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Decentralized INS/GNSS System With
MEMS-Grade Inertial Sensors Using

QR-Factorized CKF
Hossein Nourmohammadi and Jafar Keighobadi

Abstract— Special approaches are required for integration of
global navigation satellite system (GNSS) with a strap-down
inertial navigation system (INS), particularly based on low-
cost micro-electro mechanical system (MEMS)-grade inertial
sensors. The proposed approach should be computationally
efficient, mathematically nonsingular, and executable on small
digital signal processor (DSP) modules. This paper presents a
new INS/GNSS navigation system based on a direct decentral-
ized integration scheme. Based on the proposed QR-factorized
cubature Kalman filter (CKF) structure, two cascade filters
are implemented for separate estimation of the orientation
attitude-heading angles and the 3-D position/velocity components.
Owing to the QR-factorization, the numerical errors in the
update process of estimation covariance matrix are removed.
Considering the nonlinear dynamics of the strap-down INS as
well as the large uncertainties included in stochastic model
of the MEMS-grade inertial sensors, the QR-factorized CKF
yields enhanced accuracy and reliability compared with the pure
Kalman filter. The decentralized integration scheme provides the
separate estimation of orientation components from the position
and velocity vectors. Therefore, the propagation of the position
and velocity estimation errors into the orientation filter section
does not occur. The performance of the presented system is
assessed through real data of vehicular field tests.

Index Terms— Low-cost navigation, INS/GNSS system,
MEMS-grade inertial sensors, integration scheme, QR-factorized
CKF.

I. INTRODUCTION

M ICRO-ELECTRO mechanical-system (MEMS)-grade
accelerometers and gyroscopes are inserted along

3-axis orthogonal frames to produce low-cost inertial
measurement unit (IMU) required in inertial navigation
systems (INSs). Nowadays, wide range applications of low-
cost INS in aerial, ground, and marine vehicles motivate
enhancement of navigation accuracy. In strap-down INS,
through sequential integration of high frequency specific forces
and angular rotation rates measured by MEMS accelerom-
eters and gyroscopes, the orientation angles, position and
velocity components are obtained in a predefined reference
coordinate frame. Owing to high update rate of inertial
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measurements, up to 1000 Hz and its autonomous naviga-
tion data, the INS noisy data are combined with low rate
data of a global navigation satellite system (GNSS) [1].
Therefore, the limitations of GNSS like low update rate
(up to 5 Hz), signal blockage in indoor applications, near
tall buildings and especially lack of orientation angles deter-
mination are removed. On the other hand, large long-term
errors of MEMS-grade inertial sensors lead to time-increasing
navigation errors in INS stand-alone operation [2]. Therefore,
combination of the INS with a GNSS receiver, which updates
accurate position and velocity information even at 1 Hz,
results in better performance and reliability of the so-called
integrated INS/GNSS system.

An integrated INS/GNSS uses optimal/suboptimal data
fusion algorithms mostly known as filter, estimator, observer
and so on in literature. For example, Farhan and Kenneth
have developed an error model of INS as the base of the
extended Kalman filter (EKF) estimation algorithm of the
INS/GNSS mechanization [3]. As an enhanced estimation
method for multi-sensor data fusion, adaptive Kalman filter
was used to provide smooth and continuous navigation data
in the intervals of GPS blockage [4]. Wei et al. proposed
a quadratic EKF technique by considering the second-order
terms of Taylor approximation of nonlinear INS dynamics
in propagation of estimation covariance matrix [5]. Based
on stochastic modeling of quantization and colored noises
of inertial sensors, Han and Wang improved the estimation
of inertial sensor’s drift and thereby the navigation accu-
racy [6]. Musavi and Keighobadi proposed an adaptive fuzzy
neuro-observer to enhance the performance of the integrated
INS/GNSS positioning systems [7]. Artificial neural networks
as approximation of nonlinear terms have been used in the
integration filter of INS/GNSS systems [8]. However, real-
time implementation considerations of INS/GNSS system limit
practical usage of fuzzy/neural network-based methods.

INS/GNSS systems can be categorized according to the
depth of integration between INS and GNSS [9]. Loosely
coupled and tightly coupled integration are two basic and
more common schemes of INS/GNSS integration [10], [11].
In the loosely coupled system shown in Fig. 1, two sepa-
rate filters operate independently. The first filter inside the
GNSS pack computes position and velocity vectors using
GNSS raw measurements including pseudo-range and delta-
range or Doppler measurements including phase and frequency
shift. The second external INS/GNSS filter estimates position,
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Fig. 1. Loosely coupled scheme for INS/GNSS integration.

