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Abstract
The main challenge of low-cost strap-down inertial navigation systems (SINSs) is time-growing positioning error due to errone-
ous measurements of micro-electro mechanical system (MEMS)-based inertial sensors. The global navigation satellite system 
(GNSS) provides drift-free positioning data that can be appropriately utilized to prevent the cumulative error of stand-alone 
SINS. The primary aim of this research is to enhance the positioning accuracy, performance, and reliability of low-cost SINS/
GNSS-integrated navigation system. To attain this, we propose an applied data fusion algorithm for indirect centralized (IC) 
integrated SINS/GNSS. The proposed data fusion algorithm is based on fuzzy-adaptive constrained estimation filter. Velocity 
and altitude constraints are embedded in the integration scheme of the proposed SINS/GNSS system to preserve system reli-
ability during abrupt GNSS outage. In an innovative way, the state constraints of altitude are defined based on the measurements 
of air-data sensors. The state estimation is effectively optimized since the respective states are projected on a constraint surface. 
Furthermore, a fuzzy type-2 inference system is developed for adaptively changing the covariance matrix of the estimation 
algorithm. Inertial measurements are used as the input of the fuzzy inference system. Accordingly, the state estimation algo-
rithm is adaptively modified based on the vehicle’s maneuvering during the navigation trajectory. The proposed SINS/GNSS 
system is experimentally assessed through several vehicular tests. The results indicate that not only does the proposed algorithm 
improve the navigation accuracy, it will also enhance the reliability of the integrated navigation system during GNSS outage.

Keywords  SINS/GNSS · Data fusion · Fuzzy type-2 · Low-cost navigation · MEMS-grade IMU

Introduction

Advances in micro-electro mechanical system (MEMS)-based 
inertial sensors have brought about revolutionary progresses 
in low-cost strap-down inertial navigation systems (SINSs). In 
the SINS, inertial measurements of three-axis accelerometer 
and gyroscope are processed in a navigation computation unit 
and consequently, the navigation parameters including orien-
tation, position, and velocity components are determined in 
a predefined coordinate system. During the navigation com-
putation, the measurement errors of the accelerometers and 
gyroscopes are propagated over time as a quadratic and cubic 

error, respectively. This time-growing navigation error is the 
main drawback of the stand-alone SINS.

The global navigation satellite system (GNSS) has some 
complementary characteristics that can be appropriately inte-
grated with SINS to develop an integrated SINS/GNSS system 
(Nourmohammadi and Keighobadi 2018a). On the other hand, 
GNSS signal may be obstructed because of underpasses, tall 
trees and buildings. In fact, a GNSS-denied environment leads 
to some undesirable effects. For example, inherent instabil-
ity in the vertical channel of the SINS causes divergence in 
the altitude and vertical velocity estimation (Rafatnia et al. 
2018). These effects should be kept to a minimum level to 
maintain the accurate values of vehicle position and velocity 
in GNSS-denied environments. Therefore, owing to cover-
ing the deficiencies of each stand-alone SINS and GNSS, the 
integrated SINS/GNSS system provides more accurate and 
reliable navigation data. However, the integration mechaniza-
tion plays a substantial role in the performance of the SINS/
GNSS navigation system. This becomes more crucial as low-
cost inertial measurement units (IMUs) are used in the SINS.
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Kalman filter (KF) is one of the efficient approaches to 
integrate the SINS with the GNSS. In this methodology, 
the SINS states are estimated based on the position and 
velocity measurements of the GNSS. Regarding SINS/
GNSS systems, several KF-based integration algorithms 
can be found in the literature, such as extended Kalman fil-
ter (EKF) (Faruqi and Turner 2000), sigma-point Kalman 
filter (SPKF) (van der Merwe et al. 2004), quadratic Kalman 
filter (QKF) (Wang et al. 2006), unscented Kalman filter 
(UKF) (Hu et al. 2015), robust Kalman filter (RKF) (Zhao 
et al. 2016), cubature Kalman filter (CKF) (Zhao 2016), aug-
mented CKF (Wang et al. 2017), and QR-factorized CKF 
(Nourmohammadi and Keighobadi 2017). In some research, 
artificial intelligence-based algorithms have been developed 
to enhance the performance of SINS/GNSS systems. For 
example, Musavi and Keighobadi (2015) used fuzzy neural 
network approach to approximate the IMU uncertainties in 
the SINS/GNSS system. El-Shafie et al. (2014) developed 
wavelet-ANFIS-based integration scheme for vehicular 
navigation applications. Yao et al. (2017) proposed a hybrid 
data fusion algorithm based on neural network and KF for 
application in the integrated SINS/GNSS system. Rafatnia 
et al. (2018) developed a recurrent wavelet neural network 
(RWNN)-based algorithm for the integration of low-cost 
SINS with global positioning system (GPS).

