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HIGHLIGHTS

A spherical mobile robot driven by two perpendicular rotors is investigated.

The equations of motion are derived using angular momentum conservation principle.

The controllability of the model is analyzed and its uncontrollable configurations are specified.
A NMPC is designed to control the position and orientation of the spherical shell simultaneously.
The stability of designed controller is proven and its performance is evaluated.
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1. Introduction robot provides special advantages by its shape and structure. Om-
nidirectional locomotion with merely two or three actuators, sta-

Nonholonomy is a characteristic of mechanical systems that  ble locomotion even after collision or falling from height, smooth
makes it possible to control multiple state variables with fewer ~ Outer shape and protective spherical shield for the inner parts are
number of control inputs. As an interesting property in design of some of its inherent advantages Fhat discriminate the spherical
mobile robots, the nonholonomy could help to use simpler mech- rob\(;\;lfrlom the otthgr. tyﬁes o?mobﬂ; robots 1[12]‘. Idesi dd
anisms in producing locomotion and mobility [1]. The spherical vawe many studies have focused on mechanica’ design and dy=
mobile robot comprising a spherical shell and an inner driver namic modeling of the spherical robot [3-7], one of the major prob-
mechanism is a well-known example of nonholonomic systems lems with this type of mobile robots is its stabilization and control

attracted many attentions in the past decades. Compared to the system design which is still an open problem. The spherical robot

. : . . is restricted by nonholonomic constraints due to its perfect rolling
classical wheeled and legged mobile robots, the spherical mobile motion. On the other hand, according to Brockett's theorem [8],

nonholonomic systems do not meet the necessary conditions for
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the feedback linearization are not adequate to control all states
of the systems. Furthermore, a systematic control strategy has
not been still reported for stabilization of general nonholonomic
systems. The current methods in the literature are limited to some
special classes of nonholonomic systems such as chained form,
power form and differentially flat systems [9-12]. Therefore, for
motion control of the spherical robot several investigations have
been reported in the recent literature that all of them could be
classified into either straight-line motion or curvilinear motion
control.

The control and stabilization of the spherical robot in straight
line motions have been studied by several researchers. Consid-
ering the uncertainties and disturbances in the robot model, the
stabilization of spherical robot in linear motion has been investi-
gated using input-state linearization, adaptive hierarchical sliding
mode approach, adaptive neuro-fuzzy sliding mode controller,
neural network controller, linear control methods and gray-PID
type fuzzy controller [13-20]. However, the robot constraints in
straight line motion imposed by the perfect rolling condition could
be integrated and converted to holonomic constraints. Hence, the
straight-line motion control does not involve too much complexi-
ties of general nonholonomic situation.

To stabilize the spherical robot in every desired position and
orientation, the robot’s motion on curvilinear trajectories should
be investigated. Bhattacharya et al. have shown that the spheri-
cal robot actuated by two perpendicular rotors is a controllable
nonholonomic system [21]. Since the robot system is neither flat
nor nilpotent and could not be converted to chained form, the
classical nonlinear control approaches could not be utilized for its
stabilization [21]. Similar results have also been represented by
Joshi et al. for kinematic model of the robot obtained using unit
quaternion [22].

Several studies have been conducted recently for curvilinear
motion control of the spherical robot driven by two actuators.
However, to decrease the technical complexities, some simplify-
ing assumptions have been considered. In most of the preceding
researches, the trajectory planning and controller design prob-
lems have been performed based on the kinematical model of
the robot and by neglecting the angular velocity component of
the spherical shell along the normal direction to actuators’ plane.
Based on the kinematic model, the trajectory planning algorithm
has been proposed using geometrical method in [23,24] and us-
ing dynamic programming approach in [25,26]. PD and adaptive
sliding mode controllers have been designed to follow a trajectory
on the contact plane with constant velocity [27]. Cai et al. have
used the kinematic model of the robot and the shunting model of
neurodynamics to control the position of the spherical shell on the
horizontal plane [28]. The dynamic model of the robot has been
used for position control of the spherical shell using back-stepping
method, feedback linearization and back-stepping together with
fuzzy guidance scheme in [29-31]. However, the rotation of the
spherical shell along the normal direction to the plane of actuators
has also been neglected and the controller could only steer some
of the system’s state variables.

In some other researches, the trajectory planning and control
of the spherical robot driven by three actuators have been con-
sidered. Neglecting the dynamical effects of the inner mechanism,
point stabilization of a spherical robot actuated by 3-DOF gyro has
been performed using Lyapunov direct method and back-stepping
approach [32]. Following developing the dynamic model of a new
spherical robot equipped with a gyro and three actuators, Urakubo
et al. have designed a control system merely for the translational
velocity of the spherical shell based on Lyapunov stability theo-
rem [33]. Smooth stabilizing controller for position and reduced
attitude has been proposed for a spherical robot actuated by three
internal rotors [34]. Dynamic modeling and motion control of the

spherical robot driven by three internal rotors have been presented
by Karimpour et al. using geometric mechanics perspective and
Lyapunov control approach [35]. Geometric control method has
been used for separately control of position and attitude of a
spherical robot actuated by three internal rotors [36]. However,
the spherical robot with three actuators is a nonholonomic differ-
entially flat system and its trajectory planning and control system
design are not too much complicated [37,38].