Fig. 2. Tightly coupled scheme for INS/GNSS integration.

velocity, and attitude-heading angles by simultaneous using
IMU measurements and GNSS position and velocity vectors
in which the INS errors are compensated by GNSS. In the
tightly coupled integration shown in Fig. 2, the INS navigation
data and the GNSS raw measurements are optimally processed
in a unique central filter and thus the separate filter of GNSS
in the loosely coupled scheme is removed.

As the main advantage, using two separate filters in the
loosely coupled scheme leads to the benefit of getting a smaller
and simpler filter compared to the corresponding central filter
of the tightly coupled scheme. Nowadays, the GNSS receivers
with capable use of all available data of GPS, GLONASS,
GALILEO, BEIDOU, and so on attenuate the weakness of
loosely coupled integration of using partial available satellites.

Concerning with the loosely coupled integration of MEMS
INS and GNSS, the current paper proposes a new integration
technique as direct decentralized INS/GNSS. Direct implies
that the basic nonlinear dynamics of the INS is incorporated
in the estimation algorithm unlike the linearized INS model
used in common research works in literature. Therefore, the
incorporation of model linearization errors in propagation of
the so-called time-update and measurement-update covariance
matrices of estimation errors and consequently in the filter gain
matrix is removed. The proposed nonlinear filter of INS/GNSS
is designed as a QR-factorized cubature Kalman filter (CKF).
Unlike the traditional EKF, the QR-factorized CKF does not
need to compute the Jacobian matrices in which the first-
order linearization errors may lead to large errors in statistical
mean and covariance of the state vector [12]. Furthermore, the
QR-factorization method enhances the numerical stability and
accuracy of the basic CKF.

The proposed integration technique is called decentralized
since the orientation computation part is decoupled from the
position and velocity estimation part. In classical INS/GNSS
algorithms, the state estimation is carried out in a central filter.
Obviously, any divergence in the position and velocity estima-
tion propagation, for example due to low strength of GNSS
signals, may lead to failure of the orientation update algorithm.

Fig. 3. Reference coordinate frames in the inertial navigation.

As a matter of fact, the decentralized integration method is
considered in the paper to avoid broadcasting of the position
and velocity estimation error into the orientation estimation.
Through injection of attitude data obtained from gravity vector
matching between body and reference frames, the estimation
accuracy of orientation angles is enhanced. The orientation
filter results are used in the position/velocity update filter based
on cascade connection. In summary, the main contributions of
the paper are:

• Design of a new integration technique as direct decen-
tralized scheme to enhance the performance of the
INSS/GNSS navigation system.

• Design of QR-factorized CKF to enhance the numerical
stability and accuracy of the state estimation filter in
INS/GNSS navigation system.

The performance of the proposed approach is assessed
through vehicular field tests. Low-cost ADIS-16407 IMU is
used as the MEMS-grade inertial sensors and the position
and velocity measurements are provided by Garmin-35 GPS
receiver. Highly accurate Vitans navigation system is used to
produce the reference attitude data for evaluation

II. STRAP-DOWN INS DYNAMICS

The main reference frames also used in the paper are inertial
i-frame, Earth e-frame, navigation n-frame and body b-frame
of Fig. 3.

The n-frame is defined based on local level navigation frame
with north-east-down (N-E-D) geodetic axes. Dynamic system
of a strap-down INS includes three main parts as orientation
dynamics, position dynamics, and velocity dynamics. In the
current research work, owing to the minimal components
and physical meaning, Euler angles are preferred to be
used as orientation representation with respect to quaternion
and direction cosine matrix (DCM). Euler angles represent
the overall rotation of x-y-z b-frame with respect to NED
n-frame. Based on z-y-x order in rotation sequence, Euler
angles dynamics can be expressed as follows.

