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a b s t r a c t 

Advances in micro-electro mechanical system (MEMS) technology bring about revolutionary changes in au- 

tonomous vehicle navigation. As a new development, strap-down inertial navigation system (SINS) is effectively 

combined with global navigation satellite system (GNSS) to construct an integrated SINS/GNSS system. However, 

time-growing navigation error is the main challenge of using MEMS-grade inertial measurement unit (IMU) in 

the SINS/GNSS system. Failure of un-accounted inertial sensor error causes a rapid degradation in the overall 

performance of low-cost SINSs. This paper aims to enhance the long-term performance of low-cost MEMS-grade 

SINS/GNSS navigation system. A new integration scheme is presented for in-move aligned SINS/GNSS system. Un- 

modeled nonlinearities in the SINS dynamics as well as error uncertainties in the measurements of MEMS-grade 

IMU motivate using a robust data fusion algorithm for the proposed integration scheme. Considering these facts, 

a new recurrent wavelet neural network (RWNN)-based algorithm is designed for data fusion in the proposed 

in-move aligned SINS/GNSS system. Several vehicular field tests have been carried out to assess the long-term 

performance and accuracy of the proposed navigation algorithm. 
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. Introduction 

Alignment procedure in strap-down inertial navigation system
SINS) is performed in two steps known as initial alignment and in-move
lignment. In the initial alignment, navigation parameters including po-
ition, velocity and orientation are initialized and corresponding direc-
ion cosine matrix (DCM) is constructed [1] . During the initial align-
ent, navigation block should be remained in a stationary mode prior

o vehicle motion. Owing to poor initialization as well as the cumula-
ive errors of inertial sensors (gyroscopes and accelerometers), initial
lignment is not sufficient to guarantee a required level of navigation
ccuracy. Therefore, the SINS are often needed to be re-aligned during
he vehicle motion especially, when micro-electro mechanical system
MEMS)-grade inertial measurement unit (IMU) is used in the SINS. The
rocess of computing the true values of DCM matrix during the vehicle
otion is called in-move alignment. In-move alignment is carried out

ased on position and velocity vector matching provided by an aiding
ystem such as global navigation satellite system (GNSS) [2] . Comple-
entary properties of SINS and GNSS systems motivate the design of

n integrated and comprehensive in-move aligned SINS/GNSS naviga-
ion system. The ultimate aim is to obtain superior performance in the
ntegrated system with respect to individual subsystems SINS and GNSS.
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SINS navigation error arises from two main sources including struc-
ural errors in inertial sensors and computational errors due to numer-
cal integration process. Deterministic errors in the inertial sensors can
e removed during the calibration process. But, stochastic errors must
e appropriately modelled to reduce adverse effects on position, velocity
nd orientation estimation [3] . As the main methodology for stochastic
odelling of inertial sensors error, Gauss-Markov (GM) process is often

pplied to represent a large number of physical processes with relatively
imple mathematical formulation [4] . Although first order GM process
as been useful for modelling random errors of inertial sensors, but the
erformance of this method is related to choosing correlation time and
ariance of zero-mean white noise process. In addition, the autocorrela-
ion of the random error in MEMS-grade sensors often seems to follow
 higher order GM process [5] . 

SINS as a dead-reckoning navigation system is absolutely related to
lignment of IMUs. Dealing with small misalignments, Kain and Cloutier
resented a simple linear model for rapid transfer alignment for tacti-
al application [6] . Scherzinger proposed psi-angle error model with
arge azimuth uncertainty [7] . Dimitriyev et al. developed an SINS er-
or model with small tilt misalignment and large uncertainties [8] . He
ormulated the SINS alignment as a nonlinear filtering problem. Kong
resented quaternion-based SINS error propagation model for in-motion
. 
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lignment of low-cost SINS [9] . Hao et al. presented a particle filter for
onlinear in-move alignment of SINS with large initial attitude errors
10] . Ali and Ushaq developed a reliable in-move alignment scheme for
ow-cost SINS [11] . In this research work, robust Kalman filter struc-
ure has been used as the estimation algorithm in which measurement
ariables are provided by global positioning system (GPS) velocity data.
ombining local observability concept with robust adaptive filtering, a
ew algorithm for rapid transfer alignment has been presented in [12] .
llotta et al. evaluated the performance of nonlinear Kalman filter in-
luding EKF and unscented Kalman filter (UKF) in the estimation process
f inertial integrated navigation [13] . The performance of UKF in the
n-move alignment of low-cost SINS has been also evaluated in [ 14 , 15 ].
an et al. presented a new algorithm for in-move alignment of IMUs
y use of quaternion-based representation of misalignment errors [16] .
usavi and Keighobadi used Fuzzy neural network approach for approx-

mation of IMU uncertainties [17] . Chang et al. developed odometer-
ided in-move alignment algorithm for low-cost SINS [18] . They used a
ow-pass finite impulse response digital filter for disturbance attenuat-
ng in the odometer. 

This research work aims to enhance the long-term performance and
avigation accuracy of MEMS-grade SINS/GNSS systems. Integration
echanization and state estimation algorithm for data fusion between

he SINS and the GNSS data are two substantial steps in developing an
ntegrated SINS/GNSS system. In this research work, we concentrate
n both the integration mechanization and state estimation algorithm.
n the proposed integration mechanization, air-data calibration system
n addition to vertical channel damping loop are integrated in an ap-
lied approach with in-move aligned SINS/GNSS system. Barometric
ltitude is computed in terms of pressure and temperature measured
y corresponding sensors in the air-data calibration system. Then, the
INS dynamics is integrated with the vertical channel damping loop.
ccordingly, the corrected values of altitude and vertical velocity of the
ost (under navigation) vehicle are estimated. As an advantage, the pro-
osed approach provides appropriate measurements of vertical altitude
nd velocity in case of GNSS outage. 

There are many researches that indicate the importance of pro-
iding accurate altitude in the long-term performance and reliability
f SINS/GNSS systems. However, vertical channel damping loop inte-
rated with calibrated air-data sensors are dropped in most previous
esearches. In the low-cost MEMS-grade SINSs, failure to compensate
ertical channel instability errors results in exponentially divergence of
omputed altitude. Therefore, an integrated baro-inertial altimeter com-
rising of a damping loop and optimal state estimation mechanizations
eads to compensated altitude error in vertical channel of navigation
ystems. In this paper, considering different environmental conditions
n the form of standard and non-standard atmosphere models and using
 MEMS altimeter, the barometric altitude is estimated and appropri-
tely fed into the integrated SINS/GNSS. 