Nourmohammadi and Keighobadi (2018b) presented a new 
classification for loosely coupled SINS/GNSS systems based 
on indirect centralized (IC) and direct decentralized (DD) 
integration schemes. Here, we concentrate on IC integrated 
SINS/GNSS in which the SINS error dynamics are used in 
the centralized filter of the state estimation algorithm. We 
develop fuzzy adaptive constrained data fusion algorithm to 
enhance the navigation accuracy and reliability of the IC inte-
grated SINS/GNSS system. In the presented algorithm, the 
normalized output of the inertial sensors is analyzed as the 
input of the proposed fuzzy type-2 inference system. Accord-
ingly, the designed data fusion scheme is automatically tuned 
and the system noise covariance matrix is adaptively adjusted 
based on the vehicle’s maneuver during the navigation trajec-
tory. Furthermore, in the proposed integration scheme, two 
applied altitude and velocity constraints are defined and a con-
strained state estimation filter is constituted. After calibration 
of air-data sensors including barometer and thermometer with 
respect to different environmental conditions in the form of 
standard and non-standard atmosphere models, the true baro-
metric altitude is calculated and accordingly, the vehicle alti-
tude constraints are defined. The altitude constraints in com-
bination to vehicle velocity constraints are used to project the 
respective states on a constraint surface. As a main superiority 
in comparison with the classical unconstrained filters, the pro-
posed constrained filter is able to achieve a great performance 
of integrated SINS/GNSS system during GNSS outage. The 
main contributions can be summarized as follows:

•	 Design of fuzzy-adaptive integration scheme for SINS/
GNSS navigation system in which the system noise covari-
ance matrix is automatically adjusted based on the maneu-
vering level in the navigation trajectory.

•	 Dynamically calculation of true altitude constraints based 
on calibrated air-data system for application in integrated 
inertial navigation algorithms.

•	 Design of constrained data fusion algorithm for SINS/
GNSS system based on altitude and velocity constraints to 
enhance the system reliability during GNSS outage.

Strap‑down inertial navigation 
mechanization

Strap-down inertial navigation technology is a major mechani-
cal simplification of the traditional stable-platform navigation 
system. In the strap-down mechanization, the inertial sensors 
are rigidly attached on the body of the host (under-navigation) 
vehicle. The linear acceleration and angular rate of the host 
vehicle are measured in body frame by the embedded three-
axis accelerometer and gyroscope. These measurements are 
mathematically processed in the computation unit of the strap-
down INS. Accordingly, the navigation parameters including 
orientation angles, position, and velocity components are 
determined in a predefined coordinate frame. The following 
sections describe the main mechanization of the SINS com-
prising SINS dynamics and SINS error dynamics.

SINS dynamics

As shown in Fig. 1, the main coordinate frames of the SINS 
are earth-centered earth-fixed (ECEF) frame, inertial frame, 
body frame, and navigation frame which are specified by sub-
scripts “e”, “i”, “b”, and “n”, respectively. The e-frame has 
origin at the earth center and rotates in the inertial space to 
remain fixed with respect to the earth surface. The b-frame 
is directly defined on the body center of the host vehicle. The 
n-frame is constituted by north–east–down coordinates as a 
local-level navigation frame.

The SINS position dynamics including latitude (L), lon-
gitude (l), and altitude (h) are described as follows (Titterton 
and Weston 2018):

 where RN and RE stand for meridian and transverse radii of 
curvature, respectively. The north, east, and down velocity 
components in the n-frame are updated based on the follow-
ing dynamics (Titterton and Weston 2018):

(1)L̇ =
vN

RN + h
, l̇ =

vE

(RE + h) cosL
, ḣ = −vD

(2)v̇N = fN − vE

(
2𝜔e +

vE

(RE + h) cos L

)
sinL +

vDvN

RN + h
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 where, �e is the earth rate and g is gravitational accelera-
tion. f n =

[
fN fE fD

]T is the specific force vector in the 
n-frame. f n is calculated from the accelerometer output 
vector in the b-frame, f b , in accordance with the following 
vector transformation:

where Cn
b
 stands for the rotation/transformation matrix 

from the b-frame to the n-frame. Considering Z–Y–X sequence 
for the Euler angles, Cn

b
 is defined as (Milanchian et al. 2015)