ϕ̇ = (
ωy sin ϕ + ωz cosϕ

)
tan θ + ωx

θ̇ = ωy cosϕ − ωz sin ϕ

ψ̇ = (
ωy sin ϕ + ωz cosϕ

)
sec θ (1)

where, the orientation heading-pitch-roll angles shown
as ψ , θ , and ϕ specify rotation components about z, y, and x



3280 IEEE SENSORS JOURNAL, VOL. 17, NO. 11, JUNE 1, 2017

body axes, respectively. The angular rotation vector ωb
nb =

[ωx ωy ωz ]T specifies the rotation rate of the b-frame with
respect to the n-frame, projected in b-frame. ωb

nb is computed
from gyroscopes measurement vector, ωb

ib as:

ωb
nb = ωb

ib − (ωb
ie + ωb

en) = ωb
ib − Cb

n[ωn
ie + ωn

en] (2)

where, ωn
ie is the rotation rate vector of Earth expressed in the

n-frame and ωn
en is the rotation rate of n-frame with respect

to e-frame known as the transportation rate of vehicle, too.
The transformation/rotation matrix from b-frame to n-frame
known as DCM matrix is represented by Cn

b [13]:

Cn
b

=
⎡

⎣
CθCψ −CϕSψ + SϕSθCψ SϕSψ + CϕSθCψ
Cθ Sψ CϕCψ + SϕSθ Sψ −SϕCψ + CϕSθ Sψ
−Sθ SϕCθ CϕCθ

⎤

⎦

(3)

where, C and S stand for cosine and sine functions, respec-
tively. Solution of (1) in the strap-down framework results in
updated open-loop Euler angles of under-navigation vehicle
whose longitudinal-lateral-vertical axes are aligned along the
x-y-z axes of IMU b-frame.

Like GNSS, the INS position vector in spherical platform
is characterized by latitude, L longitude, l and height, h with
the following governing equations [14].

L̇ = vN

RN + h
, l̇ = vE

(RE + h) cos L
, ḣ = −vD (4)

where, the velocity vector components in the n-frame are
considered as, vn = [vN vE vD]T . RN and RE represent Earth
meridian and transverse radii of curvature, respectively.

The velocity components of the strap-down INS in the
n-frame are developed as follows [14].

v̇N = fN − 2ωevE sin L + vN vD

RN + h
− v2

E tan L

RE + h
(5)

v̇E = fE + 2ωe(vN sin L + vD cos L)

+ vE

RE + h
(vD + vN sin L) (6)

v̇D = fD − 2ωevE cos L − v2
E

RE + h
+ v2

N

RN + h
+ g (7)

where, g and ωe stand for the Earth gravity and rotation
rate, respectively. The components of f n = [ fN fE fD]T

represent the specific force vector by accelerometers projected
in the n-frame. Using (1) – (7), the navigation data can be
updated continuously providing initial alignment values of
navigation data and the IMU measurements. However, due
to large uncertainties of MEMS sensors data, bias instability,
and 3-order integrations imposed on the uncertainties, the
navigation error of the stand-alone INS quickly increases
over time. Therefore, for long-time applications, INS should
be integrated with an auxiliary navigation system like a
GNSS.

III. INS/GNSS INTEGRATED NAVIGATION SYSTEM

INS and GNSS have complementary characteristics which
would be used in the integrated mode to cover disadvantages

of individual systems. However, the integration of INS and
GNSS requires special software techniques in particular by
use of low-cost inertial sensors. State estimation algorithm for
data fusion and the integration mechanization are two key steps
in developing an INS/GNSS system. This section explains the
paper contributions concerning these two aspects.

A. State Estimation Algorithm

Among optimal state estimation algorithms, EKF is prob-
ably the most widely used algorithm in nonlinear systems
like integrated navigation systems. As the nonlinear extension
of standard Kalman filter, EKF suffers from some draw-
backs mainly arise from its linearization-based structure. For
example, EKF has difficulties in implementation, tuning, and
is reliable only for systems which remain almost linear on
the time scale of the system updates [15]. Moreover, in non-
linear systems which are not differentiable, linearization may
lead to large errors in mean and covariance of estimations.
Cumbersome operation in derivation of the Jacobian matrices
motivates the design of more efficient nonlinear filters. The
unscented Kalman filter (UKF) and the CKF are two alter-
natives to the EKF. The UKF uses unscented transformation
in which the Gaussian distribution is represented by a set
of deterministically chosen sigma points. The CKF is based
on third-degree spherical-radial cubature rule for numerical
computation of Gaussian-weighted multi-dimensional integrals
appearing in Bayesian filter. A set point called cubature points
are used in the CKF to numerically compute the integrals [16].
As the main difference between UKF and CKF, the sigma
points contain one more point in its center with a tuning
parameter, κ . The center point is highly significant as it
carries more weight which is commonly negative for high-
dimensional systems. For systems of dimension more than 3,
the negative weight of the center sigma point may lead to
non-positive semi-definite covariance matrix which means the
failure of filter. Compared with the UKF troubles, the CKF
enhances the numerical stability property in high-dimensional
filtering problems [17].