State estimation algorithm for data fusion in the proposed integrated
INS/GNSS system is based on online recurrent wavelet neural network
RWNN) observer. As an advantage, the proposed RWNN algorithm is
nitialized without any knowledge of nonlinearities and bias uncertain-
ies of the MEMS-grade inertial sensors. Moreover, unlike classical data
usion algorithm such as Kalman filter, the proposed algorithm is not
imited to a zero-mean Gaussian white noise process with known co-
ariance. Here, the RWNN learning rates are chosen in such a way that
he stability of the observer is guaranteed based on Lyapunov’s direct
ethod. 

The main contributions of the paper can be summarized as follows: 

• Design of an applied integration mechanization for in-move aligned
SINS/GNSS using baro-inertial altitude provided from air-data cali-
bration system and vertical channel damping loop algorithm. 

• Design of RWNN-based observer for data fusion in the proposed in-
tegrated SINS/GNSS system. 
156 
• Modeling inertial sensors’ error by the proposed RWNN-based ob-
server. 

• Stability analysis of the proposed RWNN-based observer based on
Lyapunov’s direct method. 

• Experimental evaluation of the proposed approach in several vehic-
ular tests with different dynamical maneuverings. 

. Inertial navigation mechanization 

As a major hardware simplification of old stable-platform naviga-
ion system, SINS overcomes the problems encountered with the old INS
ystem, most importantly cost reduction results from the strap-down
mplementation, small size, light weight and low power consumption
19] . Inertial sensors play a key role in classifying the SINS as a high-
erformance SINS or low-cost SINS. Cumulative errors of MEMS-grade
nertial sensors lead to time-increasing positioning error in low-cost in-
rtial integrated navigation systems. The integration algorithm which is
roposed for low-cost SINS should have an acceptable performance in
stimation of inertial sensors errors. 

.1. SINS dynamic modelling 

As shown in Fig. 1 , the main coordinate frames in the inertial nav-
gation systems are (1) Earth-centred Earth-fixed (e-frame), (2) inertial
rame ( i -frame), that has their origin at the centre of mass of the Earth
nd contrast to e-frame rotates in inertial space in order to remain fixed
ith respect to the surface of the earth, (3) body frame ( b -frame) which
as its origin at the centre of the inertial system, and (4) navigation
rame (n-frame). Here, the n-frame is local level navigation frame with
orth, east and down (N-E-D) geodetics axes. The body xyz axes are co-
ncided to N-E-D axes when the roll, pitch and heading angles are zero
alue. 

The SINS latitude-longitude-altitude differential equations in the n-
rame are expressed as follows [20] : 

̇
 = 

𝑣 𝑁 

𝑅 𝑁 

+ ℎ 
, 𝑙̇ = 

𝑣 𝐸 
( 𝑅 𝐸 + ℎ ) cos 𝐿 

, ℎ̇ = − 𝑣 𝐷 (1)

here, L, l and h are latitude, longitude, and altitude, respectively. The
elocity components in the n-frame are characterized by v N , v E , and v D .
 N and R E stand for meridian and transverse radiuses of curvature. The
elocity dynamics of the SINS in the n-frame are expressed as follows
20] : 

̇  𝑁 

= 𝑓 𝑁 

− 𝑣 𝐸 

( 

2 𝜔 𝑒 + 

𝑣 𝐸 
( 𝑅 𝐸 + ℎ ) cos 𝐿 

) 

sin 𝐿 + 

𝑣 𝐷 𝑣 𝑁 

𝑅 𝑁 

+ ℎ 
(2)

̇  𝐸 = 𝑓 𝐸 − 2 𝜔 𝑒 

(
𝑣 𝑁 

sin 𝐿 + 𝑣 𝐷 cos 𝐿 

)
+ 

𝑣 𝐸 
𝑅 𝐸 + ℎ 

(
𝑣 𝐷 + 𝑣 𝑁 

sin 𝐿 

)
(3)

̇  𝐷 = 𝑓 𝐷 − 𝑣 𝐸 

( 

2 𝜔 𝑒 + 

𝑣 𝐸 
( 𝑅 𝐸 + ℎ ) cos 𝐿 

) 

cos 𝐿 − 

𝑣 2 
𝑁 

𝑅 𝑁 

+ ℎ 
+ 𝑔 (4)

here, 𝜔 e is the magnitude of the Earth rate and g is the gravitational
cceleration. Specific force vector in the n-frame is specified by 𝒇 𝑛 =
 𝑓 𝑁 

𝑓 𝐸 𝑓 𝐷 ] 𝑇 and is calculated from the accelerometer outputs in

he b-frame, f b , as follows: 

 

𝑛 = 

[
𝑓 𝑁 

𝑓 𝐸 𝑓 𝐷 
]𝑇 = 𝑪 

𝑛 
𝑏 
𝒇 𝑏 (5)

According to z-y-x rotation sequence for Euler angles, the rota-
ion/transformation matrix from the b-frame to the n-frame, 𝐂 

𝑛 
𝑏 

is ex-
ressed in terms of 𝜓 (yaw angle about z-axis), 𝜃 (pitch angle about
-axis) and 𝜑 (roll angle about x-axis), as follows [21] : 

 

𝑛 
𝑏 
= 

⎡ ⎢ ⎢ ⎣ 
𝐶 𝜃 𝐶 𝜓 − 𝐶𝜑 𝑆 𝜓 + 𝑆 𝜑 𝑆 𝜃 𝐶𝜓 𝑆 𝜑 𝑆 𝜓 + 𝐶𝜑 𝑆 𝜃 𝐶𝜓 

𝐶𝜃 𝑆𝜓 𝐶 𝜑 𝐶 𝜓 + 𝑆 𝜑 𝑆 𝜃 𝑆 𝜓 − 𝑆𝜑 𝐶 𝜓 + 𝐶 𝜑 𝑆 𝜃 𝑆 𝜓 

− 𝑆𝜃 𝑆𝜑 𝐶𝜃 𝐶 𝜑 𝐶 𝜃

⎤ ⎥ ⎥ ⎦ (6)

here, C and S stand for cosine and sine functions, respectively. The
otation matrix is updated based on the following dynamics [22] . 

̇
 

𝑛 
𝑏 
= 𝐂 

𝑛 
𝑏 
𝛀𝑏 

nb 
(7)
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Fig. 1. Reference coordinate systems in the inertial navigation. 

Fig. 2. Detailed block-diagram of the SINS with vertical channel damping loop. 
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here, 𝛀𝑏 
𝑛𝑏 

is the skew-symmetric matrix form of 𝝎 

𝑏 
𝑛𝑏 

representing the
ate of the b-frame relative to the n-frame. In low-cost SINS, 𝛀𝑏 

𝑛𝑏 
can be

pproximated into 𝛀𝑏 
𝑖𝑏 

as the gyroscope outputs. 

