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a b s t r a c t 

This paper studies the robust tracking control problem of fully-actuated mechanical systems using a novel 

integral dynamics surface control (DSC) method. We replace the conventional DSC error surfaces with 

new nonlinear integral surfaces to generate a quasi-terminal sliding mode (TSM) in the tracking error 

trajectories. Then, we follow the recursive, Lyapunov-based design procedure of the DSC to obtain the 

control law. The resultant quasi-TSM adjusts the error convergence rate according to the distance from 

the origin. To achieve robustness against structural variations of the mechanical system as well as ex- 

ternal disturbances, we use nonlinear damping combined with a radial basis function neural network 

(RBFNN) approximator. The RBFNN adaptively identifies the upper-bound of the uncertainty/disturbances 

to prevent conservative, high-gain control inputs. Moreover, we use raised-cosine basis functions, which 

have compact supports, to improve the computational efficiency of the RBFNN. Through Lyapunov-based 

stability analysis, we show the boundedness and ultimate boundedness of the closed-loop system as well 

as the TSM-induced convergence of the tracking errors. Detailed numerical simulations support the effi- 

cacy of the proposed control method. 

© 2019 Elsevier B.V. All rights reserved. 
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. Introduction 

Motivation. Being rooted in the integrator backstepping [1] , dy-

amic surface control (DSC) is a systematic design method for con-

rolling uncertain nonlinear systems [2,3] . Similar to backstepping,

SC tackles a tracking control problem by introducing a set of

oordinates that combine the tracking errors with auxiliary con-

rol variables. However, unlike backstepping, DSC uses low-pass-

lters to avoid direct differentiation of these variables. A num-

er of papers have shown that augmenting the DSC error surfaces

ith suitable integral terms improves steady-state tracking and ro-

ustness [4–7] . The motivation for the present paper stems from

7] where the robustness of the DSC is enhanced significantly by

dding nonlinear proportional-integral (PI)-type terms. The gen-

ralization with respect to [7] is twofold: (i) we consider a gen-

ral n -degrees-of-freedom (DOF) mechanical system conforming to

uler–Lagrange equations rather than a 3-DOF gyroscope; (ii) in-

tead of a quasi-sliding mode term defined by hyperbolic tangent

unctions, we consider a more general structure based on terminal

liding mode (TSM) theory. 

Related literature. Based on the variational principles of

echanics, the Euler–Lagrange equations provide an effective
∗ Corresponding author. 
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athematical framework for the analysis of many-body, many-DOF

ystems [8,9] . In this regard, the control problems of mechanical

ystems have been extensively studied in the literature, in the con-

ext of either Euler–Lagrange systems [9] or robotics [10,11] . Hence,

umerous control methods are proposed for the tracking problem

f fully-actuated mechanical systems. The majority of the reported

ontrollers rely upon feedback linearization and/or proportional-

erivative (PD)-type control inspired by the celebrated Slotine and

i controller [9–12] . Using differential geometric methods, Bullo

nd Murray [13] studied the problem in a coordinate-free man-

er. In [ 3 , chapter 6], a convex optimization-based dynamic sur-

ace controller was proposed and its disturbance attenuation prop-

rties were investigated. By applying the tools of convex analysis,

iranda-Villatoro et al. [14] proposed a class of set-valued con-

rollers for the robust tracking control of Euler–Lagrange systems.

or constant desired positions, Cruz-Zavala et al. [15] presented a

nite-time controller that modifies the intrinsic energy functions

f an Euler–Lagrange system. 

Conventional sliding mode (SM) theory is based on the stabi-

ization of a linear switching surface that reduces the order of the

ystem dynamics and induces asymptotic stability of the system

rajectories [16] . Sliding mode control (SMC) have been used to

chieve strong robustness against a wide variety of uncertainties

uch as deterministic/stochastic disturbances, unknown nonlinear

ynamics, and time-varying additive/multiplicative faults in the

https://doi.org/10.1016/j.neucom.2019.10.046
http://www.ScienceDirect.com
http://www.elsevier.com/locate/neucom
http://crossmark.crossref.org/dialog/?doi=10.1016/j.neucom.2019.10.046&domain=pdf
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actuators and/or sensors [16–18] . TSM improves upon the conven-

tional SM by incorporating nonlinear switching surfaces that re-

sult in the finite-time stability of the sliding motion [19–21] . Dif-

ferent variations of TSM have been used for robust, finite-time,

high-precision control of dynamic systems in various applications

[19,22] . In the area of robotics and mechanical systems, the merits

of the TSM have attracted the attention of researchers. Nonsingular

and continuous forms of TSM have been used for robust and finite-

time control of rigid manipulators [23,24] . For fully-actuated me-

chanical systems, some papers have combined TSM with fractional

derivatives/integrals to obtain a better convergence speed [25,26] . 