According to the above-mentioned explanations, the CKF
algorithm is preferred for state estimation in the proposed
MEMS INS/GNSS system. Furthermore, the CKF is modified
by use of QR-factorization method to achieve a better accuracy
and numerical stability of navigation algorithm.

B. QR-Factorized CKF

Consider the following discrete-time nonlinear dynamics
system.

xk = f (xk−1,uk−1)+ vk−1
yk = h (xk,uk)+ wk

(8)

where, xk ∈ R
n , uk ∈ R

r , and yk ∈ R
m show the state,

input, and output vectors; f(·) and h(·) are nonlinear dynamics
and measurement vectors; vk and wk show the process and
measurement noises of covariance Qk and Rk .

CKF was first proposed by Arasaratnam and a comprehen-
sive discussion was presented in [18]. Here, the CKF algorithm
is summarized in the following steps.
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Step1. Initialization
The estimated state vector and covariance matrix of estima-

tion error are initialized as:

x̂0|0 = E(x0|0)
P0|0 = E[(x0|0 − x̂0|0)(x0|0 − x̂0|0)T ] (9)

Step2. Time update
The cubature points are generated for i = 1, 2, ..., 2n.

Xi,k−1|k−1 = Sk−1|k−1ζ i + x̂k−1|k−1 (10)

where, Sk−1|k−1 is the square root of covariance matrix,
Pk−1|k−1 whereas Sk−1|k−1ST

k−1|k−1 = Pk−1|k−1. Also, ζ i is
the ith column of the matrix

√
n

[
In×n −In×n

]
in which,

I stands for identity matrix.
Now, the propagated cubature points are computed as:

X∗
i,k|k−1 = f

(
Xi,k−1|k−1 ,uk−1

)
(11)

The predicted state and covariance matrix are computed as:

x̂k|k−1 = 1

2n

2n∑

i=1

X∗
i,k|k−1 (12)

Pk|k−1 = 1

2n

2n∑

i=1

X∗
i,k|k−1 X∗T

i,k|k−1 − x̂k|k−1 x̂T
k|k−1 + Qk−1

(13)

Step3. Measurement update
The cubature points are generated for i = 1, 2, ..., 2n.

Xi,k|k−1 = Sk|k−1ζ i + x̂k|k−1 (14)

Based on the propagated cubature points for i = 1, 2, ..., 2n
as:

Yi,k|k−1 = h
(
Xi,k|k−1 , uk

)
(15)

the predicted measurements are obtained as follows.

ŷk|k−1 = 1

2n

2n∑

i=1

Yi,k|k−1 (16)

Now, the innovation covariance and the cross-covariance
matrices are updated.

Py,k|k−1 = 1

2n

2n∑

i=1

Yi,k|k−1 YT
i,k|k−1 − ŷk|k−1 ŷT

k|k−1 + Rk

(17)

Pxy,k|k−1 = 1

2n

2n∑

i=1

Xi,k|k−1 YT
i,k|k−1 − x̂k|k−1 ŷT

k|k−1 (18)

The cubature Kalman gain is obtained as:

Kk = Pxy,k|k−1 P−1
y,k|k−1 (19)

The measurement-update of state vector and covariance
matrix are computed as the final step.

x̂k|k = x̂k|k−1 + Kk(yk − ŷk|k−1) (20)

Pk|k = Pk|k−1 − Kk Py,k|k−1 KT
k (21)

Symmetry and positive definiteness are two basic properties
of a covariance matrix. Since the square root of estima-
tion error covariance matrix of CKF is required to generate
the cubature points, numerical computation errors affect-
ing the positive definiteness of the covariance matrix could
stop the execution of CKF algorithm. As an important solution,
a modified CKF is proposed in which the computation of
square root of covariance matrix is removed. In order to
acquire this purpose, all the covariance matrices of the CKF
algorithm should be reformulated. Distribution of the cubature
points (X∗

i,k|k−1 ) over the predicted state (x̂k|k−1) is defined
as:

ê∗
i, x = X∗

i,k|k−1 − x̂k|k−1 (22)

Accordingly, the following weighted-centered matrix is con-
structed.