According to the above literature review, the preceding re-
searches on trajectory planning and control of the spherical robot
driven by two actuators have been performed based on the kine-
matic model of the robot and by neglecting the angular velocity
of the spherical shell in the direction normal to actuators’ plane.
However, Morinaga et al. have shown that for a spherical robot
driven by two actuators, any feasible kinematic trajectory is not
always dynamically realizable [37]. On the other hand, the rotation
of the spherical shell in the direction normal to actuators plane
could not be neglected as shown in [38]. Furthermore, in the previ-
ous studies the uncontrollable configurations of the robot have not
been considered in control system design. However, to the best of
our knowledge, an efficient control strategy in the uncontrollable
region of simultaneous position and orientation control of the
robot considering dynamic realizability conditions and the angular
velocity of the spherical shell in all directions has not been reported
in the previously documented researches.

Therefore, the main contribution of this paper is simultaneous
position and orientation control of the spherical robot actuated by
two internal rotors considering the dynamic realizability condition
of motion. The mathematical model of the robot is extracted using
angular momentum conservation principle and quaternion algebra
without neglecting the angular velocity of the spherical shell in
any direction. The controllability of the robot is analyzed using
the obtained model and its uncontrollable configurations are spec-
ified and their geometrical interpretation is precisely described.
To move the spherical robot from every initial configuration to
every desired position and orientation, the robot’s mathematical
model is discretized using a linear approximation for the control
inputs in each sampling period (first order hold sampling (FOH)).
A nonlinear model predictive control (NMPC) is designed based
on the discretized model for the first time and its ingredients are
determined through using Lyapunov stability theorem. Using this
type of discretization, a continuous time-varying feedback control
law is obtained which satisfies Brockett’s necessary conditions for
stabilization of the nonholonomic systems. Software simulations
of the proposed control strategy show perfect stabilization of the
robot even in the uncontrollable region and under Gaussian white
noises affecting the robot.

2. Mathematical modeling
2.1. Kinematic model

Fig. 1a demonstrates the spherical robot driven by two per-
pendicular rotors. The rotors are installed inside the spherical
shell and two counterweights are added to balance the rotors’
weights in such a way that the robot’s center of gravity coincides
with the geometric center of the spherical shell. Consequently, the
gravitational effects are eliminated and the locomotion could be
generated based on the angular momentum conservation princi-
ple. Furthermore, the rotation axes of the rotors are assumed to
be coincide with their corresponding axes of symmetry. When the
rotors spin, the spherical shell rolls on the surface and its position
and orientation are continuously changed. This motion is assumed
to be rolling without slipping. Fig. 1b illustrates three coordinate
frames used to describe the position and orientation of the spher-
ical shell. Frame {1} attached to the contact plane is an inertial
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reference frame. Frame {2} is attached to the geometric center
of the spherical shell and its axes remain parallel to the axes of
the inertial reference frame. Frame {3} is a body coordinate frame
attached to the geometric center of the spherical shell and its x- and
y-axes are aligned with the axes of rotation of the internal rotors.
Let (x,y) be the position vector components of the center of the
spherical shell with respect to frame {1} and (q1, g2, g3, q4) be the
components of a unit quaternion, the position and orientation of
the spherical shell with respect to frame {1} could be described by
these six generalized coordinates. The coordinate transformation
operator of frame {3} with respect to frame {2} is defined using
quaternion algebra in the following form [39,40].

0], -
%Lq(l’)=q®[l,}®q; 2lq =3Lg (1)

T
a=[g ¢ ¢ @l = [cos (%) vsin <f>i| 2)

lal’ =g+ ¢ +d+q;=1

where, ® stands for quaternions multiplication symbol, P € R3
is an arbitrary vector in {3}, ¥ is the angle of rotation and v is a
unit vector along the axis of rotation. The angular velocity of the
spherical shell is obtained as follows.

0 0 . _
|:2w3:| = |:2w5:| =2q®q (3)
5 5 —q2 41 —q4 Q3 g;
w3="0s=|—0:Gs Q1 —Ga| g (4)
—q4 —q3 42 1 da

ANAREE

The angular velocity of the rotors and counterweights are also
determined as follows.

uq 0
30 =305+ |0 |;  Cwn=>os+|u|;
0 0 (6)

3 3
Weyl = Wcy2 = "Ws

where, the considered control inputs, u; and u, are the angular
velocity of the rotors with respect to the spherical shell. Since the
robot’s motion is assumed to be rolling without slipping, the veloc-
ity of the contact point between the spherical shell and ground is
zero.

Wo =2V, 4 203 x Ry ky = 203 x Ry ky

x| _ —q3q1 + 942 + 4143 — G244
|l =2Rs| * ! ! ! (7)
y 4201 — 192 + q4q3 — q3qa

Eq. (7) includes two non-integrable relations between the general-
ized coordinates and velocities which describe two nonholonomic
constraints originated from non-slipping motion of the robot.

2.2. Equations of motion

The kinematic model obtained in the previous section does
not completely describe the behavior of the system under con-
sideration. Indeed, due to rolling without slipping motion, the
resultant of the external moments about the contact point between
the spherical shell and the ground is zero. Therefore, the angular
momentum of the whole system about this point will be conserved
during the robot’s motion. The angular momentum of the whole

system about the robot’s center of gravity could be calculated in
the following form.

3HO — 3Hz + 3H61 + 3Hr02 + 3H8w] + 3H6w2 —

000
lS+le1+le2+mcw Odzo
00 d?
oo
+ M |0 00 3ws
0 0 d? (8)
00 0
+ | L1 +mp 0d°0 o
00 d
oo
+ Ir2"‘mr2 000 3(‘)r2
0 0d?

where, the subscripts and superscripts S, cw, r denote spherical
shell, counterweights and rotors respectively; I denotes the mo-
ment of inertia matrix of each part about its center of gravity; m
is the mass of each part and the distance, d is shown in Fig. 1a. The
moment of inertial of every part of the robot is calculated about
the robot’s center of gravity in {3} using the parallel axes theorem.
The vector of angular momentum about the contact point, P; is
obtained as follows.