Inspired by the biological neurons, artificial neural networks

(ANNs) – neural networks (NNs) in short – are powerful tools for

data clustering, pattern classification, optimization, and universal

function approximation [27] . The latter is of particular interest for

control community as there exists a vast literature on the adaptive

NN approximation-based control of nonlinear systems, for exam-

ple, see [28–30] . Particularly, the approximation capabilities of NNs

provides an effective framework for adaptive control of uncertain

mechanical and robotic systems [28] . Sun et al. [31] used Gaus-

sian radial basis functions (RBFs) to design an adaptive SM con-

troller for robot manipulators; the controller is able to estimate the

unmeasured joint velocities. Tran and Kang [32] combined radial

basis function neural networks (RBFNNs) approximation with TSM

for adaptive finite-time control of robot manipulators. Zhou et al.

[33] presented a backstepping-based, adaptive RBFNN control for

robot manipulators subject to dead-zone nonlinearity in their con-

trol inputs. Liu et al. [34] designed an adaptive NN controller, with

the optimal dimension of the hidden NN layer, for robot control in

task space. 

Contribution. The main contribution of this paper is to present a

new tracking controller for mechanical systems by combining the

merits of DSC, TSM, and RBFNNs. The novelties and distinctive fea-

tures of the proposed control method, in comparison with the ex-

isting ones, are as follows: 

• The recursive design structure of DSC, equipped with inte-

gral action, enables us to induce a quasi-TSM at the kine-

matic level of the tracking control. Moreover, the nonlin-

ear integral TSM surface adjusts the convergence rate of the

tracking error according to its distance from the origin. 
• Instead of signum functions, we use hyperbolic tangent

functions to produce the quasi-TSM. Thereby, the TSM error

surface is sufficiently differentiable for DSC design purposes,

and the chattering issue in the obtained control law is con-

siderably alleviated. 
• We tackle the issue of robustness at two levels. First, at the

kinematic level, the proposed TSM grants a certain level of

robustness to the position tracking error. Second, at the dy-

namic level, we employ nonlinear damping [1] in the DSC

design. At this level, we also use an RBFNN to adaptively

estimate the uncertainty upper-bound and to prevent con-

servative, high-gain control inputs. We note that, from the

function approximation perspective, estimation of the upper-

bound of the norm of a vector function demands less com-

putational burden than estimating the function itself. 
• In the RBFNN, we use raised-cosine basis functions in lieu

of the commonly used Gaussian functions. The raised-cosine

functions, unlike Gaussians, enjoy the property of having

compact supports, resulting in the computational efficiency

[35,36] . Besides, the recent paper [37] has shown that RBFs

with compact supports can improve adaptive NNs’ learning

performance by enhancing the level of excitation of their re-

gressors. 

Paper organization. The organization of the remainder of this

paper is as follows. Section 2 summarizes notation and required
athematical preliminaries. Section 3 states the control problem.

ection 4 presents the main results on the integral DSC design.

ection 5 contains further results about the TSM-based conver-

ence of the tracking error. Section 6 elaborates a simulation ex-

mple of controlling a two-link robot arm. Lastly, Section 7 con-

ludes the paper. 

. Notation and preliminaries 

.1. Notation 

Throughout this paper, R 

+ denotes the set of nonnegative real

umbers. We consider the Euclidean n -space, R 

n equipped with its

tandard topology. ‖ . ‖ stands for the vector 2-norm. col(., ., . . . )

eturns a vector stacked by the given arguments. tr (.) gives the

race of a matrix (.). λmin (. ) and λmax (. ) return the minimum and

he maximum eigenvalues of a real symmetric matrix (.), respec-

ively. 