(3)

v̇E = fE − 2𝜔e

(
vN sinL + vD cos L

)
+

vE

RE + h

(
vD + vN sin L

)

(4)

v̇D = fD − vE

(
2𝜔e +

vE

(RE + h) cosL

)
cos L −

v2
N

RN + h
+ g

(5)f n =
[
fN fE fD

]T
= Cn

b
f b

(6)

�
n
b
=

⎡⎢⎢⎣

C� C� −C� S� + S� S� C� S� S� + C� S� C�

C� S� C�C� + S� S� S� −S�C� + C� S� S�

−S� S�C� C�C�

⎤⎥⎥⎦

As shown in Fig. 1, the angles � , � , and � are roll (bank), 
pitch (elevation) and yaw (heading), respectively. In (6), 
the symbols C and S stand for cosine and sine functions, 
respectively. The time-derivative of the rotation matrix, Cn

b
 , 

is given by Titterton and Weston (2018):

where �b
nb

 is a skew-symmetric matrix with elements 
from vector �b

nb
 representing the rotation rate of the b-frame 

relative to the n-frame.

SINS error dynamics

The SINS error state vector is constituted by misalignment 
error ( ��, ��, �� ), velocity error ( �vN, �vE, �vD ), position 
error ( �L, �l, �h ), gyroscope drifts ( DN, DE, DD ) and accel-
erometer bias ( BN, BE, BD ); note that the accelerometer bias 
and gyroscope drift have been defined in the n-frame. The 
linearized form of the SINS error dynamics in the n-frame 
is expressed as follows (Nourmohammadi and Keighobadi 
2018c):

(7)𝐂̇
n
b
= 𝐂

n
b
𝛀

b
nb

(8)

𝛿𝛼̇ = −

(
𝜔e sin L +

vE

RE + h
tanL

)
𝛿𝛽 +

vN

RN + h
𝛿𝛾 +

1

RE + h
𝛿vE − 𝜔e sin L𝛿L −

vE(
RE + h

)2 𝛿h − DN

𝛿𝛽̇ =

(
𝜔e sinL +

vE

RE + h
tan L

)
𝛿𝛼 +

(
𝜔e cos L +

vE

RE + h

)
𝛿𝛾 −

1

RN + h
𝛿vN +

vE(
RN + h

)2 𝛿h − DE

𝛿𝛾̇ = −
vN

RN + h
𝛿𝛼 −

(
𝜔e cos L +

vE

RE + h

)
𝛿𝛽 −

tanL

RE + h
𝛿vE −

(
𝜔e cos L +

vE(
RE + h

)
cos2L

)
𝛿L

+
vE tanL(
RE + h

)2 𝛿h − DD

Fig. 1   Reference coordinate 
frames in inertial navigation
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Note that, the accelerometer bias and gyroscope drift 
have been formulated based on first-order Gauss–Markov 
model. In (11). � and � are variance and correlation 
coefficient of the Gauss–Markov process, respectively. 
According to (8)–(11), the state vector of the SINS error 
model is constructed as follows:

Using (8) through (11), the estimated position and 
velocity components are corrected as follows:

(9)

𝛿v̇N = −fD𝛿𝛽 + fE𝛿𝛾 +
vD

RN + h
𝛿vN − 2 sin L

(
𝜔e +

vE(
RE + h

)
cosL

)
𝛿vE +

vN

RN + h
𝛿vD

−

(
2𝜔evE cos L +

v2
E(

RE + h
)
cos2L

)
𝛿L +

(
v2
E
tanL

(
RE + h

)2 −
vNvD(

RN + h
)2
)
𝛿h + BN

𝛿v̇E = fD𝛿𝛼 − fN𝛿𝛾 +

(
2𝜔e sinL +

vE tanL

RE + h

)
𝛿vN +

(
vD + vN tan L

RE + h

)
𝛿vE

+

(
2𝜔e cosL +

vE

RE + h

)
𝛿vD +

(
2𝜔e

(
vN cosL − vD sinL

)
+

vNvE(
RE + h

)
cos2L

)
𝛿L

−

(
vE
(
vD + vN tan L

)
(
RE + h

)2
)
𝛿h + BE

𝛿v̇D = −fE𝛿𝛼 + fN𝛿𝛽 −
2vN

RN + h
𝛿vN − 2

(
𝜔e cosL +

vE

RE + h

)
𝛿vE + 2𝜔evE sinL𝛿L

+

(
v2
E(

RE + h
)2 +

v2
N(

RN + h
)2 −

2g

R + h

)
𝛿h + BD

(10)