χ∗
k|k−1 = 1√

2n

[
ê∗

1, x ê∗
2, x ... ê∗

2n, x
]

(23)

Now, the covariance of prediction error is redefined as:

Pk|k−1 =
[
χ∗

k|k−1 SQk−1

] [
χ∗

k|k−1 SQk−1

]T
(24)

where, SQk−1 denotes the square root of Qk−1. Similarly,
the following innovation covariance and the cross-covariance
matrices are developed as:

Py, k|k−1 = [
ϒk|k−1 SRk

] [
ϒk|k−1 SRk

]T (25)

Pxy, k|k−1 = χk|k−1ϒ
T
k|k−1 (26)

where, SRk denotes the square root of Rk and ϒk|k−1 is
obtained as:

ϒk|k−1 = 1√
2n

[
ê1,y ê2,y ...ê2n,y

]
(27)

êi,y = Yi,k|k−1 − ŷk|k−1 (28)

Furthermore, the updated error covariance, Pk|k is refor-
mulated based on the following procedure. Rearranging
(19) and (21) results in:

Pk|k = Pk|k−1 − Pxy,k|k−1 KT
k (29)

KkPT
xy,k|k−1 = KkPy,k|k−1 KT

k (30)

Aggregating (29) and (30) yields:

Pk|k = Pk|k−1−Pxy,k|k−1KT
k +KkPy,k|k−1 KT

k −KkPT
xy,k|k−1

(31)

Using the fact that Pk|k−1 = χk|k−1χ
T
k|k−1, and also replacing

(25) and (26) into (31) results in:

Pk|k = χk|k−1 χT
k|k−1 − χk|k−1ϒ

T
k|k−1 KT

k

+ Kk(ϒk|k−1 ϒT
k|k−1 + SRk ST

Rk
)KT

k

− Kkϒk|k−1 χT
k|k−1 (32)

Equation (32) can be rearranged as follows:

Pk|k = [
χk|k−1 − Kkϒk|k−1 KkSRk

]

[
χk|k−1 − Kkϒk|k−1 KkSRk

] T (33)

Therefore, all of the covariance matrices appearing in the
CKF may be written in the factorized form as, P = SST .
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The matrix, S can be simply considered as the square root
of P. Furthermore, by decrease of computational burden,
a triangularization process on matrices will lead to more
efficient results. Here, a QR-factorization algorithm is applied
to compute S. In QR-factorization, a matrix S is decomposed
into product of two matrices as, S = QR in which, Q is an
orthogonal matrix and R is an upper triangular matrix [19].
Based on the QR-factorization of ST , the covariance matrix is
factorized as:

P = SST = RT QT QR = RT R (34)

Therefore, we obtain S = RT . Based on orthogonality of Q
according to (34), the square root of covariance can be com-
puted as upper triangular matrix, R. By triangular matrix, S,
the efficient computational burden of newly developed filter
of INS/GNSS will require less memory storage together with
low-cost small microprocessor board.

The proposed QR-factorization algorithm can now be
applied on the predicted error covariance matrix (24), the
innovation covariance matrix (25), and the updated covariance
matrix (33). Therefore, the proposed QR-factorized CKF algo-
rithm is developed with the following summarized steps.

Step 1. Initialization
The estimated state vector and covariance matrix of estima-

tion error vector are initialized, respectively as:

x̂0|0 = E(x0|0)
P0|0 = E[(x0|0 − x̂0|0)(x0|0 − x̂0|0)T ] (35)

Note that since as a design parameter P0|0 is given as a
diagonal matrix, S0|0 is easily computed.

Step2. Time update
The cubature points are generated for i = 1, 2, ..., 2n:

Xi,k−1|k−1 = Sk−1|k−1 ζ i + x̂k−1|k−1 (36)

The propagated cubature points are computed as:

X∗
i,k|k−1 = f

(
Xi,k−1|k−1 , uk−1

)
(37)

The predicted state is computed as:

x̂k|k−1 = 1

2n

2n∑

i=1

X∗
i,k|k−1 (38)

The square root of the predicted error covariance is calcu-
lated based on (22) through (24).

Sk|k−1 =
(

qr
([

χ∗
k|k−1 SQk−1

])T
)T

(39)

where, qr(·) denotes the QR-factorization function.
Step3. Measurement update
The cubature points are generated for i = 1, 2, ..., 2n:

Xi,k|k−1 = Sk|k−1 ζ i + x̂k|k−1 (40)

Based on the propagated cubature points for i = 1, 2, ..., 2n
as:

Yi,k|k−1 = h
(
Xi,k|k−1 , uk

)
(41)

the predicted measurements are obtained as follows.

