € Ne + B.

Hence V4 pc AR (T,5) € Ne + B. Conversely, since for every k € N and b € B,
ke =Ty 1(1)and b = T, (1), then Ne + B C Vv, pe AR (Ty.p). Now, let T, .(x) = 0
for all @ € B. Take a = e. Then E(x) = 0 and so x € N. Conversely, if x € A/ then
Tyo(x) =aE(x) =0foralla € B.So, x € NuepN(Ty.0). ]

Theorem 2.8 Let xo € N have a right inverse and N'xy € B. Then K.(A|B; E) =
{ELyp : b € A} is closed in the norm operator topology.

Proof Let T, = ELy, and ||T, — T|| — O for some T € B(A). Then, relative to the
direct sum decomposition A = B & N we have

. . Ly, ELp,| |Th Tof _
nlgIgoTn_nlLH;OI: 0 0 T T Ty =T

where b,; = E(b,) and b, = b, — by. Since for every n € N, T,(B) € B
and T,,(N) C B, hence T(B) € B and T(N) C B. Consequently T3 = Ty =
0. It is sufficient to calculate 77 and 7T». Since lim,_ o0 by1 = limy,_ o0 E(b,) =
lim, 00 7, (1) = T(1) :=1t € B, then T1x1 = lim,— o0 Ly, X1 = limy 00 bp1Xx1 =
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tx; = L;x1. Thus 71 = L,. Now, we calculate 7>. Since xg has a right inverse, there
exists yp € A such that xgyp = 1. Then we have

(Txo)yo = lim E(byxo)yo = lim [E(bu1x0 + bu2xo)1yo
n—o0 n—o0
= lim [b,1 E(x0) + E(by2x0)]1y0
n—>0oo

= lim byxoyo = lim b, (since N'xg € B) 2.1
n—>oo n—>oo
Since N is a closed subspace, then (Txg)yo := k € N and
Tr(x2) = lim E(byxa) = E( lim bnm) — E(kxy) = ELi(x2).
n—oQ n— oo

This implies that 7, = E L. Put b =t + k, then

T = [%’ Eék} — ELiuq = ELy € K, (A|B: E).

O

Corollary 2.9 Under assumptions of Theorem 2.8, if a € A is invertible, then
Ka(A|B; E) = {L,ELy : b € A} is closed in the norm operator topology.

Proof Let limy,_,oo LoELp, = T for some T € B(A). Then lim, o E(Lp,) =
L,~1T = Ti. So there exists b € A such that 71 = ELj and consequently 7 =
L,Ty = L,ELy € K (A|B; E). O

Now, let |[Lp, E — T|| — 0 forsome T € B(A). Then ELyp, . — T*. Under assump-
tions of Theorem 2.8, there exists ¢ € Asuch that T* = EL.,andso T = L~+E. So
we have the following corollary.

Corollary 2.10 Under assumptions of Theorem 2.8, if b € A is invertible, then
Kp(A|B; E) ={L,ELyp : a € A} is closed in the norm operator topology.

Let b € B and let R, be the right multiplication operator on A. Then for each
Tac € K={L4ELp : a,c € A} we have RpT, (x) = Rp(aE(cx)) = aE(cx)b and
T, cRp(x) = aE(cxb) = aE(cx)b. Thus, R ={Rp : b € B} C K' = {T € B(A) :
TTyc=T,.T, Ta, € K}. Inthe following we determine the commutant of /C, under
some assumptions.

One way to study operators is to see them as entries of simpler operators. Recall
that N = N(E) =eN D (1 —eN = Ne®dN( —e) and A = B® N. Then
A=A & A, & Az, where A] = B, A, = Ne and A3 = N (1 — e). Relative
to this direct sum decomposition any operator 7 on .4 has the matrix form (7; ;),
1 <i,j<3whereT;;: A; — A;. If e =1, then the matrix form of T is a 2 x 2
matrix.
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Theorem 2.11 Let A be a unital C*-algebra with identity element 1 and B a proper C*-
algebra of A with unit e, and E a conditional expectation from A onto B. If S| = {0},
then T € K' if and only if T has the matricial form

R, O 0
0 R O
0 0 T3

where t = T (e) and Ry is right multiplication by t and T33 is arbitrary.