𝛿L̇ = −
vN(

RN + h
)2 𝛿h +

1

RN + h
𝛿vN

𝛿l̇ =
vE sinL(

RE + h
)
cos2L

𝛿L −
vE(

RE + h
)2

cos L
𝛿h +

1(
RE + h

)
cosL

𝛿vE

𝛿ḣ = −𝛿vD

(11)
Ḋi = −𝛽Di + 𝜎

√
2𝛽w(t) i = N,E,D

Ḃi = −𝛽Bi + 𝜎
√
2𝛽w(t) i = N,E,D

(12)
x =

[
�� �� �� �vN �vE �vD �L �l �h DN DE DD BN BE BD

]T

(13)
L = L̂ − 𝛿L

l = l̂ − 𝛿l

h = ĥ − 𝛿h

(14)

vN = v̂N − 𝛿vN

vE = v̂E − 𝛿vE

vD = v̂D − 𝛿vD

 where the symbol (^) denotes the estimated quantity and 
that without (^) is the corrected quantity. In addition, the 
rotation matrix is corrected by use of the misalignment 
matrix based on the following equation:

 in which � is a skew-symmetric matrix containing elements 
from the misalignment vector 

[
�� �� ��

]T,

Equation (15) is only valid for small misalignment 
angles. By incorporating (16) into (15), the estimated 
orientation angles of the SINS are also corrected.

Velocity and altitude constraints

In the low-cost SINS, the cumulative errors of inertial sensors 
lead to time-growing positioning error. This is the main draw-
back of the stand-alone SINS. Here, two applied constraints 
are proposed to limit the time-growing navigation error of the 
stand-alone SINS. As shown in Fig. 2, these auxiliary con-
straints include velocity constraints and altitude constraint. The 
velocity constraints are based on the assumption that the verti-
cal and lateral velocity components in the b-frame are close to 
zero ( vy = vz = 0 ). In addition, the longitudinal component is 
limited as follows:

(15)Ĉ
n

b
= [I −�]Cn

b

(16)� =

⎡⎢⎢⎣

0 −�� ��

�� 0 −��

−�� �� 0

⎤⎥⎥⎦

(17)0 ≤ ||vx|| ≤ vmax



GPS Solutions           (2019) 23:62 	

1 3

Page 5 of 14     62 

in which vmax is the maximum admissible velocity of the host 
vehicle. The velocity constraints can be transformed from 
the b-frame to the n-frame as follows:

Note that velocity constraints are especially applicable to 
the planar motion of the wheeled platform without lateral slip-
page. Barometric altitude is an appropriate measurement that 
can be used to enhance the accuracy of the SINS. However, it 
is different from the GNSS altitude. The barometric altitude 
is computed with respect to sea level. But, the GNSS altitude 
is the altitude above the reference ellipsoid that approximates 
the earth surface. Here, an applied algorithm is presented to 
develop altitude constraint from calibrated air-data sensors. 
In this respect, the barometric altitude is first computed for a 
non-standard atmosphere and then the SINS altitude constraint 
is constituted based on the calibrated barometric altitude. In 
the standard atmosphere, the temperature, T0 , and pressure, 
P0 , in sea level are assumed to be constant as 101.325 (kPa) 
and 288.15 (°K), respectively. However, in a real atmosphere, 
the temperature and pressure of sea level are often modeled 
by different air-data conditions. Hence, non-standard atmos-
phere strategy should be applied to enhance the air-data system 
performance.

(18)

0 ≤ ||vN|| ≤ || vmax(cos � cos�)||
0 ≤ ||vE|| ≤ || vmax(cos � sin�)||
0 ≤ ||vD|| ≤ ||−vmax sin �

||

In the standard atmosphere model, the barometric altitude, 
Hp , is given by (Rafatnia et al. 2018)

 where La and R are the constant lapse rate and universal 
gas constant, respectively. However, for non-standard atmos-
phere conditions, bias, b, and scale factor, s, are applied to 
calculate the calibrated altitude as follows:

 where the bias and scale factor are calculated as

 in which the deviation of true magnitude in the sea level 
from the standard condition in the case of temperature, 
ΔT = Tt − T0 , and pressure, ΔP = Pt − P0 , can be calculated 
using the following model (Rafatnia et al. 2018):

 where Tt and Pt are the true temperature and pressure in 
the sea level, respectively, and the thermometer and barom-
eter measurements are presented by Ts and Ps , respectively. 
Finally, by calculating the calibrated barometric altitude and 
with this assumption that the sea level is an approximation 
of geoid level, the SINS altitude constraint is constructed 
as follows:

 where hg is the geoid height at the vehicle location based on 
the EGM96 earth model (Lemoine et al. 1997).