.2. Vertical channel damping loop 

In the SINS, vertical channel instability leads to divergence in the
ltitude and vertical velocity estimation. Moreover, it can impress the
ther navigation states in the horizontal plane. Considering this fact,
arometric altitude under a damping loop is proposed to compensate
ertical channel errors and consequently prevent vertical channel insta-
ility. Block diagram of the proposed SINS with vertical damping loop
s depicted in Fig. 2 . 

Barometric altitude is calculated in terms of pressure and tempera-
ure measured by corresponding sensors in air-data calibration system,
s follows: 

 𝑝 = 

𝑇 0 
𝐿 

⎡ ⎢ ⎢ ⎣ 
( 

𝑃 𝑠 
𝑃 0 

) − 𝐿𝑅 
𝑔 

− 1 
⎤ ⎥ ⎥ ⎦ + 𝐻 0 (8)

here, the temperature and pressure at sea level are characterized by T 0 
nd P 0 , respectively and in the standard atmosphere they are assumed
o be 288.15 (°K ) and 101.325 ( kPa ). L, R , and g are the constant lapse
ate, universal gas constant, and gravity constant, respectively. H 0 is
157 
aken 0 for sea level data, and P s stands for barometer pressure. It must
e noticed that (8) is only accurate for standard atmosphere condition.
n non-standard atmosphere, the temperature and pressure assumptions
annot be guaranteed as real atmosphere. Applying scale factor, s and
ias, b , barometric altitude compensation is accomplished as the follow-
ng equation for non-standard atmosphere. 

 = 𝐻 𝑃 + 𝑠 ( 𝐻 𝑃 − 𝐻 0 ) + 𝑏 (9)

here, H is the calibrated barometric altitude for non-standard atmo-
phere conditions. The scale factor and bias are defined as follows: 

 = 

Δ𝑇 
𝑇 0 

(10) 

 = 

𝑅 𝑇 0 
𝑔 

( 

Δ𝑃 
𝑃 0 

) 

(11) 

T and ΔP are the deviation of true temperature and true pressure in the
ea level from the standard condition, respectively. To calculate the true
alues of local sea level temperature and pressure around tests region,
he following model is used. 

𝑇 𝑡 = 𝑇 𝑠 + 𝐿 𝐻 𝑃 

 𝑡 = 𝑃 𝑠 + 𝜌𝑔 𝐻 𝑝 (12) 
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Fig. 3. Block diagram of RWNN approximation. 
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here, T t and P t represent the true temperature and pressure in sea level;
 s and P s are the values measured by sensors. The calibrated barometric
ltitude is included in the vertical channel dynamics. Accordingly, the
ollowing equations are derived as the vertical channel damping loop
odel. 

ℎ = − 𝑣 𝐷 − 𝐾 1 ( ℎ − 𝐻) 

̇  𝐷 = 𝑓 𝐷 − 𝑣 𝐸 

( 

2 𝜔 𝑒 + 

𝑣 𝐸 
( 𝑅 𝐸 + ℎ ) cos 𝐿 

) 

cos 𝐿 − 

𝑣 2 
𝑁 

𝑅 𝑁 

+ ℎ 

+ 𝑔 − 𝐾 2 ( ℎ − 𝐻) − 𝐾 3 ∫ ( ℎ − 𝐻) 𝑑𝑡 (13)

here, the suitable feedback gains of vertical damping loop are calcu-
ated as follows: 

 1 = 3 𝜀 𝐾 2 = 4 𝜀 2 + 

2 𝑔 
𝑅 

𝐾 3 = 2 𝜀 3 (14)

nd ɛ is commonly chosen, 0.01 [23] . 

.3. SINS error dynamics 

The standard form of SINS error dynamics is organized based on the
ynamics of three error vectors including misalignment error, position
rror, and velocity error. The following equation is the state-space form
f the SINS error model [24] . 

𝒙̇ = 𝑾 𝛿𝒙 + 𝑮 𝛿𝒖 (15)

here, the state vector, 𝛿x is constructed by nine states including three
isalignment errors ( 𝛿𝛼, 𝛿𝛽, 𝛿𝛾), three velocity errors ( 𝛿v N , 𝛿v E , 𝛿v D ),

nd three position errors ( 𝛿L , 𝛿l , 𝛿h ), as follows: 

𝒙 = 

[
𝛿𝛼 𝛿𝛽 𝛿𝛾 𝛿𝑣 𝑁 

𝛿𝑣 𝐸 𝛿𝑣 𝐷 𝛿𝐿 𝛿𝑙 𝛿ℎ 
]𝑇 

(16)

In (15) , 𝛿u is the input noise vector containing gyroscope and ac-
elerometer noises along x-y-z axes of the b-frame. 

𝒖 = 

[
𝛿 𝜔 𝑥 𝛿 𝜔 𝑦 𝛿 𝜔 𝑧 𝛿𝑓 𝑥 𝛿𝑓 𝑦 𝛿𝑓 𝑧 

] 𝑇 
(17)

The matrix W is the system error matrix defined as follows: 

 = 

⎡ ⎢ ⎢ ⎣ 
𝑊 ΨΨ 𝑊 Ψ𝑣 𝑊 Ψ𝑟 

𝑊 𝑣 Ψ 𝑊 𝑣𝑣 𝑊 𝑣𝑟 

𝑊 𝑟 Ψ 𝑊 𝑟𝑣 𝑊 𝑟𝑟 

⎤ ⎥ ⎥ ⎦ (18)

Detailed description of the matrix W is presented in Appendix . The
atrix G is the weight-matrix of the input noise vector and is expressed

s follows [24] : 

 = 

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

− 𝐶 

𝑛 
𝑏 11 − 𝐶 

𝑛 
𝑏 12 − 𝐶 

𝑛 
𝑏 13 0 0 0 

− 𝐶 

𝑛 
𝑏 21 − 𝐶 

𝑛 
𝑏 22 − 𝐶 

𝑛 
𝑏 23 0 0 0 

− 𝐶 

𝑛 
𝑏 31 − 𝐶 

𝑛 
𝑏 32 − 𝐶 

𝑛 
𝑏 33 0 0 0 

0 0 0 𝐶 

𝑛 
𝑏 11 𝐶 

𝑛 
𝑏 12 𝐶 

𝑛 
𝑏 13 

0 0 0 𝐶 

𝑛 
𝑏 21 𝐶 

𝑛 
𝑏 22 𝐶 

𝑛 
𝑏 23 

0 0 0 𝐶 

𝑛 
𝑏 31 𝐶 

𝑛 
𝑏 32 𝐶 

𝑛 
𝑏 33 

0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 

⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

(19)

Using (16) through (19) in (15) , the SINS error state are calculated.
ccordingly, the estimated position, velocity, and orientation are cor-
ected based on the following equations. 