.2. Mathematical preliminaries 

Here, we review some important inequalities that we will use

or the convergence analysis of TSM. 

emma 1. Let ( v i ) n i =1 and ( w i ) 
n 
i =1 be two sequences of real numbers;

e have the following inequalities: 

1. (Jensen’s inequality [20 , 38] ) Let p > q > 0, then ( 

n ∑ 

i =1 

| v i | p 
) 

1 
p 

≤
( 

n ∑ 

i =1 

| v i | q 
) 

1 
q 

; (1)

2. (Hölder’s inequality [38] ) Let p > 1 and p −1 + q −1 = 1 , then 

n ∑ 

i =1 

| v i w i | ≤
( 

n ∑ 

i =1 

| v i | p 
) 

1 
p 
( 

n ∑ 

i =1 

| w i | q 
) 

1 
q 

. (2)

emma 2. For any x ∈ R , a ≥ 0, and ε > 0, we have the inequality 

 x | a +1 − x | x | a tanh 

(
x 

ε 

)
≤ δa ε 

a +1 , (3)

here δa = y a 
0 ( 2 y 0 − a − 1 ) and y 0 is the unique solution of

 0 ( 1 + tanh (y 0 ) ) = a + 1 . 

roof. We obtain, after some algebraic manipulation, the maxi-

um value δa ε a +1 for the function | x | a +1 − | x | a x tanh 

(
x 
ε 

)
by set-

ing its derivative to zero to find the extrema. �

For a vector x ∈ R 

n , a ≥ 0, and ε > 0, we define 

 anh 

a 
ε (x ) := col 

(
| x i | a tanh 

(
x i 
ε 

))n 

i =1 
. (4)

emma 3. For any vector x ∈ R 

n , a ≥ 0, ε > 0, and a diagonal positive

efinite matrix L ∈ R 

n ×n , we have 

′ 
a λmin (L ) ‖ x ‖ 

a +1 − x � LT anh 

a 
ε (x ) ≤ δa ε 

a +1 tr(L ) , (5)

here δ′ 
a = 1 for 0 ≤ a ≤ 1 and δ′ 

a = 1 / 
√ 

n a −1 for a > 1 . 

roof. Let L = diag ( l i ) 
n 
i =1 ; applying Lemma 2 to each component of

 and taking the sum over all components, we obtain 

n 
 

i =1 

l i | x i | a +1 − x � LT anh 

a 
ε (x ) ≤ δa ε 

a +1 
n ∑ 

i =1 

l i . (6)

ow, we use Lemma 1 to obtain a lower bound of 
∑ n 

i =1 l i | x i | a +1 in

erms of ‖ x ‖ for different values of a : 
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1. Case a = 1 : By Rayleigh–Ritz inequality, we have 

n ∑ 

i =1 

l i | x i | a +1 ≥ λmin (L ) ‖ x ‖ 

2 . (7) 

2. Case 0 ≤ a < 1 : In Jensen’s inequality (1) , let v i = l 
1 
q 

i 
x i , p = 2 ,

and q = a + 1 : ( 

n ∑ 

i =1 

l 
2 

a +1 

i 
| x i | 2 
) 

1 
2 

≤
( 

n ∑ 

i =1 

l i | x i | a +1 

) 

1 
a +1 

. (8) 

Since 
∑ n 

i =1 l 
2 

a +1 

i 
| x i | 2 ≥ λ

2 
a +1 

min 
(L ) 
∑ n 

i =1 | x i | 2 , we further have 

n ∑ 

i =1 

l i | x i | a +1 ≥ λmin (L ) ‖ x ‖ 

a +1 . (9) 

3. Case a > 1 : In Hölder’s inequality (2) , let v i = l 
1 
p 

i 
x 2 

i 
, w i = 1 ,

p = (a + 1) / 2 , and q = (a + 1) / (a − 1) : 

n ∑ 

i =1 

l 
2 

a +1 

i 
| x i | 2 ≤

( 

n ∑ 

i =1 

l i | x i | a +1 

) 

2 
a +1 

n 

a −1 
a +1 , (10) 

which gives 

n ∑ 

i =1 

l i | x i | a +1 ≥ λmin (L ) √ 

n 

a −1 
‖ x ‖ 

a +1 . (11) 