Proof Let T € K, thenforalla,c,x € A,
T@E(cx)) =TT, (x) =T,,.T(x) =aE(cTx). 2.2)

Also, let the matrix form of 7T relative to direct sum decomposition A = A4, ® .4, D A3
be given by

Ty T Tis
oy T T
T3y T3 Ts3

If x € M and ¢ € B, then cx € N and so by (2.2), acE(Tx) = 0. Put ¢ = e. Then
for every a € A, we have aE(Tx) = 0. Thus, E(Tx) € S; = {0}. This implies
that T(N) € N. It follows that Tj» = T13 = 0. Now, we show that 7(Ay) € A,
where Ay = Ne.Put T(e) = t and take x = e and @ = ¢ = 1 in (2.2). Then we
obtain t = T(e) = E(T (e)) = E(t) € B. Also, if we take a = x = e in (2.2), then
T(E(c)) = E(ct). Again,putc = 1, x = e in (2.2). Then we get that T (ae) = at, for
each a € A. Since te =t € B, then for each (E(c) — c)e € Ay, T((E(c) — c)e) =
T(E(c))—T(ce) = E(ct)—T(ce) = E(c)t—ct = (E(c)—c)t = (E(c)—c)te € Ne.
This implies that Tx = xt for every x € Ne, and so T(A;) € A,. Consequently,
T3 = 0and T»p = R,;. Now, take ¢ = x = 1in (2.2) and let a € A; = B. Then
T(a) =aE(t) = at = R;(a),and hence T = ETE = R,.

For calculation of 121, 723, 731 and 733, we need the matrix form of 7, ; relative
to direct sum decomposition A = A ® A, ® Az. Letx € A. Thenx = E(x) + (x —
E(x))e + x(1 — e). It follows that

Tap(x) = aE(bE(x)) + aE(b(x — E(x)e) + aE(bx(l — e))
:ablE(x)—i—aE(b(x—E(x))+aE(bx(l —e)). 2.3)
Let T, 5, = (A;,j) and P; be a projection on A; for 1 < i, j < 3,ie, Pi(x) = x,
Py(x) = x2e and P3(x) = x2(1 —e). For x = x1 = Pi(x), T, p(x1) = abjx; and

hence

A11(x1) = Pi(abix1) = aib1x1 = Lap, X1;
Ar1(x1) = Pa(abix1) = axb1x1 = Layp, X1;
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A3z1(x1) = P3(abix1) = a2b1x1(1 —e) =0.

Now, putx = x2ein(2.3). Then 7}, j(x2e) = aE(bxze) = aE(byx;). This implies that
A12(xze) = P11, p(x2e) = a1 E(byx2) = Ly, ELp,(x2e). Similarly, Ayp = Ly, ELy,
and Ax3(x2e) = P3T, p(x2¢) = a2 E(b2x2)e(l —e) = 0. Take x = xp(1 —e) in (2.3).
Then Ta,b(xz(l —e)) = 2aE(bxy)—2aE(bxye) = 0,andhence A3 = Ayz3 = A3z =
0. Consequently,

Lapy, Lo ELp, 0
Ta,b = Lazbl LazELb2 0 5
| 0 0 0. ]
Ly, Loy ELp, O R, 0 O
TypT = | Laypy LayELp, O || T21 Ry T3
0 0 0 131 0 Tis3.

LoypyRi + Loy ELp,To01 Lo ELpy Ry Ly ELp, 123
= Lazbl R, + La2 ELbz 12 LazELbz R; LazELbz T23

L 0 0 0
and
RiLay, RiLa ELp, 0
TTa,b = T21La1b1 + RtLaZbl T21La] E‘Lh2 + RlLazELbz 0
T31La]b1 T31La1 ELb, 0

Note that a; E(bjx)t = a; E(bjxt) foreachx € A, t € Band 1 < i, j < 2. Thus,
RtLa,-ELbj = La,-ELbj R;. This implies that To3 = Tp1 = T31 = 0 and T33 is
arbitrary. Thus, we deduce that if T € K, then

R, O 0
T=|0 R 0 [. 2.4
0 0 T3

Conversely, if T has the form given in (2.4), direct calculation shows that T € K'. O
Example2.12 Let A = {(a;j)3x3 : aij € C} be the algebra of 3 x 3 matrices with
complex entries and B be the subalgebra of A is given by

0 0 O
B= 0O a b|:a,b,c,deC
0 ¢ d

Define E : A — B by E(a) = eae. Then

0 0 0
E(@)=1|0 axn a3
0 a3z as;
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and
X1y
N=1{|lx 0 0]:;x,y,21€C,1<i<3
x3 0 O