 = 𝐿̂ − 𝛿𝐿 

𝑙 = 𝑙 − 𝛿𝑙 

ℎ = ℎ̂ − 𝛿ℎ (20)

 𝑁 

= 𝑣̂ 𝑁 

− 𝛿𝑣 𝑁 

𝑣 𝐸 = 𝑣̂ 𝐸 − 𝛿𝑣 𝐸 

𝑣 = 𝑣̂ − 𝛿𝑣 (21)
𝐷 𝐷 𝐷 
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n which, the element with (ˆ) is the estimated quantity and that without
ˆ) is the corrected quantity. Furthermore, the DCM matrix is corrected
y use of the misalignment angles based on Poisson equation. 

̂
 

𝑛 

𝑏 = [ 𝑰 − 𝚿] 𝑪 

𝑛 
𝑏 

(22)

here, I stands for identity matrix and 𝚿 is the skew-symmetric matrix
orm of the misalignment vector, [ 𝛿𝛼 𝛿𝛽 𝛿𝛾] T . Therefore, in-run correc-
ion of the DCM matrix and in-move alignment is carried out during the
avigation process. However, due to large errors of the MEMS-grade in-
rtial sensors as well as the cumulative computation errors, the SINS
rror states computed from (15) are erroneous. Hence, the SINS should
e appropriately integrated with an auxiliary navigation system such as
NSS to achieve the required navigation accuracy and reliability. 

. RWNN-based observer design 

State estimation algorithm for data fusion between the SINS and
he GNSS data are one of the substantial steps in developing an inte-
rated SINS/GNSS system. Standard Kalman filter is probably the most
idely used algorithm for this purpose. However, it suffers from some
rawbacks. For example, it is limited to a zero-mean Gaussian white
oise process with known covariance. Here, a new integration scheme
s designed for in-move aligned SINS/GNSS navigation system based on
WNN approach. As an advantage, the proposed RWNN algorithm is

nitialized without any knowledge of nonlinearities and bias uncertain-
ies of the MEMS-grade inertial sensors. Moreover, it is not limited to a
ero-mean Gaussian white noise process. In the following sections, the
roposed RWNN-based observer is described in detail. 

.1. Observer design 

The state-space model of the SINS error dynamics in (15) can be
ewritten as: 

𝒙̇ = 𝑾 𝛿𝒙 + 𝑮 𝛿𝒖 = 𝑭 𝛿𝒙 + 𝝀( 𝛿𝒙 , 𝒖 ) 

𝒚 = 𝑪 𝛿𝒙 (23) 

The objective is to design an observer for minimizing the mismatch
etween the system output and the reference value. As shown in Fig. 3 ,
he system dynamics with RWNN observer can be formulated as: 

̇̂𝒙 = 𝑊 𝛿𝒙̂ + ̂𝝀
(
𝛿𝒙̂ , 𝒖 

)
+ 𝑳 

(
𝒚 − ̂𝒚 

)
= 𝑭 𝛿𝒙̂ + 𝝉𝑇 𝚿𝑊 

(
𝛿𝒙̂ , 𝒖 , ̂𝜉, ̂𝑡 , 𝑑 

)
+ 𝑳 

(
𝒚 − ̂𝒚 

)
𝒚 = 𝑪 𝛿𝒙̂ (24) 

here, 𝛿𝒙̂ and ̂𝒚 are the estimated state vector and output vector, respec-
ively. Using the estimated state vector, 𝛿𝒙̂ and also the sensors output
ector, u as the inputs to RWNN, the approximation of uncertainty vec-
or, 𝛿u is achieved. In this approximation, 𝝉 is output weight matrix;

W 

denotes wavelet vector; 𝜉, 𝑡 , and 𝑑 represent the input feedback
eight, dilation and translation of wavelet respectively. The observer
ain is characterized by L and is designed in such a way that the ma-
rix 𝑨̃ = 𝑭 − 𝑳 𝑪 be a Hurwitz matrix. So, there exists 𝑷 = 𝑷 𝑇 > 0 as the
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Fig. 4. The main structure of RWNN approximator. 
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olution of Lyapunov equation 𝑨̃ 

𝑇 
𝑷 + 𝑷 𝑨̃ = − 𝑸 with 𝑸 = 𝑸 

𝑇 > 0 . The
WNN approximated terms for simplicity is replaced by 𝝀̂( 𝛿𝒙̂ , 𝒖 ) . 

The state estimation error and also the output error are dynamically
odelled by subtracting (24) from (23) , as follow: 

̇̃𝒙 = ( 𝑭 − 𝑳 𝑪 ) 𝛿𝒙̃ + 

[
𝝀( 𝛿𝒙 , 𝒖 ) − ̂𝝀

(
𝛿𝒙̂ , 𝒖 

)]
= 𝑨̃ 𝛿𝑥̃ + 

[
𝝀
(
𝛿𝒙̃ , 𝒖 

)
− ̂𝝀

(
𝛿𝒙̂ , 𝒖 

)]
𝒚 = 𝑪 𝛿𝒙̃ (25) 

here, 𝛿𝒙̃ = 𝛿𝒙 − 𝛿𝒙̂ and 𝒚̃ = 𝒚 − ̂𝒚 are the state and output errors. The
erm ( 𝝀( 𝛿𝒙 , 𝒖 ) − ̂𝝀( 𝛿𝒙̂ , 𝒖 ) ) can be rewritten as follows: 

( 𝛿𝒙 , 𝒖 ) − ̂𝝀( 𝛿𝒙̂ , 𝒖 ) = 𝝉∗ 𝑇 𝚿𝑤 ( 𝛿𝒙 , 𝒖 , 𝜉∗ , 𝑡 ∗ , 𝑑 ∗ ) + 𝜺 − 𝝉𝑇 𝚿𝑤 ( 𝛿𝒙̂ , 𝒖 , ̂𝜉, ̂𝑡 , 𝑑 ) (26)

here, 𝝉∗ 𝑇 𝚿( 𝛿𝒙 , 𝒖 , 𝜉∗ , 𝑡 ∗ , 𝑑 ∗ ) + 𝜺 is an ideal approximation set of 𝝀( 𝛿x ,

 ), and ɛ shows the bounded approximation error ( ‖ɛ ‖≤ ɛ m 

for positive
eal constant of ɛ m 

). 