0 0 A
|:3HP1] - [3HO] +3lq (ngz x 2L) (9)

where, the total linear momentum vector of the robot in frame {2},
2L is determined as:

—q3G1 + qaG2 + G143 — Q2Q4:|

2L = MR |: 921 — 4192 + 9443 — q344 (10)
0

Mt = MS + 2mr + 2mcw

Assuming that the robot is initially at rest and its motion is started
from zero velocity, the angular momentum of the whole system
around the contact point is initially zero and remains constant
during the robot’s motion. Therefore, the differential equations of
motion are obtained as follows.

*Hp, =0 (11)

Eq. (11)is a set of three first order nonlinear differential equations
in the following form.

21 (=192 + 42G1 + G394 — Gaq3) + T Uy

+2MRsk (9104 + 203) + MiRsy (63 + q3 — q3 — g3) =0
2l (=193 — G294 + 43q1 + qaq2) + 1 Uz

+2MRs (4194 — G203) + McRsk (¢ + ¢2 — q3 — ¢2) = 0
M¢Rs [X (9192 — q394) + Y (9193 + 9294)]

+1e2 (—q19a + G293 — §3G2 + q4q1) =0
In =h+ It + (b + md®) + (I + me,,d®) +Is
Iy =2 (I + med®) + 2 (Ieg + mey,d®) +Is

where, I; and I;; stand for the moments of inertia of the rotors
and the counterweights around their axes of symmetry; similarly
I, and I, are the same moments of inertia around two remainder
perpendicular axes. Eq. (12) expresses the conservation of the total
angular momentum vector of the robot described in frame {3}
about the contact point of the spherical shell with the ground.
It is obvious that, the third equation of (12) is a non-integrable
relation between the generalized coordinates and velocities. This
equation describes another nonholonomic constraint originated

(12)
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Fig. 1. Spherical robot, a: the robot’s construction, b: the attached coordinate frames.

from the conservation of the angular momentum and the lack of
actuator inside the spherical shell in the z direction of frame {3}.
In addition, the third equation of (12), which could be considered
as the dynamic realizability constraint, is a relation between the
angular velocity of the spherical shell in z; direction (w3, =
—§1qs + G293 — G392 + d4q1) and linear velocity of the robot and
other generalized coordinates. This shows that the angular velocity
of the spherical shell along z; direction is not always zero.

2.3. State space representation

To obtain the state space representation of the system under
consideration, the time derivative of (2) gives:

G141 + q2G2 + q3G3 + qa44 =0 (13)

Now, the differential equations of motion (12) obtained in the
earlier section are gathered with (13) and the nonholonomic con-
straints (7) in the following matrix form.

up + u (14)

[=NeNel o]
[=Nei o NoNo)

g4

where, the components of matrix Q € R®*® are nonlinear func-
tions of the generalized coordinates. Through multiplying the both
sides of (14) by Q! the state space representation of the robot is
obtained in the following affine form.

(15)

where, X : Roy — R? x S} is the vector of state variables;
u: Rg, — U C R?is the vector of control inputs; g; (-), g2 () :
R? x S} — RS are nonlinear vector functions of states; G(-) :
R? x S§ — R®*? is a matrix composed of g; (-) and g (-) and Sy
denotes a spherical surface of radius p around the origin of R".

X=g MU+ Xu=6Xu

3. Controller design
3.1. Controllability analysis

To design a control system for stabilization of the spherical
robot, it is essential to determine the controllable domain of the

nonlinear system (15). Therefore, the controllability of the system
(15) is evaluated through the following theorem based on the
controllability rank condition for the nonlinear systems [41].

Theorem 1. The driftless nonlinear system (15) is controllable every-
where except where the contact point between the spherical shell and
the ground lies on the great circle encompassing two internal rotors
(Circle I, Fig. 2).

Proof. Form the following distributions:

Ay = span {g1, g}
Ay = Ay + span{[g1, 821}
Az = Ac = Ay + span {[g1, [81, &11, [82, [81, &:11}

where [f, g] = g—f(f — g—)f( g denotes Lie bracket of two vector
fields f and g. Recall that the system subjects to a holonomic
constraint (2); the mathematical model (15) is controllable where
the rank of accessibility distribution A¢ sxs) is five. The calculation
is performed in Maple 18 and omitted here due to space limitation.
However, one can easily check that the distribution Ac is full rank
everywhere except where the following relation holds between the
quaternion components.

1 1
qg"'(ﬁ:i = ‘hzi\/i—qg

(16)
Substituting the (16) in (2) yields:
2 2 1 1 2
ta=5 = 1== 5~ (17)

To explain the geometrical meaning of the above relations, the
position vector of the contact point between the spherical shell and
the ground is calculated in frames {2} and {3}.

2P =[00 —Rs]"

The position of the contact point in {3} is determined using coor-
dinate transformation operator (1).

0 0

0 |_ 3L, (P = ’x 2Rs (9193 — 9294)
p | TN T3y —2Rs (9192 + 4394)
3

z Rs (45 + a5 — a3 — a3)
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Substituting (16) and (17) in (18) leads to the following equation.