Combining (6) with (7) , (9) , and (11) , we obtain the inequal-

ty (5) . �

emma 4. Consider a nonnegative function v (. ) ∈ R 

+ that satisfies

he differential inequality 

˙ 
 (t) ≤ −αv a (t) − βv b (t) , (12) 

ith α, β > 0, 0 < a < 1, and b ≥ 1 . Then, the following statements

old: 

1. For all t 0 ∈ R 

+ , t ≥ t 0 , v (t) decreases monotonically and satis-

fies the inequality 

v 1 −a (t) F 

(
1 , 

1 − a 

b − a 
; b − 2 a + 1 

b − a 
;−β

α
v b−a ( t) 

)

≤ v 1 −a (t 0 ) F 

(
1 , 

1 − a 

b − a 
; b − 2 a + 1 

b − a 
;−β

α
v b−a ( t 0 ) 

)
−α(1 − a )(t − t 0 ) , (13) 

where F (.) is Gauss’ hypergeometric function. 

2. Starting from a nonzero initial value v (t 0 ) , we have v (t) ≤ c <

v (t 0 ) , for all t ≥ t 0 + t c where the reaching time t c is given by 

t c := 

v 1 −a (t 0 ) 

α(1 − a ) 
F 

(
1 , 

1 − a 

b − a 
; b − 2 a + 1 

b − a 
;−β

α
v b−a (t 0 ) 

)

− c 1 −a 

α(1 − a ) 
F 

(
1 , 

1 − a 

b − a 
; b − 2 a + 1 

b − a 
;−β

α
c b−a 

)
. (14) 

roof. By integration of the differential inequality (12) , we have 

 v (t) 

v (t 0 ) 

d v 
αv a + βv b 

≤ −(t − t 0 ) . (15) 

he integrand in the left-hand side of (15) is a positive function

hile the right-hand side is negative. Hence, v is monotonically

ecreasing with respect to t . Furthermore, the change of variable

 = v b−a gives 

1 

α(b − a ) 

∫ v b−a (t) 

v b−a (t 0 ) 

w 

1 −b 
b−a d w 

1 + 

β w 

≤ −(t − t 0 ) . (16) 
α w
ccordingly, the reaching time to the set v ≤ c is 

 c = 

1 

α(b − a ) 

∫ v b−a (t 0 ) 

c b−a 

w 

1 −b 
b−a d w 

1 + 

β
α w 

(17) 

valuating the integrals in (16) and (17) by using the formula

.194.5 of [39] gives the inequality (13) and the reaching time (14) ,

espectively. �

.3. Function approximation by neural networks 

We consider an RBFNN with the input x = col 
(
x j 
)n 

j=1 
∈ R 

n , a

idden layer composed of N neurons, and a single output. The

utput of the network is given by the nonlinear mapping θ� φ( x )

here θ ∈ R 

N is the weight vector and φ(. ) ∈ R 

N is the vector

f basis functions. Using raised-cosine functions [35,40] , the basis

ector is defined as φ(x ) := col ( φi (x ) ) 
N 
i =1 where 

i (x ) = 

n ∏ 

j=1 

φc 

(
x j − c i j 

σi j 

)
, i = 1 : N, (18a)

c (z) = 

{ 

cos 2 
(
πz 

2 

)
, for | z| ≤ 1 , 

0 , elsewhere . 
(18b) 

The parameters c i j ∈ R and σ ij > 0 determine the position of

he center and the width of the ij th raised-cosine function, re-

pectively. The compact support of the i th basis function is
 n 
j=1 

[
c i j − σi j , c i j + σi j 

]
. 