SINS/GNSS integration mechanization

The complementary characteristics of the GNSS and the 
SINS motivate the development of an integrated SINS/
GNSS navigation system. Different algorithms have 
been proposed for SINS/GNSS navigation system. We 
concentrate on IC integrated SINS/GNSS in which the 
SINS error dynamics are used in the estimation process 

(19)Hp =
T0

La

[(
Ps

P0

)−
LR

g

− 1

]
+ H0

(20)H = HP + s (HP − H0) + b

(21)

s =
ΔT

T0

b =
RT0

g

(
ΔP

P0

)

(22)
Tt = Ts + La HP

Pt = Ps + �gHp

(23)
if hg > 0 then H < h < H + hg

if hg < 0 then H + hg < h < H

Fig. 2   Auxiliary altitude and velocity constrains for inertial naviga-
tion



	 GPS Solutions           (2019) 23:62 

1 3

   62   Page 6 of 14

(Nourmohammadi and Keighobadi 2018b). Here, a new 
data fusion algorithm is developed for IC integrated SINS/
GNSS system. The major aim of the current research is to 
enhance the overall accuracy and reliability of the low-cost 
integrated inertial navigation systems. The block diagram 
of Fig. 3 shows the main configuration of the proposed 
integrated navigation system. Input data, dynamical sys-
tems, data fusion algorithm and measurement data are the 
main parts illustrated in the figure. Input data are supplied 
by inertial sensors including three-axis accelerometer and 
gyroscope, and also air-data sensors including barometer 
and thermometer. The dynamical systems in the proposed 
SINS/GNSS are divided into INS dynamics and INS error 
dynamics. The INS dynamics are constituted by the posi-
tion, velocity, and orientation dynamics as expressed in 
(1), (2)–(4), and (7), respectively. The linearized form of 
the INS error dynamics has been described in (8)–(11). 
Data fusion process is exerted on the INS error dynam-
ics. In fact, the navigation parameters, including orien-
tation, position, and velocity, are not directly estimated. 
The INS error states are estimated in the data fusion pro-
cess. Subsequently, the estimated error states are applied 
to correct the INS dynamics output. The measurement 
vector of the estimation algorithm is constituted by the 
INS dynamics output, GNSS data, and in some situations, 
barometric altitude. The data fusion algorithm of the pro-
posed SINS/GNSS system is based on constrained type-2 
fuzzy Kalman filter (T2FKF) approach. The performance 
of the proposed estimation filter is not conditioned by the 
stochastic noise covariance of the MEMS-grade inertial 
sensors. This is one of the main superiority aspects of the 
proposed approach in comparison with the conventional 
KF method. Furthermore, in the proposed constrained 
T2FKF, the velocity constraints of (18) and the altitude 
constraint of (23) are appropriately embedded in the inte-
gration scheme to maintain the navigation accuracy and 
reliability, especially during GNSS outages.

In summary, the proposed constrained T2FKF is 
implemented in four steps comprising time-update, 

measurement-update, covariance matrix matching, and 
state projection. In the following sections, the constrained 
T2FKF is described in detail.

Time update

In this step, the predicted values of error covariance, P−

k
 , 

and state vector, x−
k
 , are calculated as follows (Simon 2006):

in which �k−1 is the state-transition matrix associating 
with the dynamic of the INS error model (8)–(11). Qk−1 
stands for the covariance matrix of the system noise. It is 
updated during the covariance matrix matching process.

Measurements update

In this step, the Kalman gain, Kk , is calculated and conse-
quently, the state vector and the error covariance matrix are 
updated as follows (Simon 2006):

where Rk is the covariance matrix of the measurement 
noise. �k characterizes the observation matrix which is con-
structed based on the state vector, x̂k , and the measurement 
vector, zk , as follows:

(24)P−

k
= �k−1Pk−1�

T
k−1

+ Qk−1

(25)x̂−
k
= �k−1x̂

−

k−1

(26)Kk = P−

k
�

T
k

(
�kP

−

k
�

T
k
+ Rk

)−1

(27)x̂k = x̂−
k
+ Kk

[
zk −�kx̂

−

k

]

(28)Pk =
(
I − Kk�k

)
P−

k

(29)�k =

[
03×3 I3×3 03×3 03×3 03×3
03×3 03×3 I3×3 03×3 03×3

]

(30)zk =
[
vINS − vGPS rINS − rGPS

]T

Fig. 3   Main mechanization of 
the proposed integrated SINS/
GNSS system
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in which v =
[
vN vE vD

]Tand r =
[
L l h

]T are the 
velocity and the position vectors, respectively. Also, the 
superscript INS characterizes the output of the INS dynam-
ics expressed in (1)–(4).