2Rs [+ \/1 2 \/1 2
3 S q3 P q4:FQ4 2 q3
3PI: zy = 1 1 (19)
z —2Rs ,/i—qg,/i—qi—qm
0

It is clear that, °x*> + 3y?> = R? and therefore, the locus of the
uncontrollable points on the sphere is the great circle in the x-y
plane of frame {3} as stated in Theorem 1. H

Corollary 1. Every trajectory of system (15) is such that the locus of
the contact points on the sphere is perpendicular to the great circle
(19) (Circle I, Fig. 2) at their intersections.

Proof. Let P be an arbitrary point on the great circle I". The location
of this point in coordinate frame {3} could be defined by angle
¢ from x; axis. When the spherical shell rotates 90° around the
unit vector n from its initial orientation depicted in Fig. 2, the
point P contacts with the ground and the robot is in one of its
uncontrollable configurations. Other uncontrollable configurations
could be achieved by spinning the spherical shell by an angle
a (0 < «a < 2m) around the vertical axis. The quaternions, q; and
q, related to the two rotations and the unit vector n perpendicular
to z3 and OP are determined as follows.

n=[—sing cos¢ O]T
= [cos il sin il sin¢ sin il cos ¢ O]T
=[5 4 4

o aT
= |cos — OOsin—]
6 [ 2 2

Therefore, the quaternion q of the coordinate transformation
operator (1) is determined by multiplying q, and q; as in Box I.
Substituting q in the system dynamics (15) and after simplification,
the direction of the linear velocity of the spherical shell in this
configuration is determined as follows.

Yy Upsine —uqcosa + ug €os (o + 2¢) + Uy sin (a + 2¢)

X Upcosa + ugsina + Uy cos (o + 2¢) — ug sin (a + 2¢)
=tan (¢ + @)

It is clear that for every input vector, the slope of the robot’s
trajectory on the ground is equal to tan (o + ¢) and it is inde-
pendent of the control inputs. As the physical interpretation of
this result, when the robot is in the uncontrollable region, the
spherical shell could merely roll along the meridian through the
contact point and perpendicular to the great circle I". This is the
geometrical meaning of Theorem 1 which has not been presented
in the previous studies. W

Remark 1. Let G1.; (X) be the first two rows of the matrix function
G from the system dynamics (15). By substituting (16) and (17)
in Gy (X), it is easy to check that the determinant of Gq.; (X) is
zero. Consequently, there exists a non-zero control input that leads
to zero linear velocity for the spherical shell and causes to its

Fig. 2. Spherical robot and the uncontrollable region.

pure spin around the vertical axis. Therefore, when the contact
point between the spherical shell and the ground is in the region
defined by (16) and (17), the spherical shell could either rolls along
the trajectory perpendicular to the great circle I" or spin in place
around the vertical axis. More precisely, when the spherical robot
is actuated by two internal rotors, it could not rolls along the circle
in the plane of the internal rotors.

Remark 2. Although the accessibility distribution is not full rank
on the region defined by (16) and (17), a realizable trajectory
could be found between every two points in the state space. In
other words, when the robot is in a controllable configuration, the
accessibility distribution is full rank and all points in the state space
are accessible. On the other hand, according to Remark 1, when the
robot is in an uncontrollable configuration, there exists a nonzero
control input that transmits the system'’s state to the controllable
region in which the accessibility distribution is full rank and all
points of the state space are accessible from it.

3.2. Model predictive control strategy

Using model predictive control (MPC) technique, a control sys-
tem of the position and orientation of the spherical robot described
in the preceding sections is designed. In the MPC method, the
control efforts at each time instant are calculated based on the
predicted behavior of the system over a finite prediction horizon
and by solving online an open loop optimal control problem [42].
This construction makes it possible to introduce hard constraints
on inputs and state variables in control system. Besides, the MPC
is a suitable method to control the systems in which the pre-
computation of feedback law is not feasible [43]. Therefore, the
interest of using MPC in trajectory planning and control of robotic

Cl=¢l2®¢l1=[§cos(z> gsin(%+¢) f

— cos (% +¢)

Zan(@)]

Box 1.
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systems and particularly nonholonomic mobile robots has been
increased in recent researches [44-51].

To design a NMPC for the spherical robot, the system dynamics
(15) is discretized in the following form.

x" =f(x,u) =/
tk

where x* stands for the successor state, T is the sampling period
andt, = kT : k=0, 1, 2, ... represents the discrete time instants.
To determine the integral of the right hand side of (20), the control
input vector u (t) should be discretized during the robot’s motion.
However, the control inputs are defined as the rotors’ angular
velocity and it is not realistic to be discontinuous functions of time.
Therefore, u (t) is assumed to be continuous and piecewise linear
in each sampling period. In other words, the control inputs are
discretized using the first-order hold (FOH) sampling as follows:

uk=0=0
u () = FOH (t) = (t — tiy h+u (k);

tyg+T
Gx(t) u(r)dr +x (20)

fe <€ < tgt1 (21)

Where u (k) is the value of the control input vector at time t,
u,, (t) denotes the values of the control input vector in the interval,
[tk, ty+1] and h is the vector of input changes per unit time defined
as:
uk+1) —u(k
b Ukt —ud 22)
by — Lk

Using (21) and (22), the successor state is determined from (20)
and the trajectory of the system is calculated using the following
difference equation iteratively.