ŷk|k−1 = 1

2n

2n∑

i=1

Yi,k|k−1 (42)

The square root of the innovation covariance matrix is
computed based on (25), (27), and (28) as:

Sy, k|k−1 =
(

qr
([

ϒk|k−1 SRk

])T
)T

(43)

The cross-covariance matrix is computed as:

Pxy, k|k−1 = χk|k−1ϒ
T
k|k−1 (44)

where, χk|k−1 is computed as follows.

χk|k−1 = 1√
2n

[
ê1,xê2,x...ê2n,x

]
(45)

êi,x = Xi,k|k−1 − x̂k|k−1 (46)

The square root cubature Kalman gain is obtained as:

Kk =
(

Pxy,k|k−1 /ST
y, k|k−1

)
/Sy, k|k−1 (47)

The measurement-update of state vector is performed as:

x̂k|k = x̂k|k−1 + Kk(yk − ŷk|k−1) (48)

Finally, the square root of the updated error covariance matrix
is obtained based on (33):

Sk|k =
(

qr
([

χk|k−1−Wkϒk|k−1 WkSRk

])T
)T

(49)

As the main specification, the QR-factorized CKF explicitly
operates with the square root decomposition of the covariance
matrices which in turn results in improved numerical stability
and accuracy of the estimation algorithm. The superiority
of the QR-factorized CKF with respect to the pure CKF is
particularly significant in low-cost INS/GNSS systems. Owing
to large uncertainty and limited accuracy of MEMS-grade
inertial sensors, the covariance matrix is more likely to be
non-positive definite. Consequently, compared with the CKF,
the QR-factorized CKF yields correct and optimal estimations
even in the presence of undesirable inaccuracies.

C. Integration Mechanization

In this section, the applied mechanization of integration
between the strap-down INS and the GNSS is described.
The subject is to develop a reliable INS/GNSS navigation
system even though low-cost MEMS sensors are used in
IMU. As shown in Fig. 4, a direct decentralized integration
scheme is designed for the proposed INS/GNSS system. In the
proposed scheme, the orientation filter is separated from the
position/velocity filter. Hence, the estimation errors of position
and velocity components are prevented to be propagated into
the orientation computations. Fig. 4 shows that the connection
between the orientation filter and the position/velocity filter
is based on cascade connection mechanization. First, the
attitude and heading angles are estimated in the orientation
filter algorithm. Following, feeding of updated angles into the
velocity dynamics of the strap-down INS, the position vector
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Fig. 4. Direct decentralized integration scheme for INS/GNSS system.

and velocity vector components are updated in the second
separate filter.

Euler angles configuration has been considered in the ori-
entation determination section of the designed INS/GNSS.
Therefore, the dynamics system of the orientation filter uses a
six states vector comprising the roll, pitch, and yaw angles as
well as gyroscopes drift components along body x-y-z axes.
Adding drift components of gyroscopes in (1) results in the
following completed dynamics of orientation angles.

ϕ̇ = (
(ωy − Dy) sin ϕ + (ωz − Dz) cosϕ

)
tan θ + ωx − Dx

θ̇ = (ωy − Dy) cosϕ − (ωz − Dz) sin ϕ

ψ̇ = (
(ωy − Dy) sin ϕ + (ωz − Dz) cosϕ

)
sec θ (50)

where, Dx , Dy and Dz stand for the drift components under
the following Gauss-Markov dynamics.

Ḋi = −β Di + σ
√

2βw(t), i = x, y, z (51)

where, β and σ are the correlation coefficient and the standard
deviation of the sensor measurement and w(t) represents
Gaussian white noise. For the orientation filter, the measure-
ment vector is constructed by use of the gravity matched
attitude angles and the GNSS heading angle.

Z1 = [
ϕacc θacc ψG

]T
(52)

where, ϕacc and θacc are the roll and pitch angles through
the gravity matching, respectively and ψG is the GNSS-based
heading angle. The matching between the accelerometer-
sensed gravity and the reference gravity vector yields [20]:

⎡

⎣
f b
x

f b
y

f b
z

⎤

⎦ =
[
Cb

n

]
⎡

⎣
0
0

−g

⎤

⎦ (53)

The gravity vector matching (53) is normalized as follows.