Covariance matrix update

According to (24), the performance of the Kalman filter esti-
mation algorithm is significantly related to the covariance 
matrix of the system noise. The measurement reliability in 
MEMS-grade IMUs is related to vehicle maneuvering (Nour-
mohammadi and Keighobadi 2018c). Therefore, in the error 
covariance prediction, a proper covariance matrix is required 
in accordance with the system noise. In this study, an adaptive 
covariance matching algorithm is proposed based on a type-2 
fuzzy logic. In the proposed algorithm, the maneuvering level 
of the vehicle is evaluated through the IMU measurements. 
Accordingly, the following parameters are defined as input to 
the type-2 fuzzy inference system.

A normalizing factor, � , is defined as the output of fuzzy 
inference system. � is used to update the covariance matrix 
based on the following relationship:

(31)�1 =
‖‖‖f

b‖‖‖2 =
√∑

i=x,y

(
f b
i

)2
+
(
f b
z
+ g

)2

(32)�2 =
‖‖‖�

b
nb

‖‖‖1 =
∑
i=x,y,z

|||�
b
i

|||

(33)Qk = Q0 × 10�

Expert knowledge is applied to characterize the fuzzy sys-
tem input �1 and �2 . Three linguistic type-2 fuzzy sets includ-
ing small (S), medium (M), and high (H) are considered for 
the input variables �1 and �2 . Figure 4 shows the membership 
functions of the fuzzy sets, S, M, and H, corresponding to 
each input.

The membership functions of Fig. 4 have been designed 
based on the experience and the knowledge of expert engi-
neers in the field of inertial navigation. Accordingly, the fol-
lowing linguistic fuzzy rule-base, comprising of nine rules, 
is developed:

Therefore, � is adaptively determined in the proposed 
fuzzy inference system based on the maneuvering level of 
the host vehicle along with the navigation trajectory. Then, 
the covariance matrix, Qk , is adjusted based on (33).

Estimation projection

In the constrained T2FKF estimation algorithm, the follow-
ing minimization problem is executed in the presence of the 
INS error model constraints (Simon 2010):

Subject to: Dxk ≤ dk
where x̃ stands for the projected state on the constraints 

surface. W is a positive-definite weighting matrix. D and d 
are known matrices representing the standard form of the 
constraints:

(34)

if �1 is Small and �2 is Small then � = −1

if �1 is Small and �2 is Medium then � = −0.5

if �1 is Medium and �2 is Small then � = −0.25

if �1 is Medium and �2 is Small then � = −0.75

if �1 is Medium and �2 is Medium then � = 0

if �1 is Medium and �2 is High then � = 0.25

if �1 is High and �2 is Small then � = 0.5

if �1 is High and �2 is Medium then � = 0.75

if �1 is High and �2 is High then � = 1

(35)x̃k = argminxk

(
xk − x̂k

)T
W
(
xk − x̂k

)

(36)D =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

02×3

�
1

−1

�
02×1 02×1 02×2 02×1 02×6

02×3 02×1

�
1

−1

�
02×1 02×2 02×1 02×6

02×3 02×1 02×1

�
1

−1

�
02×2 02×1 02×6

02×3 02×1 02×1 02×1 02×2

�
1

−1

�
02×6

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Fig. 4   Membership functions of input variables
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The problem (35) with the inequality constraints of (36) 
could be solved by use of the active set method (Fletcher 
2013). In this method, the active constraints in the solution 
are determined first, and then the problem solution is stated 
as follows:

where D̂ and d̂k are the row of D and the components of 
dk that are active at the problem solution.