X(Xo,k+ 1) =f(X (X0, k) ,u(k+ 1)) ;
u (t) = FOH (t); tp <t < tgyq
uk=0=0
x e X CR%;

X (Xg, 0) = Xg
(23)
u(k) € U C R?

where X (Xq, k) denotes the state variables vector at time,
tv = kT initialized with Xg; X and U denote the state
and input constraint sets, respectively. Since, there exists no
state constraint on the spherical robot dynamics (15), X =
R? x S%. Furthermore, the input constraint set associated
with the maximum allowable actuators’ input, is defined as

U= {[ul u2]T € Rz» —Umax < Uj < Umax, I=1, 2]-

Remark 3. Using the FOH sampling, the control input in each
sampling interval, [t, ty+1] changes linearly from its value at the
end of the previous sampling period, u (k) to its final value at
the end of the current sampling interval, u (k + 1) . This shape of
control input leads to continuous piecewise linear angular velocity
and piecewise constant angular acceleration of the rotors which in
turn requires piecewise constant torques by the motors.

To design a NMPC for regulation of the discrete-time system
(23), the following cost function is defined over a finite prediction
horizon of length, N.

VN (x (X(), k) —Xgq,u ())

N—-1
=) 1(x (%o, k+m) — x4, u(k+m+1)
m=0
+ Vp (X (X0, k + N) — Xg) (24)

where I (-, -) is a positive definite stage cost, V; () is a positive
definite terminal cost, X4 is the desired state and Vy (0,0) = 0.
Therefore, the problem of stabilization of the spherical robot (15)
is formulated as the following optimal control problem, OCPy to

compute the optimal control sequence, iy € [IAR

Vi (X (X0, k) — X4, 1)
N—-1

OCPy : min =" "I(X(Xo,k+m) =Xz, u(k+m+1))
a~(-)eUN o
+Vr (X (X0, k+ N) — Xq)
S.it:
A:X(Xo. k+m) =F (XX, k+m—1),uk+m)) (25)
B: x(Xp,0) =Xg
C:xXp, k+m) eX
D:x(Xp,k+N)eXf CX
E:uk=0=0
F:u (t) =FOH (t); t <t =< tpp

where, X; is a terminal constraint set. The result of the above OCPy
is a sequence of N input vectors as:

iy ={u (k+ 1), 0" (k+2),...,u" (k+ N} eU" (26)

which leads to the optimal value function V}; and yields the follow-
ing optimal states sequence.

X={x"k+1),xk+2),....x k+N)} ex" (27)

The control feedback law at time, t; is defined as the first element
of the control sequence (26) as follows.

uk+1) =pnXX k) =u"k+1);

w(t) = FOH, (£); i < € <ty (28)
Which leads to the following closed loop dynamics
X (X0, k+1) = £ (X (X0, k) . 1 (X (X0, 0))) : (29)

X (X0, 0) = Xo; 'y (t) = FOH, (t)

The above-explained NMPC strategy is summarized in the follow-
ing seven steps.

Algorithm 1: NMPC

Step 1: initialize the control algorithm by initial guess for the
control sequence u.

Step 2: compute the system’s state X (Xg, k) at time t;.

Step 3: solve the optimal control problem (25) and find the optimal
control sequence u*.

Step 4: set the first element of the optimal control sequence as the
feedback control input at time t; (Eq. (28)).

Step 5: exert the feedback control input to the system dynamics
and determine the next state by Eq. (29).

Step 6: add a zero element at the end of the remaining elements of
the optimal control sequence, and set the resulting sequence as an
initial guess for the next stepu = {u* (k+2),...,u* (k+ N), 0}.

Step 7: set k — k + 1 and go to step 2.

The design parameters of the feedback control system
N, I(-,-), V; (-) and X; are determined in such a way that the
stability of the closed loop system (29) is guaranteed.

3.3. Stability analysis

Although, it is shown that MPC with infinite prediction horizon
is generally stable, the stability of MPC within a finite prediction
horizon is not very straightforward. On the other hand, the imple-
mentation of MPC with infinite prediction horizon is not possible
in real world applications due to high computational burden. The
conditions to guarantee the stability of MPC within a finite predic-
tion horizon have been investigated in several studies mostly based
on a value function like Lyapunov function candidate. A similar
method is considered here to analyze the stability of the closed
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loop system (29) and determine the ingredients of Algorithm 1.
Dealing with the main stability proof, some required definitions
and assumptions are presented.

Definition 1. The set X; C X is called forward invariant for the
system dynamics (20) if for each x € X; there exists a control input
u € Usuch thatxt = f(x, u) € X;.

Definition 2. The terminal cost V; (-) is called a local control Lya-
punov function (CLF) on Xy if for each x € X there exists a control
input, u € Usuch that:

t=fx.u) eXs (30)

Vifx,w) —Vyx)+1(x,u) <0 (31)

The terminal cost Vj (-) is called a global CLF if X¢ includes the
whole state space.

Definition 3. Two classes of comparison functions are defined as

follows.
k={n():R§ — Ry [n(0)=0,
n is continuous & strictly increasing} (32)

Koo = {77(-) :IRSr —
Although finding a local CLF is simpler than a global one, it is very

desirable to solve the OCPy without state constraints. Therefore,
the following assumptions are considered.

R¢ |n €k, nisunbounded}

Assumption 1. Suppose that the terminal set X; covers the whole
state space and therefore, it is a global forward invariant set.
Mathematically:

X, =R*xS] = VxeXranduelU, x' =f(x,u) € X

Assumption 2. The stage cost includes two quadratic terms of state
variables and control inputs and the terminal cost is a quadratic
function of the state variables as:

Ix,u) =x Qx +u'Quu
Vi (x) = X' Qrx

where, both Q and Qy are 6-dimensional positive definite matrices
and Q, is a 2-dimensional one.