1

norm(fb)

⎡

⎣
f b
x

f b
y

f b
z

⎤

⎦ =
[
Cb

n

]
⎡

⎣
0
0

−1

⎤

⎦ (54)

Fig. 5. Vehicular field test and navigation hardware.

Fig. 6. Estimated and reference geographical latitude-longitude trajectory
and height trajectory during test #1.

Now, the gravity attitude angles can be obtained by use of
(3) and (54):

ϕacc = a tan 2
(
− f b

y , − f b
z

)
, θacc = a sin

(
f b
x

norm( f b)

)

(55)

where, atan2 and asin represent the four-quadrant version
of the arctangent and the arcsine, respectively. However,
(55) remains accurate during non-accelerated maneuvers of
the under-navigation vehicle. When the vehicle undergoes
non-gravitational acceleration for example in dynamical
maneuvers, considerable errors may be produced by (55).
Therefore, the non-gravitational acceleration terms should be
removed in computation of attitude angles from the accelerom-
eter measurements. Using the fact that the non-gravitational
acceleration of a car vehicle is mainly produced along its lon-
gitudinal axes aligned with the body x-axis, the accelerometer-
sensed gravity term is approximated as follows.

( f b
x )g = f b

x − sign
(

norm( f b)− norm( f b
0)

)
norm(v̇n)

(56)

where, f b
0 denotes the specific force measured by the

accelerometer in a stationary mode. Accordingly, the gravity
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Fig. 7. Estimated orientation angles compared to Vitans attitude angle and
GNSS heading during test #1.

Fig. 8. Estimation error of the position states in test #1.

pitch angle in (55) is corrected as:

θacc = a sin

(
( f b

x )g

norm( f b
0)

)

(57)

Now, the QR-factorized CKF is imposed on the dynamics
system of (50) and (51) and the measurement of (52) and
the orientation filter configuration is completed. Hereby, the
QR-factorized CKF orientation filter could optimally attenu-
ate the remaining uncertainties in the dynamics system and
measurement equations.

Next, the configuration of position/velocity filter is com-
pleted by implementation of the QR-factorized CKF on the
dynamics system of (4) – (7) and the following measurement
vector by GNSS receiver.

Z2 = [
LG lG hG vG

N vG
E vG

D

]
(58)

where, for example, LG shows the GNSS longitude. In the
proposed integration scheme of INS/GNSS, the linearization

TABLE I

STATISTICAL PROPERTIES OF THE INERTIAL SENSOR IN ADIS-16407

Fig. 9. Estimation error of the velocity states in test #1.

Fig. 10. Estimated and reference latitude-longitude trajectory in test #2.

of INS error model is removed by direct use of the nonlinear
dynamics of strap-down INS in the estimation filter. Therefore,
the estimation accuracy is not affected by the linearization
error of the INS/GNSS system.

IV. EXPERIMENTAL RESULTS AND DISCUSSION

The proposed direct decentralized INS/GNSS system is
evaluated in several vehicular field tests. The MEMS-grade
inertial sensors of low-cost ADIS-16407 IMU are used to
generate inertial data comprising of angular rates and specific
forces. The main statistical properties of the inertial sensors
in ADIS-16407 IMU are given in Table 1 [21].

The IMU was installed beside a precise Vitans navigation
system, as shown in Fig. 5. Vitans system was developed
by Teknol. Ltd, as a high-performance integrated navigation
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TABLE II

MEAN VALUE AND STANDARD DEVIATION OF THE ESTIMATION ERROR IN THE TEST #1

TABLE III

MEAN VALUE AND STANDARD DEVIATION OF THE ESTIMATION ERROR IN THE TEST #2

system, specifically for land applications [22]. The highly
accurate attitude data provided by Vitans system are con-
sidered as the reference values for the attitude accuracy
assessment of the proposed approach. The raw IMU measure-
ments are acquired at a sampling rate of 50 Hz. The INS
orientation, velocity and position are delivered at the same
rate, but corrected by the GNSS data at a rate of 1 Hz in the
QR-factorized CKF.

The GNSS position and velocity measurements are provided
by a set of Garmin-35 receiver and antenna in a single housing.
As an important consideration, the GNSS antenna must have
a clear view of the sky to provide a good coverage of GNSS
satellites. Therefore, the test setup has been fixed on a rigid
aluminum frame out of the vehicle body.