.2. RWNN approximation 

As shown in Fig. 4 , the RWNN approximator is designed as a four
ayer structure. First layer is input layer with normalized values; second
ayer is recurrent wavelet layer, third layer is product layer and fourth
ayer is output layer. This section presents the wavelet function structure
nd the corresponding learning algorithm. Here, the mother wavelet is
sed in Mexican-hat form, as follows: 

( 𝝁( 𝑠 )) = (1 − ||𝝁( 𝑠 ) ||2 ) 𝑒 − ||𝜇( 𝑠 ) ||2 ∕2 (27)

here, 𝝁( s ) ɛ [0, 1] is the normalized input vector whereas ‖𝝁( 𝑠 ) ‖2 =
𝑇 ( 𝑠 ) 𝝁( 𝑠 ) . Detailed description of the proposed RWNN algorithm is pre-
ented in the following. 

Layer 1 (Input layer): 

In this layer, the input variables including sensors outputs and
he last update of the state vector 𝑖 𝑛 𝑖 = ( 𝒇 𝑏 𝝎 

𝑏 
𝑛𝑏 

𝑯 𝒙̃ ) 𝑇 , 𝑖 =
 , 2 , … , 16 , are normalized to be in the interval of [0, 1]. So, in the block
iagram of Fig. 4 , there exists 16 nodes and each node corresponds to
n input variable. The normalizing process is carried out as follows: 

𝑖 = 

|𝑖 𝑛 𝑖 |∑16 
𝑖 =1 |𝑖 𝑛 𝑖 | , 𝑖 = 1 , 2 , … , 16 (28)

here 𝜇i denotes the i- element of the normalized input vector to net-
ork. 

Layer 2 (Wavelet layer): 

In this layer, every incoming signals ( 𝜇i ) from layer 1 are crossed
rom three activation functions specified by j index. This activation func-
ions are derived from mother wavelet of (27) , as follows: 

𝑑, 𝑡 ( 𝝁( 𝑠 )) = 2 0 . 5 𝑑 𝜎( 2 𝑑 𝝁( 𝑠 ) − 𝑡 ) (29)

here, d and t are the wavelet dilation and translation, respectively.
hen, the past information of the network is stored by use of the term
159 
𝑑,𝑡 ( 𝑍 

−1 ( 𝑠 )) in which the later memory term, 𝑍 

−1 
𝑖𝑗 

( 𝑠 ) is calculated from

he previous memory term, 𝑍 

−1 
𝑖𝑗 

( 𝑠 − 1) , as follows: 

 

−1 
𝑖𝑗 ( 𝑠 ) = 𝜇𝑖 ( 𝑠 ) + 𝜉

𝑗 
𝑖 
𝜎𝑑 𝑗 , 𝑡 𝑗 ( 𝑍 

−1 
𝑖𝑗 ( 𝑠 − 1)) (30)

here, 𝜉𝑗 
𝑖 

stands for the recurrent wavelet layer feedback term.
q. (30) can be rewritten as: 

 

−1 
𝑖𝑗 ( 𝑠 ) = 𝜇𝑖 ( 𝑠 ) + 𝜉

𝑗 
𝑖 
2 0 . 5 𝑑 𝑖𝑗 𝜎( 2 𝑑 𝑖𝑗 𝑍 

−1 
𝑖𝑗 − 𝑡 𝑖𝑗 ) 

= 𝜇𝑖 ( 𝑠 ) + 𝜉
𝑗 
𝑖 
2 0 . 5 𝑑 𝑖𝑗 (1 − ||2 𝑑 𝑖𝑗 𝑍 

−1 
𝑖𝑗 ( 𝑠 − 1) − 𝑡 𝑖𝑗 ||2 ) 

𝑒 
− ||2 𝑑 𝑖𝑗 𝑍 −1 

𝑖𝑗 
( 𝑠 −1)− 𝑡 𝑖𝑗 ||2 
2 (31) 

Layer 3 (Product layer): 

Each neuron of this layer specified by Π in Fig. 4 , is multiplying of
ncoming signals from layer 2 as follow: 

𝑗 = Π𝜎𝑑 𝑖𝑗 , 𝑡 𝑖𝑗 ( 𝑍 

−1 
𝑖𝑗 ( 𝑠 )) (32)

Layer 4 (Output Layer): 

In this layer, the final output of RWNN is calculated based on the
ollowing equation. 

̂ ( 𝛿𝒙̂ , 𝒖 ) = 𝑜𝑢 𝑡 𝑙 = 

3 ∑
𝑗=1 

𝝉 𝑙 𝑗 𝜅𝑗 𝑙 = 1 , 2 , … , 6 (33)

here, out l is the approximated uncertainty vector and 𝝉 𝑙 
𝑗 

denotes the
onnection weight of the output layer. 

.3. Learning algorithm of the RWNN 

In this section an online learning algorithm is presents for the pro-
osed RWNN-based observer. The algorithm consists of parameter and
tructure learning. The learning algorithm of dilation and translation of
other wavelet ( d and t ), recurrent wavelet layer feedback term ( 𝜉𝑗 

𝑖 
)

nd connection weight of output layer ( 𝝉 𝑙 
𝑗 
) is based on back propaga-

ion method. In this method, the objective is to minimizing the cost
unction based on the gradient descent method. The mismatch between
he reference and estimated values are formulated in accordance with
he following cost function. 

 𝑂 ( 𝑠 ) = 

1 
2 
𝒚̃ 𝑇 𝒚̃ = 0 . 5 

6 ∑
𝑙=1 

( 𝒚 𝒍 ( 𝑠 ) − ̂𝒚 𝒍 ( 𝑠 )) 2 (34)

As a quadratic function, the cost function of (34) has a single and
nique minimum solution. The updating process of wavelet parameters
s described as follows. 

.3.1. Update law in layer 2 

The update law of the wavelet translation ( t ij ) is constructed based
n the following procedure. 

𝑡 𝑖𝑗 = − 𝜂𝑡 
𝜕 𝐽 𝑜 
𝜕 𝑡 𝑖𝑗 

= − 𝜂𝑡 
𝜕 𝐽 𝑜 
𝜕 𝑦 𝑙 

𝜕 ̂𝑦 𝑙 

𝜕 ̂𝜆𝑙 

𝜕 ̂𝜆𝑙 
𝜕 𝜅𝑗 

𝜕 𝜅𝑗 

𝜕 𝑡 𝑖𝑗 

= − 𝜂𝑡 

6 ∑
𝑙=1 

[ 𝑦 𝑙 ( 𝑠 ) − 𝑦̂ 𝑙 ( 𝑠 )] 

{ 3 ∑
𝑗=1 

𝜏𝑙 𝑗 

𝜕 𝜅𝑗 

𝜕 𝑡 𝑖𝑗 

} 

(35) 

here, 
𝜕 𝜅𝑗 

𝜕 𝑡 𝑖𝑗 
can be rewritten as follows: 