(33)

Assumption 3. It is assumed that for every pair (X, Xz), there exists
a control input u € U to move the states of the system (23) to a
new state x* € R? x S‘{ which is closer to x4. More precisely:
A=|x* —xd”2 —Ix=x4° <0

Remark 4. The logic behind this assumption refers to the control-
lability properties of the spherical robot (Theorem 1 and remarks
therein). Indeed, as explained in Remark 2, when the robot is in a
controllable configuration, every state of the system is accessible
from another and therefore, there exists a trajectory from the
current state to a new state closer to the desired configuration.
On the other hand, in an uncontrollable configuration, the only
restriction on the robot’s trajectory is orthogonality of the locus of
the contact points on the sphere to the circle of the internal rotors
at their intersections. Therefore, several trajectories could be found
to satisfy this restriction and transmit the system'’s state to a new
configuration closer to the desired state. It is to be noted that, this
assumption is the result of the controllability analyses and merely
states the existence of a control input that moves the robot to a new
configuration closer to desired state. However, the monotonically
decreasing of the cost function (24) and step by step convergence of
the system’s state variables to the desired configuration in control
algorithm 1 will be proven by Theorem 3.

Theorem 2. Suppose that Assumption 1 to 3 are satisfied, Q, is an
identity matrix, Q, is a diagonal matrix with equal diagonal elements
and Qy is a diagonal matrix with equal and sufficiently large diagonal
elements, then the terminal cost function V; (X) is a CLF on R? x S‘l1 -
where D is a small neighborhood of the desired state.

Proof. Regarding the diagonal matrices as, Qs = diag(B, 8, B,
B. B, B)and Q, = diag(«, @), where o and 8 are strictly positive
constants, the stage and the terminal costs could be rewritten as:

(X, 1) =[x — Xq|* + o [lu]]?
Vi (%) = B [Ix — xqll®
Substituting (34) in (31) yields:

B (x* = xa]*) = B (1x = xall?) + (Ix = xa)
+a(ul?) <o (35)

Considering Assumption 3 and the definition of the control input
constraint set, U gives:

B A+ (Ix—xal?) + o (Iul?) < B A+ (IIx—x4])
+ 20u?,, <0 (36)

(34)

lIx— ”2+2‘1 %'wx . .
Therefore, by choosing 8 > M the inequality (36)

is satisfied and the terminal cost Vf (X) is a CLF. However, pre-
computation of Xt and A in each time step is not possible. Conse-
quently, B8 should be chosen sufficiently large to satisfy inequality
(36) over the whole of the state space except a small neighborhood
of the desired state. W

Remark 5. In each system’s state, A satisfies A < |x — x4]|? and
its value depends on of X, u,.x and the robot’s physical parameters.
In a small vicinity of the desired state, both A and ||x — x|/ are
small, A — 0 as X — Xg4; and by use of a fixed, 8 the inequal-

(\Ixfxd|\2+2au?mx)
ity (36) may not be satisfied providing |[A] < ~——F—F

Therefore, using a sufficiently large value for B guarantees that
the vicinity is a small neighborhood of the desired state. However,
the value of 8 and « could be tuned by trial and error to achieve
acceptable results.

Assumption 4. There exist §; (-), §2 (1) € ko such that for every
X € Xand u € U we have:

V(X —Xg) <81 (IIX—xq4l) and [(X—Xg,u) > 8 (X —Xqll) .

It is to be noted that since stage and terminal costs are assumed
to be quadratic functions of X — X4 and u (Assumption 2) and
lul|> < 2u2 _, the terms 8; and &, in Assumption 4 could be easily
specified

max’

Theorem 3. Suppose that Assumptions 1 to 4 are satisfied and Q;, Qs
and Q,, are chosen as in Theorem 2, then the closed loop system (29)
is asymptotically stable to a neighborhood of the desired state (D :
Ix — x4l| < &) explained in Remark 5.

Proof. Considering the value function Vy (X (Xo, k)) as a Lyapunov
function candidate the definition of the cost function Vy by Eq. (24)
yields:

N—1
Vn (X (Xo, k) , Xg, 1) = Zl(x(xo,k—i-m) —Xg,u(k+m+4 1))
V(X (o, k4 N) — xg)
N-2 (37)

:Zl(x(xo,l<+m)—xd,u(k—f-m—i-l))

m=0
+ Vr (x (X0, k + N) — x4)
+1(XXg, k+ N —1) —x4,u(k+ N))
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On the other hand Vy_1 (X (X, k) , X4, u) could be written as fol-
lows.
N—2
V-1 (X (X0, k) , Xa, 1) = ) 1(X (Xo, k + m) — Xg, u (k + m + 1))
m=0

+ Vi (X(Xo, k+N —1) —Xq)
Using Vy_1 (X (X0, k) , X4, u) in (37) yields:

Vn (X (X0, k) , Xg, w) — Viy_1 (X (X0, k) , Xg, 1)
= Vp (X (X0, k + N) — xy4)
—Vr X (X0, k+N —1) —xq)
+Hl(XXo, k+N —1) — x4, u(k+ N))

(38)

Applying the result of Theorem 2 in the right-hand side of (38)
leads to:

VN (X (X0, k) , X4, 0) < Vy_1 (X (X0, k) , Xg, W)
Therefore, for the value function V}j (X (Xo, k)) we have:

Vy (X (X0, k) = ian

u(-)eu

Vn (X (X0, k) , X4, u)

< inf Vy_1(X(Xo,k),Xq, w)
Gi(-)euN-1

= Vy_1 (X (X0, k)

Vi (X (X0, k) < Vy_; (X (Xo, k) (39)

Now, using dynamic programming principle [52] the following
relation is achieved.