Recall that x € Sy if and only if for each a € A,

air aiz a3 | [0 0 O |x1 » 21
aex = |ax ax axy |0 1 0| |x2 ¥y 22
a1 azx axz | |0 O 1||x3 y3 z3.

appxy 4+ ayzxz appy? + a3y anz +aizzs
= | anx2 + axx3 any: +ax3ys a»nzy +ax3zz | € B,
| a32x2 + azs3x3 aznyz + azzys azz + a3z

ifand only if x; = x3 =0, y» = y3 = 0and zo = zz3 = 0. Thus

X1 Y121
S():{ 00 O0/: x1,vy1,21 e(C}.
000
Also, since {0} € S} € BN Sy then S| = {0}. Thus, B is of restricted type zero. Let
b= (b,‘j) € A. Then

0 0 0
E(bx) = | 0 ba1y1 + baoyz + ba3ys ba1z1 + b2ozo + br3za
0 b31y1 + b32y2 + b33ys b31z1 + b3z + b33zs

If for jo € {1, 2,3}, {b2jy, b3jo} # {0}, then

)C100
N(Tp)=3|x00]|; x;€C,1<i <3} =SAN).
x300

Acknowledgements The authors would like to sincerely thank the anonymous referee for carefully reading
the paper and for very useful comments.

References

1. Blecher, D.P.: Real Positive Maps and Conditional Expectations on Operator Algebras, Positivity and
its Applications, pp. 63—102. Trends Math, Birkhéuser, Springer, New York (2021)

2. Blecher, D.P., Labuschagne, L.E.: Von Neumann algebra conditional expectations with applications
to generalized representing measures for noncommutative function algebras. Adv. Math. 396, 108104
(2022)

3. Choi, M.D.: A Schwarz inequality for positive linear maps on C*-algebras. Illinois J. Math. 18, 565-574
(1974)

4. Daughtry, J., Lambert, A., Weinstock, B.: Operators on C*-algebras induced by conditional
expectations. Rocky Mountain J. Math. 25, 1243-1275 (1995)

@ Springer



M. R. Jabbarzadeh, Z. Moayyerizadeh

5. Dodds, P., Huijsmans, C., de Pagter, B.: Characterizations of conditional expectation-type operators.
Pacific J. Math. 141, 55-77 (1990)
6. Douglas, R.G.: Contractive projections on an L] space. Pacific J. Math. 15, 443-462 (1965)
7. Emamalipour, H., Jabbarzadeh, M.R.: Lambert conditional operators on Li(%). Complex Anal. Oper.
Theory 14, 21 (2020)
8. Grobler, J.J., de Pagter, B.: Operators representable as multiplication-conditional expectation operators.
J. Operat. Theory 48, 15-40 (2002)
9. Grobler, J., de Pagter, B.: Operators represented by conditional expectations and random measures.
Positivity 9, 369-383 (2005)
10. Herron, J.: Weighted conditional expectation operators. Oper. Matrices 5, 107-118 (2011)
11. Jabbarzadeh, M.R., Sharifi, M.H.: Lambert conditional type operators on LZ(E). Linear Multilinear
Algebra 67, 2030-2047 (2019)
12. Lambert, A.: L? multipliers and nested sigma-algebras. Oper. Theory Adv. Appl. 104, 147-153 (1998)
13. Lambert, A., Barnet, M.: Weinstock, A class of operator algebras induced by probabilistic conditional
expectations. Michigan Math. J. 40, 359-376 (1993)
14. Moy, S.-T.C.: Characterizations of conditional expectation as a transformation on function spaces.
Pacific J. Math. 4, 47-63 (1954)
15. Stratila, S.: Modular Theory in Operator Algebras. Cambridge University Press, Delhi (2020)
16. Stgrmer, E.: Positive Linear Maps of Operator Algebras. Springer, Heidelberg (2013)
17. Takesaki, M.: Theory of Operator Algebras II. Springer, New York (2003)
18. Tomiyama, J.: On the projection of norm one in W*-algebras, III. Tohoku Math. J. 11, 125-129 (1959)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable
law.

@ Springer



	Lambert conditional operators on C*-algebras
	Abstract
	1 Introduction and preliminaries
	2 Characterizations
	Acknowledgements
	References