𝜕 𝜅𝑗 

𝜕 𝑡 𝑖𝑗 
= 𝜎( 𝑍 

−1 
1 𝑗 ) 𝜎( 𝑍 

−1 
2 𝑗 ) …

𝜕𝜎( 𝑍 

−1 
𝑖𝑗 

) 

𝜕 𝑡 𝑖𝑗 
= 

𝜅𝑗 

𝜎( 𝑍 

−1 
𝑖𝑗 

) 

𝜕𝜎( 𝑍 

−1 
𝑖𝑗 

) 

𝜕 𝑡 𝑖𝑗 

= 

𝜅𝑗 

2 𝑑 𝑖𝑗 ∕2 (1 − 𝑇 2 
𝑖𝑗 
) 𝑒 − 𝑇 

2 
𝑖𝑗 
∕2 
{− 2 𝑑 𝑖𝑗∕2 𝑇 𝑖𝑗 (3 − 𝑇 2 𝑖𝑗 ) 𝑒 

− 𝑇 2 
𝑖𝑗 
∕2 } 

= 𝜅𝑗 
𝑇 𝑖𝑗 

(1 − 𝑇 2 
𝑖𝑗 
) 
(3 − 𝑇 2 𝑖𝑗 ) (36) 
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Fig. 5. RWNN implementation to in-move aligned SINS/GNSS. 
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here, 𝑇 𝑖𝑗 = 2 𝑑 𝑖𝑗 𝑧 −1 
𝑖𝑗 
( 𝑠 ) − 𝑡 𝑖𝑗 . Finally, the update law of t ij is defined as

ollows: 

 𝑖𝑗 ( 𝑠 + 1) = 𝑡 𝑖𝑗 ( 𝑠 ) + Δ𝑡 𝑖𝑗 (37)

The update law of the wavelet dilation ( d ij ) is constructed based on
he following procedure. 

𝑑 𝑖𝑗 = − 𝜂𝑡 
𝜕 𝐽 𝑜 
𝜕 𝑑 𝑖𝑗 

= − 𝜂𝑑 
𝜕 𝐽 𝑜 
𝜕 𝑦 𝑙 

𝜕 ̂𝑦 𝑙 

𝜕 ̂𝜆𝑙 

𝜕 ̂𝜆𝑙 
𝜕 𝜅𝑗 

𝜕 𝜅𝑗 

𝜕 𝑑 𝑖𝑗 

= − 𝜂𝑑 

6 ∑
𝑙=1 

[ 𝑦 𝑙 ( 𝑠 ) − 𝑦̂ 𝑙 ( 𝑠 )] 

{ 3 ∑
𝑗=1 

𝜏𝑙 𝑗 

𝜕 𝜅𝑗 

𝜕 𝑑 𝑖𝑗 

} 

(38)

here, 

𝜕 𝜅𝑗 

𝜕 𝑑 𝑖𝑗 
= 𝜅𝑗 

{ 

ln 2 
2 

− 2 𝑑 𝑖𝑗 ( ln 2) 𝑍 

−1 
𝑖𝑗 𝑇 𝑖𝑗 

( 

1 + 

2 
1 − 𝑇 2 

𝑖𝑗 

) } 

(39)

nd the update law of d ij is defined as follows: 

 𝑖𝑗 ( 𝑠 + 1) = 𝑑 𝑖𝑗 ( 𝑠 ) + Δ𝑑 𝑖𝑗 (40)

The update law of the feedback term ( 𝜉𝑗 
𝑖 
) is constructed based on the

ollowing procedure. 

𝜉
𝑗 
𝑖 
= − 𝜂𝜉

𝜕 𝐽 𝑜 

𝜕𝜉
𝑗 
𝑖 

= − 𝜂𝜉
𝜕 𝐽 𝑜 
𝜕 𝑦 𝑙 

𝜕 ̂𝑦 𝑙 

𝜕 ̂𝜆𝑙 

𝜕 ̂𝜆𝑙 
𝜕 𝜅𝑗 

𝜕 𝜅𝑗 

𝜕𝜉
𝑗 
𝑖 

= − 𝜂𝜉

6 ∑
𝑙=1 

[ 𝑦 𝑙 ( 𝑠 ) − 𝑦̂ 𝑙 ( 𝑠 )] 

{ 3 ∑
𝑗=1 

𝜏𝑙 𝑗 

𝜕 𝜅𝑗 

𝜕𝜉
𝑗 
𝑖 

} 

(41)

here, 

𝜕 𝜅𝑗 

𝜕𝜉
𝑗 
𝑖 

= 𝜅𝑗 

{ 

𝑇 𝑖𝑗 

(1 − 𝑇 2 
𝑖𝑗 
) 
𝜎𝑑 𝑗 , 𝑡 𝑗 ( 𝑍 𝑖𝑗 

−1 ( 𝑠 − 1)) 2 𝑑 𝑖𝑗 ( 𝑇 2 𝑖𝑗 − 3) 

} 

(42)
160 
nd the update law of 𝜉𝑗 
𝑖 

is defined as follows: 

𝑗 
𝑖 
( 𝑠 + 1) = 𝜉

𝑗 
𝑖 
( 𝑠 ) + Δ𝜉𝑗 

𝑖 
(43)

.3.2 Update law in layer 3 

The update law of outputs connection weight is constructed based
n the following procedure. 

𝜏𝑙 𝑗 = − 𝜂𝜏
𝜕 𝐽 𝑜 

𝜕𝜏𝑙 
𝑗 

= − 𝜂𝜏
𝜕 𝐽 𝑜 
𝜕 𝑦 𝑙 

𝜕 ̂𝑦 𝑙 

𝜕 ̂𝜆𝑙 

𝜕 ̂𝜆𝑙 

𝜕𝜔 

𝑙 
𝑗 

= − 𝜂𝜏

6 ∑
𝑙=1 

[ 𝑦 𝑙 ( 𝑠 ) − 𝑦̂ 𝑙 ( 𝑠 )] 𝜅𝑗 (44)

nd then, 

𝑙 
𝑗 ( 𝑠 + 1) = 𝜏𝑙 𝑗 ( 𝑠 ) + Δ𝜏𝑙 𝑗 (45)

.4. Stability analysis 

The stability analysis of the proposed RWNN observer is conducted
ia Lyapunov direct method. The following Lyapunov candidate is con-
idered. 