Experimental results and discussion

For implementation of the proposed constrained T2FKF 
on the IC integrated SINS/GNSS navigation system, some 
vehicular field tests have been carried out by experienced 
colleagues in University of Tabriz. The test equipment is 
shown in Fig. 5. The ADIS-16407 IMU has been used to 
provide linear acceleration and angular rate. Moreover, 

dk =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

vN − vmax(cos � cos�)

vN
vE − vmax(cos � sin�)

vE
vD + vmax sin �

vD
h − H − hg
−h + H

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(37)x̄k = x̃k −W−1D̂T
(
D̂W−1D̂T

)−1(
D̂x̃ − d̂k

)

the barometer and thermometer are also combined to sup-
ply the air-data measurements. The reference position and 
velocity data of the vehicle are presented by a Garmin-35 
GPS receiver with 1 Hz updating rate. The main statistical 
specifications of the inertial sensors in ADIS-16407 IMU 
are given in Table 1.

To verify the proposed constrained T2FKF integration 
algorithm, two vehicular tests with various dynamical 
maneuvering have been designed. Figure 6 presents the 
reference latitude–longitude and altitude trajectories of 
the vehicle in test #1. As shown in the figure, test #1 has 
been executed in 500 s, approximately. According to the 
top panel, the vehicle started to move from point P1 and 
continues up to P7 with several circular maneuvers. In addi-
tion, some GPS outage environments with different strate-
gies considered as short time (P2–P3), long time (P4–P5) and 
stationary (P6) navigation. The intervals of GNSS outage 
have been created artificially through the off-line analysis. 
The GNSS data existing in reality during these intervals 
were used as a reference.

Fig. 5   Vehicular navigation test

Table 1   Main specifications of inertial sensors in ADIS-16,407

Parameters Gyroscope Accelerometer

Misalignment (axis-to-frame) 0.05° 0.2°
Misalignment (axis-to-axis) 0.5° 0.5°
Initial bias error (1σ) 3°/s 50 mg
In-run bias stability (1σ) 0.007°/s 0.2 mg
Random walk (1σ) 1.9°/√h 0.2 m/s/√h
Output noise (no filtering) 0.8 deg/s rms 9 mg rms
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In this section, two different strategies of T2FKF are 
employed for IC integrated SINS/GNSS. In the first strat-
egy, called “Cons.T2FKF”, the estimation filter is focused on 
the constraints of velocity and altitude during GPS outage. 
In the second strategy, called “Uncons.T2FKF”, the state 
constraints are dropped.

The estimated latitude–longitude trajectory of the vehicle 
for both “Cons.T2FKF” and “Uncons.T2FKF”-based inte-
grated navigation algorithms in test #1 is shown in Fig. 7. 
For better evaluation, the estimation error of the position 
and the velocity components with respect to the reference 
GPS data are shown in Figs. 8 and 9, respectively. It is 
clearly seen that the performance of both “Cons.T2FKF” 
and “Uncons.T2FKF” are nearly close to the reference GPS 
data while GPS data are available. However, during GPS 
outage a considerable estimation error can be seen in the 

case of “Uncons.T2FKF” estimation algorithm. Especially, 
in the stationary point, P6, “Cons.T2FKF” has better estima-
tion accuracy in comparison with “Uncons.T2FKF”. Moreo-
ver, the altitude error is increased in the case of “Uncons.
T2FKF”. The inefficiency of “Uncons.T2FKF” is mainly 
due to vertical channel instability in the strap-down INS. On 
the other hand, “Cons.T2FKF” algorithm successfully satis-
fies the state constraints and prevents incremental estimation 
error especially in altitude estimation.

For a better comparison of “Cons.T2FKF” and “Uncons.
T2FKF”, the mean value and the standard deviation of 
the estimation error are reported in Table 2. The statisti-
cal results of Table 2 indicate that the proposed constrained 
T2FKF-based SINS/GNSS yields to superior position and 
velocity estimation in comparison with the unconstrained 
T2FKF-based one. However, the differences between these 

Fig. 6   Test #1. Reference lati-
tude–longitude trajectory (top), 
reference altitude trajectory 
(bottom)
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strategies are highlighted in the performance of navigation 
system during GPS outage. For example, the mean value and 
the standard deviation of estimation error of altitude in the 
“Cons.T2FKF” algorithm are much less than in “Uncons.
T2FKF”. This is because of focusing on velocity and altitude 
constraints in harsh environments.