Vi (X* (%0, k) = V5i_; (X* (X0, k + 1))
+ 1(X* (X0, k) — Xg, u* (k + 1))

And therefore,

Vi (X (X0, k) > I (X (X0, k) — X, u* (k + 1)) > 8, (|IXx — Xq4]|) (40)
On the other hand, using (39) consecutively from N to 1 leads to:

Vi (X (X0, k) < Vy_; (X (X0, k) <+ < Vi (X (Xo, k)

<V (X (%o, k+ 1)) < &1 (X (X, k+ 1) — Xall) (41)

Furthermore, using the result of Theorem 2, it could be concluded
that there exists a control input u (k + 1) that the following is
satisfied [53]

Vi (f (X (X0, k) , u (k + 1))) — Vy (X (Xo, k))
< =X (X0, k) —Xg,u(k+ 1)) < =8 (|Ix — x4l)) (42)

The conjugation of (40), (41) and (42) implies that, V (X (Xo, k)) is
a Lyapunov function and the closed loop system (29) is asymptot-
ically stable to the desired state. Furthermore, when the trajectory
of the system reaches the neighborhood, D : ||Xx — x4|| < ¢ the
terminal cost function V; (-) may not be a CLF on this set (Theorem
2) and therefore, the above results are not held on this region.
However, suppose that the state vector of the system at time t
is X(Xg,k) € D, then iy = {0,0, ..., 0} could be regarded
as an initial guess for the control input sequence in OCPy for
the next step. This sequence leads to Vi (x* (k+ 1), Xq, y) <
(N —1)e + Be which is an upper bound for V (X (X, k + 1)).
Therefore, choosing 8 >> N — 1 implies that the trajectory of the
system remains in D for t > t; or if the trajectory exits from D,
it returns back to a state in D in the future which is closer than
X (Xg, k) € D to the desired state. B

4. Results and discussion

In this section, the designed NMPC (Algorithm 1) is imple-
mented in MATLAB software and its performance is assessed by
computer simulations. The actuators’ input are calculated by the
control system at each sampling time to move the spherical robot
to the desired position and orientation. The robot’s physical param-
eters are assumed according to Table 1.

In the designed NMPC (Algorithm 1), the optimal control prob-
lem OCPy (25) must be solved in each sampling time. There-
fore, the resulting constrained nonlinear optimization problem is
solved using the well-known sequential quadratic programming
approach (SQP) to calculate the control input sequence (26). In
addition, since introducing the equality constraints of the system
dynamics (25.A) in the optimization problem increases the compu-
tational time, these constraints are considered as a part of the cost
function (24) (recursive discretization method)[52]. Consequently,
the resulting optimization problem is solved by only considering
the constraints on the actuators’ input bounds defined by the input
constraint set, U. Choosing 8 = 108, o = % the prediction
horizon length, N = 4 the sampling period length, T = .55 the
maximum allowable actuators input um,,x = 100 rad/s and using
fmincon MATLAB function for solving OCPy by SQP approach, the
performance of the designed NMPC is evaluated in the following
four cases.

Case 1: Stabilization to origin from initial position and attitude
off-tracks

It is assumed that the robot is initially at rest and starts its mo-
tion from the initial state X (Xg,0) = Xo =
[2 —3 .03 0.454 0.88 0.1363]T. Our goal is to move the robot to

the desired statex; = [0 0 10 0 O]T using the feedback control
law (28). The effectiveness of the control system is assessed by
simulation and the results are represented in Fig. 3.

Case 2: Stabilization to uncontrollable region from an uncontrol-

lable configuration
It is assumed that the robot is initially at rest in an uncon-
trollable state X (x9,0) = X = [12.5.5 .5 .S]T and should

move to another uncontrollable configuration at the origin of frame
{1}x4 = [0 0 0.7071 0 0.7071 0] . Using the designed NMPC,
the simulation results are illustrated in Fig. 4.

Case 3: Stabilization to origin from zero error on position and
initial attitude off-track

It is assumed that the robot is initially at rest in the initial state
X (Xg,0) = X9 = [0 0 .6521 .1132 .1115 .7413]Tat the origin of
frame {1} and should reach the desired state at the same position
with different orientation as,x; = [0 0 1 0 0 O]T. Fig. 5 shows
the simulation results for the robot’s trajectory, position of the
spherical shell, values of Euler’s parameters and actuators inputs.

Case 4: Stabilization to uncontrollable region in the presence of
bounded disturbance and parameters uncertainty

The robot is initially at rest in an uncontrollable con-
figuration at the origin of frame {1}x(xp,0) = X, =
[0 0 .2734 .5628 .4281 .652]]T and should reach another point
at the origin of frame {1} in the uncontrollable region x; =
[0 0.7071 0 .7071 O]T. To evaluate the robustness of the de-
signed control system, the white Gaussian process is considered
to affect the robot’s model (23) as:

X(Xo, k+ 1) = £ (X (X0, k) , u(k + 1)) + W (k) ;  X(x0, 0) = Xo
XeXCR® ueUCR? (43)
W(k) c RS

where, W (k) denotes the additive Gaussian disturbance. Further-
more, the robot’s physical parameters are assumed to be subjected
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Table 1
Spherical robot physical parameters.

Parameter  Ms(kg) Rs(m) Is(kgm?) d(m)

Mew (kg) M; (kg) I, I (kg mZ) I, I (kg mZ)

Value 1 0.3 0.06 0.15 0.7 0.7 0.008 0.004
a I e T e
b L=
X L. 7~
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Fig. 5. Simulation results for case 3, a: position of the spherical shell, b: Euler’s parameters, c: robot’s trajectory on the contact plane and d: actuators’ input.

up to 3% uncertainty with respect to their nominal values The
simulation of the control system results in the robot trajectory,
position of the spherical shell, value of Euler’s parameters and
actuators input of Fig. 6.