Three vehicular tests have been executed for experimental
assessment of the proposed INS/GNSS system. Fig. 6 repre-
sents the vehicle trajectory during field test #1. The vehicle
undergoes significant maneuvering in both the altitude and the
heading angle (for example in the intervals 430-s to 620-s)
along the uphill and downhill road trajectory.

Fig. 7 shows the performance of the proposed direct decen-
tralized INS/GNSS algorithm in the orientation estimation
compared to the attitude angles of Vitans system and the GNSS
heading angle.

The estimation errors of the position and velocity com-
ponents with respect to the reference GNSS data are shown
in Figs. 8 and 9. For better evaluation of the QR-factorized
CKF in the proposed direct decentralized INS/GNSS algo-
rithm, the results are compared with those of two other
algorithms including, conventional INS/GNSS system with
EKF and intelligent INS/GNSS system with knowledge-based

Fig. 11. Estimated orientation states compared to Vitans attitude angle and
GNSS heading during test #2.

approximators constructed by fuzzy logic and neural network
methods. A comprehensive description of these algorithms was
presented in [7]. To legitimize the comparisons, the mean value
and the standard deviation of position and velocity estimation
errors corresponding to each algorithm are accumulated in
Table 2. The results clearly reveal that the proposed direct
decentralized scheme with QR-factorized CKF results in supe-
rior position and velocity estimation in comparison to the
intelligent scheme with adaptive fuzzy neuro-observer as well
as the conventional integration with EKF algorithm.
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TABLE IV

MEAN VALUE AND STANDARD DEVIATION OF THE ESTIMATION ERROR IN THE TEST #3

Fig. 12. Estimation error of the position states in test #2.

Fig. 13. Estimation error of the velocity states in test #2.

The second test has been executed for approximately 1100-s
in a different urban area along a trajectory with wide range
dynamics maneuvering, as shown in Fig. 10.

In Fig. 11, the estimated orientation angles in test #2 are
compared with the attitude angles of the Vitans system and the

Fig. 14. Estimated and reference latitude-longitude trajectory in test #3.

GNSS heading angle. Figs. 12 and 13 show the position and
velocity estimation error with respect to the reference values
of the GNSS system in test #2.

Table 3 represents the statistical properties of the position
and velocity estimation error during test # 2.

Furthermore, the proposed navigation algorithm has been
evaluated in another vehicular test which takes approximately
700-s. Fig. 14 shows the estimated trajectory in the horizontal
plane in comparison with the true reference trajectory during
test #3. The mean value and the standard deviation of the
position and velocity estimation error during test #3 are
gathered in Table 4.

According to Figs 6, 10, and 14, the proposed algorithm
guarantees perfect tracking along the test trajectory. Statistical
analysis of the estimation error in Tables 2, 3, and 4 shows that
the proposed algorithm significantly decreases the mean value
and standard deviation of position and velocity estimation
error.

V. CONCLUSIONS

In accordance with current global trends, specifically the
demand to achieve the highest possible accuracy of navi-
gation devices while simultaneously minimizing their costs,
low-cost INS/GNSS systems have attracted much atten-
tion in many practical applications. Following these trends,
we proposed a direct decentralized integration scheme for
low-cost INS/GNSS navigation system. Toward this end, the
QR-factorized CKF was designed and applied for the integra-
tion process of the proposed navigation system. Therefore, the
numerical stability and accuracy of the estimation filters have
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been improved. The proposed technique has been evaluated
in several vehicular field tests. To legitimize the assessment,
the results were analyzed in comparison with those of the
intelligent scheme with adaptive fuzzy neuro-observer and
the conventional INS/GNSS with EKF algorithm. Considering
the statistical specifications of results gathered in Tables 2
through 4, the proposed direct decentralized integration with
QR-factorized CKF decreases the mean value and the standard
deviation of the position estimation error from 0.0258-m and
0.8513-m of the intelligent adaptive fuzzy neuro-observer
and 0.4011-m and 1.2174-m of the conventional EKF to
0.0024-m and 0.0590-m, respectively. These data have been
obtained by averaging the results of all three field tests.
Furthermore, the mean and the standard deviation of the
velocity estimation error from 0.0181-m/s and 0.4168-m/s in
the intelligent algorithm and 0.0885-m/s and 0.6663-m/s in the
EKF decreased to 0.0036-m/s and 0.0547-m/s by the proposed
algorithm, respectively. Considering the navigation accuracy
and the theoretical superiority of the proposed algorithm, it can
provide more reliable performances, especially in low-cost
INS/GNSS navigation systems.
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