To legitimize the performance, reliability and accuracy 
assessment of the proposed constrained T2FKF algorithm, 
the proposed data fusion method is compared with conven-
tional Kalman filter method in another vehicular test. Test 
#2 with different maneuvers and considered GPS outage has 
been designed at the University of Tabriz. This test takes 
400 s, approximately. Figure 10 represents the reference geo-
graphical latitude–longitude trajectory and reference alti-
tude trajectory in test #2. As shown in Fig. 10 (bottom), the 
vehicle experienced higher altitude maneuvering in test #2 
compared to test #1. In test #2, the vehicle starts its motion 
in P1 and continues up to P8. The GPS signal blockage is 
occurred in distance between P2–P3, P4–P5, and P6–P7.

Figure  11 shows the latitude–longitude trajectory 
obtained by both “Cons.T2FKF” and “Uncons.KF” (uncon-
strained Kalman filter)-based SINS/GNSS during test#2. 
The performance of “Cons.T2FKF” method in view of the 
navigation accuracy and reliability during GPS outage and 
the satisfaction of the SINS state constraints are better than 
for “Uncons.KF”. In addition, as shown in Figs. 12 and 13, 
the estimation error of the position and the velocity compo-
nents through the proposed ‘‘Cons.T2FKF’’ is lower than 
for “Uncons.KF”. According to Fig. 12, “Uncons.KF”-based 
SINS/GNSS has undesirable responses regarding the estima-
tion of altitude during signal blockage of GPS.

To have a comprehensive comparison between different 
strategies in the cases of “Uncons.KF” and “Cons.T2FKF” 
integration algorithms, the mean value and the standard 

Fig. 7   Estimated trajectories through both “Cons.T2FKF” and 
“Uncons.T2FKF” in SINS/GNSS compared to the reference GPS 
data in test #1

Fig. 8   Estimated errors of the position components through both 
“Cons.T2FKF” and “Uncons.T2FKF” in test #1

Fig. 9   Estimated errors of the velocity components through both 
“Cons.T2FKF” and “Uncons.T2FKF” in test #1
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Table 2   Mean value and 
standard deviation of the 
estimation error in test #1

Navigation parameter IC integrated SINS/GNSS with con-
strained T2FKF integration

IC integrated SINS/GNSS with uncon-
strained T2FKF integration

Mean value of 
estimation error

Standard deviation of 
estimation error (± 1σ)

Mean value of 
estimation error

Standard deviation of 
estimation error (± 1σ)

Latitude error (m) 0.0122 0.0531 − 0.217 0.72
Longitude error (m) 0.007 0.0374 0.154 0.55
Altitude error (m) 0.108 0.2362 − 1.38 5.112
V-north error (m/s) 0.0435 0.301 − 0.3844 1.954
V-east error (m/s) 0.0059 0.2 0.1121 0.22
V-down error (m/s) 0.011 0.1279 0.065 0.223

Fig. 10   Test #2 reference lati-
tude–longitude trajectory (top) 
and reference altitude trajectory 
(bottom)
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deviation of the estimation errors in test #2 are reported in 
Table 3.

The statistical results of Table 3 indicate that the pro-
posed type-2 fuzzy logics can assist the navigation accuracy 
via adaptively changing of the covariance matrix of the sys-
tem noise. However, the differences between these strategies 

are highlighted in the performance and the reliability during 
GPS outage.

Conclusions

Motivated by enhancing the navigation reliability and accu-
racy of the low-cost SINS/GNSS system, an adaptive con-
strained integration algorithm has been presented in this 
research work. In the proposed approach, the constraints of 
the stand-alone SINS are defined based on the combina-
tion of calibrated air-data sensors output and some auxiliary 
constraints in velocity components. Type-2 fuzzy logics are 
defined to determine adaptively the covariance matrix of 
the system noise in various driving conditions. Accordingly, 
the integrated system is tuned online for different vehicle 
maneuvering. The proposed integration scheme has been 
verified with different vehicular tests under various dynami-
cal maneuvering. The results indicated that the proposed 
adaptive constrained approach leads to the improved navi-
gation accuracy. Moreover, the constraints of stand-alone 
SINS enhanced the reliability of integrated system during 
GNSS outage. It has been revealed that the proposed “Cons.
T2FKF”-based SINS/GNSS causes higher navigation accu-
racy and reliability in comparison with “Uncons.T2FKF” 
and “Uncons.KF”-based algorithms.

Fig. 11   Estimated trajectories through both “Cons.T2FKF” and 
“Uncons.KF” in SINS/GNSS compared to the reference GPS data in 
test #2

Fig. 12   Estimated errors of the position components through both 
“Cons.T2FKF” and “Uncons.KF” in test #2

Fig. 13   Estimated errors of the velocity components through both 
“Cons.T2FKF” and “Uncons.KF” in test#2
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