According to the obtained results some highlights are listed
below:

e The designed control system could stabilize the spherical
robot to every desired position and orientation in different
situations.

e Using the FOH sampling (Eq. (21)) and the feedback con-
trol law (28), the control input at each time instant is a
function of time t and the system’s state at the end of last
sampling interval. Therefore, using the proposed control
method, a continuous time varying feedback control law
is achieved for the state space model (15) as, u, (t) =
u(X(Xp,k),t) ; tx < t < tyyq. This property satisfies
Brockett’s necessary conditions for stabilization of nonholo-
nomic systems [8].

e As stated in Corollary 1, it is obvious from Fig. 7 that every
trajectory of the robot is such that the locus of the contact
points on the sphere is perpendicular to the great circle in
the plane of the internal rotors at their intersections.

e Itis clear from Fig. 7 and the results of case 2 and case 4 that
though the robot is not controllable over the whole of the
state space, the stabilization to every uncontrollable state
could be achieved through the designed control system.

e The nonholonomic constraints imposed by the perfect
rolling condition are relations between the position and the

orientation of the spherical shell and their time derivatives
as represented by (7). Therefore, every change in the orien-
tation leads to change in the position of the spherical shell
and vice versa. Consequently, the trajectory of the spherical
shell on the contact plane may not be the shortest one.
Indeed, the control system may have to increase the error on
position or orientation to find a trajectory from the current
state to the desired position and orientation in the future
(Figs. 3c and 4c).

e The required motor’s torque in the above simulations
could be estimated using Newton-Euler equation for
each rotors as follows.

M =120, + 303 x L0, (44)

Where 3M stands for the resultant torque vector ap-
plied on the rotors described in {3}. The required
torques of motors 1 and 2 along rotation axes, x3 and
y3 are equal to the corresponding components of 3M,
respectively. Using (5) and (6) in (44), the required
motor torques are simplified in the following form:

M; =1 (Banx) =1 (3€3>3x + ill)
M2 = I] (3Olr2y) = I] (3(1.)33, + UZ)

where 3a,1, and 3ar2y denote the angular accelerations
of the rotors with respect to inertial reference frame
along the x and y directions of frame {3} respectively.
Using the numerical differentiation in each sampling

(45)
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Fig. 7. The locus of the contact points of the robot with the ground on the spherical shell, a: case 1, b: case 2, c: case 3 and d: case 4.
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interval, >3 and u are calculated as follows.
03~ Cos (k+ 1) — w3 (k) /T;

ey <t <tk
u=w ) =@k+1) —uk)/T;

e <t <tk

(46)

Using (46) the motors’ torque are calculated which
their values are less than 3.2 N m in the above sim-
ulations for up,.x = 100 rad/s. It is clear that using the
smaller value for u,,x leads to smaller value for the re-
quired torques. However, by decreasing the maximum
allowable actuators’ input, the required time to stabi-
lize the robot in the desired state may be increased.

o Although the effects of unmodeled dynamics are not consid-
ered in the stability analysis of the proposed NMPC system,
it is shown that NMPC is inherently robust against small
disturbances and uncertainties [53]. The additive distur-
bance in (43) is considered to compensate unmodeled dy-
namics including fluctuations of the actuators’ input, sudden
slipping motions of the spherical shell, small vibrations of
the rotors due to misalignment etc. that are neglected to
simplify the robot’s mathematical model. According to Fig.
6, the disturbances are well compensated by the designed
control system which confirms the effectiveness and the
robustness of the designed NMPC against the disturbances
and uncertainties.

e Although the fmincon MATLAB function has been fast
enough in the above simulations for solving the optimal
control problem (25) in each sampling time, it is not very
suitable for the real time applications. However, several
algorithms have been reported in the literature that help
to decrease the calculation time of NMPC significantly to
use in real time applications [48,54,55]. Furthermore, there
exist many embedded systems like Beaglebone black and
other ARM based micro-controller boards which are suitable
for practical implementation of the NMPC algorithm of the
spherical robot. According to our experience, the proposed
NMPC for the robot could be executed real-time at many
hundreds Hertz [56].

5. Conclusion

The stabilization, simultaneous position and orientation con-
trol, of a nonholonomic spherical mobile robot actuated by two
internal rotors were investigated in this paper. To consider the
dynamical realizability conditions of motion, the mathematical
model of the robot was derived using angular momentum con-
servation principle without any simplifying assumption. Through
evaluating the controllability of the obtained model, the uncon-
trollable configurations together with their geometrical meaning
were specified. Owing to the nonholonomic structure, the classical
control techniques could not be used for perfect stabilization of the
robot. Therefore, based on the discretized model of the robot, for
the first time a NMPC system has been designed which stabilizes
the spherical shell to every desired position and angular orienta-
tion. Using the FOH sampling in discretization of the control inputs,
a continuous and time-varying feedback control law is obtained
from the NMPC which is proposed as a significant technique of
stabilizing the nonholonomic systems. The finite horizon stability
of the control system was guaranteed through using Lyapunov
direct method. The stability analysis demonstrated that by the
proper choice of the control system parameters, the stabilization
of the closed loop system to a sufficiently small vicinity of every
desired position and orientation is guaranteed even in the uncon-
trollable region. Finally, the performance of the NMPC in different

situations was evaluated by computer simulations. The simulation
results showed the significant performance of the control systemin
stabilization of the spherical robot from every initial state to every
desired configuration even in the presence of bounded disturbance
and parameters’ uncertainty.
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