 ( 𝑠 ) = 𝐽 𝑂 ( 𝑠 ) = 

1 
2 
𝑦̃ 𝑇 𝑦̃ = 0 . 5 

6 ∑
𝑙=1 

( 𝑦 𝑙 ( 𝑠 ) − 𝑦̂ 𝑙 ( 𝑠 )) 2 = 

1 
2 
𝑒 2 ( 𝑠 ) (46)

The error difference of the above Lyapunov candidate can be written
s follows: 

𝑉 = 𝑉 ( 𝑠 + 1) − 𝑉 ( 𝑠 ) = 

1 
2 
[ 𝑒 2 ( 𝑠 + 1) − 𝑒 2 ( 𝑠 )] (47)

here, 𝑒 ( 𝑠 + 1) is the next iteration of the estimation error defined as
ollows: 

 ( 𝑠 + 1) = 𝑒 ( 𝑠 ) + Δ𝑒 ( 𝑠 ) (48)
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Fig. 6. Vehicular navigation test. 

Fig. 7. (a) Reference latitude-longitude trajectory of test #1, (b) Reference al- 

titude trajectory of test #1. 

Fig. 8. Estimated trajectory through both the RWNN and EKF-based integrated 

navigation algorithms compared to the reference GNSS data during test#1. 
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Using (48) in (46) results in: 

𝑉 = 

1 
2 
[Δ𝑒 2 ( 𝑠 ) + 2 𝑒 ( 𝑠 )Δ𝑒 ( 𝑠 )] = 

1 
2 
Δ𝑒 ( 𝑠 )[Δ𝑒 ( 𝑠 ) + 2 𝑒 ( 𝑠 )] (49)

here, Δe ( s ) is calculated as follows: 

𝑒 ( 𝑠 ) = 

𝜕𝑒 

𝜕𝑤 

Δ𝑤 (50)

By defining 𝑤 = [ 𝑡 𝑖𝑗 , 𝑑 𝑖𝑗 , 𝜉
𝑗 
𝑖 
, 𝜏𝑙 

𝑗 
] , Δw is expressed as: 

𝑤 = − 𝜂𝑤 
𝜕 𝐽 𝑜 
𝜕𝑤 

= − 𝜂𝑤 𝑒 
𝜕𝑦 

𝜕𝑤 

(51)

Therefore, (49) can be rewritten as follows: 

𝑉 = − 

1 
2 
𝜕𝑒 

𝜕𝑤 

( 

𝜂𝑤 𝑒 
𝜕𝑦 

𝜕𝑤 

) [ 
− 

𝜕𝑒 

𝜕𝑤 

( 

𝜂𝑤 𝑒 
𝜕𝑦 

𝜕𝑤 

) 

+ 2 𝑒 
] 

= 𝑒 2 

[ 
1 
2 

( 

𝜕𝑒 

𝜕𝑤 

𝜂𝑤 
𝜕𝑦 

𝜕𝑤 

) 2 
− 

𝜕𝑒 

𝜕𝑤 

𝜂𝑤 
𝜕𝑦 

𝜕𝑤 

] 
(52) 
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Fig. 9. Estimation error of the position components through the proposed 

RWNN-based algorithm compared to EKF-based algorithm, during test #1. 

Fig. 10. Estimation error of the velocity components through the proposed 

RWNN-based algorithm compared to EKF-based algorithm, during test #1. 
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Table 1 

Main Specifications of inertial sensors in ADIS-16407. 

Parameter Gyroscope Accelerometer 

Misalignment (axis-to-frame) 0.05° 0.2°

Misalignment (axis-to-axis) 0.5° 0.5°

Initial bias error (1 𝜎) 3°/s 50 mg 

In-run bias stability (1 𝜎) 0.007°/s 0.2 mg 

Random walk (1 𝜎) 1.9°/ 
√

hr 0.2 m/s/ 
√

hr 

Output noise (no filtering) 0.8°/s rms 9 mg rms 

Dynamic range ± 300°/s ± 18 g 
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Using the fact that 𝜕𝑒 

𝜕𝑤 
= 

𝜕𝑦 

𝜕𝑤 
, (52) is reformulated as: 

𝑉 = 𝑒 2 

{ 

1 
2 

[ ( 

𝜕𝑦 

𝜕𝑤 

) 4 
𝜂2 𝑤 

] 
− 

( 

𝜕𝑦 

𝜕𝑤 

) 2 
𝜂𝑤 

} 

= 𝑒 2 𝜂𝑤 

( 

𝜕𝑦 

𝜕𝑤 

) 4 ⎡ ⎢ ⎢ ⎢ ⎣ 
1 
2 
𝜂𝑤 − 

1 (
𝜕𝑦 

𝜕𝑤 

)2 
⎤ ⎥ ⎥ ⎥ ⎦ (53)

Knowing that 𝜂w > 0, ΔV is negative-definite subjected to the follow-
ng inequality. 

 < 𝜂𝑤 < 

2 (
𝜕𝑦 

𝜕𝑤 

)2 (54)

V ( s ) can be a Lyapunov function and asymptotical stability is guar-
nteed. Therefore, by defining Y as: 

 = max 
( |||| 𝜕𝑦 𝜕𝑑 

||||, |||| 𝜕𝑦 𝜕𝑡 

||||, |||| 𝜕𝑦 𝜕𝜉

||||, |||| 𝜕𝑦 𝜕𝜔 

||||
) 

(55)

symptotical stability will be guaranteed by 0 < 𝜂𝑤 < 

2 
2 . 
Y 
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.5. Implementation on In-move aligned SINS/GPS 

The proposed RWNN-observer is used for the integration scheme of
n-move aligned SINS/GNSS. The system consists of 3-axis gyroscopes, 3-
xis accelerometers, barometer, and thermometer with 50 Hz updating
ate. The reference position and velocity data of the under-navigation
ehicle is generated by a GPS receiver with 1 Hz updating rate. The
mplementation flowchart of the proposed RWNN is presented in Fig. 5 .

As shown in Fig. 5 , the IMU and environment sensors data are used
s the input of the RWNN approximator. The measurement data are
rovided from GNSS position and velocity. The GNSS updating rate is
ery small compared to IMUs, barometer and thermometer updating
ate. So, when GNSS is exist, the RWNN learning algorithm is done and
n 1 s GNSS gap the system used the last update weight to approximation
f IMUs uncertainties. 

. Experimental results and discussion 

In this section, the proposed RWNN-based in-move aligned
INS/GNSS is experimentally verified through vehicular field tests per-
ormed by experienced colleagues in University of Tabriz. Test equip-
ent is represented in Fig. 6 . Inertial measurements are provided by
DIS-16407 as a MEMS-grade IMU. Temperature and raw pressure data
re supplied by corresponding sensors in ADIS16407 system. Garmin-35
PS receiver has been used to produce the measurement/output vector

or the proposed integration scheme. Moreover, highly accurate Vitans
avigation system is used to provide reference values for evaluation. The
ain statistical specifications of inertial sensors in ADIS-16407 IMU are

iven in Table 1 . 
Two vehicular field tests have been executed to assess the perfor-

ance of the proposed in-move aligned SINS/GNSS system. Fig. 7 rep-
esents the reference geographical latitude- longitude trajectory and also
he altitude trajectory during test #1. 

Test #1 has been executed approximately for 400 seconds along
 trajectory with wide range dynamics manoeuvring. According to
ig. 7 (a), test #1 is started in P 1 and continues up to P 6 with several
irculating manoeuvres for example in P 2 and P 4 . The reference alti-
ude in Fig. 7 (b) shows that the vehicle has an ascending direction in
est #1. 

To legitimize the assessment of the proposed RWNN-based in-move
ligned SINS/GNSS algorithm, the results are compared with those of
 conventional SINS/GNSS system that uses standard EKF as the state
stimation algorithm. Fig. 8 shows the estimated latitude-longitude po-
ition of the vehicle through both the RWNN and EKF-based integrated
avigation algorithms, during test #1. 

The estimation errors of the position and velocity components with
espect to the reference GNSS data are shown in Figs. 9 and 10 , respec-
ively. 

For better evaluation of the proposed RWNN-based in-move aligned
INS/GNSS algorithm, the mean value and the standard deviation of the
osition and velocity estimation errors corresponding to both the pro-
osed and the conventional EKF-based SINS/GNSS algorithms are accu-
ulated in Table 2 . The quantitative results of Table 2 clearly shows that

he proposed RWNN-based in-move aligned SINS/GNSS system yields to
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Table 2 

Mean value and standard deviation of the estimation error in test #1. 

Navigation parameter In-move aligned SINS/GNSS with RWNN-based integration Conventional SINS/GNSS with EKF-based integration 

Mean value of Standard deviation of Mean value of Standard deviation of 

estimation error estimation error ( ± 1 𝜎) estimation error estimation error ( ± 1 𝜎) 

Latitude error (m) 0.0303 0.0508 0.1280 0.2630 

Longitude error (m) − 0.0853 0.0475 0.1559 0.3560 

Altitude error (m) 0.00092 0.0418 − 0.1336 0.2934 

V-north error (m/s) − 0.0045 0.0542 − 0.0470 1.7211 

V-east error (m/s) − 0.0051 0.0552 0.0206 1.7542 

V-down error (m/s) 0.00024 0.0952 − 0.0094 0.1235 

Fig. 11. (a) Reference latitude-longitude trajectory of test #2, (b) Reference altitude trajectory of test #2. 
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uperior position and velocity estimation in comparison with the con-
entional EKF-based SINS/GNSS system. 

To legitimize the performance and accuracy assessment of the pro-
osed algorithm, another vehicular test has been executed in university
f Tabriz. Test #2 takes long 500 seconds, approximately. Fig. 11 shows
he reference geographical latitude-longitude trajectory and reference
ltitude trajectory of the vehicle during test #2. As shown in Fig. 11 (b),
he vehicle undergoes more altitude manoeuvring in test#2 compared
o test #1. In test #2, the vehicle starts its move in P 1 and continues up
o P 6 . The distance between P 5 and P 6 is travelled twice by vehicle. 

Fig. 12 shows the estimated latitude-longitude position of the vehi-
le through both the RWNN and EKF-based integrated navigation algo-
163 
ithms, during test #2. The estimation errors of the position and veloc-
ty components with respect to the reference GNSS data are shown in
igs. 13 and 14 , respectively. The mean value and the standard devi-
tion of position and velocity estimation errors corresponding to both
he proposed and the conventional EKF-based SINS/GNSS algorithms in
est #2 are accumulated in Table 3 . 

Statistical analysis of the estimation errors in Table 3 shows that
sing RWNN-based integration scheme in In-move aligned SINS/GNSS
ystem significantly decreases the mean value and standard deviation
f position and velocity estimation error compared to the conventional
INS/GNSS system with EKF-based integration scheme. 
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Table 3 

Mean value and standard deviation of the estimation error in test #2. 

Navigation parameter In-move aligned SINS/GNSS with RWNN-based integration Conventional SINS/GNSS with EKF-based integration 

Mean value of Standard deviation of Mean value of Standard deviation of 

estimation error estimation error ( ± 1 𝜎) estimation error estimation error ( ± 1 𝜎) 

Latitude error (m) 0.0260 0.1115 0.0406 1.2420 

Longitude error (m) − 0.0220 0.2259 − 0.056 1.1285 

Altitude error (m) − 0.00058 0.0398 − 0.0885 0.2463 

V-north error (m/s) − 0.0033 0.0377 − 0.0101 0.5176 

V-east error (m/s) 0.0240 0.0370 0.0027 0.5449 

V-down error (m/s) − 0.00017 0.1161 − 0.0060 0.1190 

Fig. 12. Estimated trajectory through both the RWNN and EKF-based integrated 

navigation algorithms compared to the reference GNSS data during test#2. 

Fig. 13. Estimation error of the position components through the proposed 

RWNN-based algorithm compared to EKF-based algorithm, during test #2. 
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Fig. 14. Estimation error of the velocity components through the proposed 

RWNN-based algorithm compared to EKF-based algorithm, during test #2. 
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. Conclusion 

High performance inertial navigation systems could not be used in
ommon civil applications owing to high costs as well as the regulation
y governments. On the other hand, cumulative errors of MEMS-grade
nertial sensors lead to time-increasing positioning error in low-cost in-
rtial integrated navigation systems. Motivated by improving navigation
164 
ccuracy, reliability and long-term performance of low-cost navigation
ystems, this research presented a new integration scheme for in-move
ligned SINS/GNSS integrated navigation system. In the proposed al-
orithm, the integration between the SINS and GNSS has been carried
ut by use of RWNN-based observer. The proposed algorithm has been
ssessed in several vehicular field tests with wide range dynamical ma-
oeuvring containing significant changes in acceleration, angular ve-
ocity, altitude, and heading angle. The proposed RWNN-based in-move
ligned SINS/GNSS has been also evaluated in comparison with a con-
entional SINS/GNSS that uses EKF as the data fusion algorithm. It can
e inferred from the statistical analysis of the experimental results that
he proposed algorithm significantly enhances the overall navigation ac-
uracy of low-cost SINS/GNSS system. Considering the theoretical and
ractical superiorities compared to EKF-based algorithm, the proposed
WNN-based data fusion is more suitable for implementation in low-
ost SINS/GNSS integrated navigation systems. 

ppendix. Each elements of matrix w in the error dynamics of 

INS are constructed as follows 
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here, R 0 is calculated as 𝑅 0 = 

√
𝑅 𝑁 

𝑅 𝐸 . 
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