The RBFNNs with non-polynomial, almost everywhere continu-

us, locally essentially bounded basis functions are universal ap-

roximators for continuous functions over compact sets [36,41] .

ence, the raised-cosine RBFNN (18a) can approximate a contin-

ous function on a compact set arbitrarily accurate. More specifi-

ally, let f : � → R be a continuous function and � ⊂ R 

n a com-

act set. For any ζ > 0, there exists a raised-cosine RBFNN, with

ufficiently large dimension N , such that the approximation 

f (x ) = θ ∗� φ(x ) + ζ ∗(x ) (19) 

atisfies the error bound, sup x ∈ � | ζ ∗(x ) | < ζ for an ideal weight

ector θ ∗ ∈ R 

N where [29] 

∗ ∈ 

{
θid ∈ R 

N | θid = arg min 

θ∈ R N 

(
sup 

x ∈ �

∣∣ f (x ) − θ� φ(x ) 
∣∣)}. (20) 

. System dynamics and formulation of the control problem 

Consider an n -DOF mechanical system whose configuration

pace is parameterized by the generalized coordinates, q i ∈ R , i =
 : n . Through Euler–Lagrange equations approach, the dynamics

f the mechanical system is governed by the following differential

quation [10] : 

(q ) ̈q + C(q, ˙ q ) ̇ q + D ( ̇ q ) + G (q ) = u + 
( q, ˙ q , w ) , (21) 

here q := [ q 1 , . . . , q n ] 
� ∈ R 

n is the vector of generalized coordi-

ates, ˙ q := [ ̇ q 1 , . . . , ˙ q n ] 
� ∈ R 

n is the vector of generalized veloci-

ies, q̈ := [ ̈q 1 , . . . , q̈ n ] 
� ∈ R 

n is the vector of generalized accelera-

ions, M(q ) = M 

� (q ) ∈ R 

n ×n is the inertia matrix, C(q, ˙ q ) ∈ R 

n ×n is

he Coriolis/centripetal matrix, D ( ̇ q ) ∈ R 

n is the vector of dissipa-

ive forces, G (q ) ∈ R 

n is the vector of gravitational and/or nonlin-

ar stiffness forces, u ∈ R 

n is the vector of control forces/torques,

 ∈ R 

n w is the vector of external disturbances, and the unknown

unction 
( q, ˙ q , w ) ∈ R 

n accounts for the effects of unmodeled dy-

amics and external disturbances. The mechanical system (21) is

ubject to internal variations and parametric uncertainty. Hence,

e assume that 
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M(q ) = M 0 (q ) + δM(q ) , 

(q, ˙ q ) = C 0 (q, ˙ q ) + δC(q, ˙ q ) , 

D ( ̇ q ) = D 0 ( ̇ q ) + δD ( ̇ q ) , 

G (q ) = G 0 (q ) + δG (q ) , (22)

where the subscript “0” denotes the nominal part and the symbol

“δ” stands for the variation from the nominal part. The mechanical

system (21) satisfies the following properties that will be used in

the control design [9,10] . 

Property 1. The inertia matrix M ( q ) is positive definite for all q ∈ R 

n .

Property 2. The matrix ˙ M (q ) − 2 C(q, ˙ q ) is skew-symmetric for all

(q, ˙ q ) ∈ R 

2 n . 

We make the following assumption about the uncertainty and

disturbances of the mechanical system (21) . 

Assumption 1. (i) The external disturbances are bounded, that is,

‖ w (t) ‖ ≤ w 0 for all t ∈ R 

+ and some positive w 0 ; (ii) there exist

continuous positive functions 
+ 
1 

: R 

2 n → R 

+ and 
+ 
2 

: R 

n w → R 

+ 

such that the following inequality holds globally: 

‖ 
( q, ˙ q , w ) ‖ ≤ 
+ 
1 ( q, ˙ q ) + 
+ 

2 ( w ) . (23)

The control goal is to track a desired trajectory q d (t) ∈ R 

n by

q ( t ) in the sense that, in addition to the closed-loop stability, the

performance measure ‖ q (t) − q d (t) ‖ converges to zero or, at least,

to a small compact set around zero as t → ∞ . To this end, the con-

troller should be robust against the internal variations (22) and

provide a satisfactory performance in the presence of the external

disturbances and unmodeled dynamics, 
( q, ˙ q , w ) . 

Assumption 2. The desired trajectory q d (.) is C 2 , q d (.) and ˙ q d (. ) are

available for control purposes, and ( q d , ˙ q d , ‖ ̈q d ‖ ) ∈ �d × [ −a d , a d ]

where �d ⊂ R 

2 n is a compact set and a d is a positive constant. 

4. Integral dynamic surface control 

To obtain a suitable tracking error dynamics, using the DSC for-

mulation, we introduce the following tracking errors: 

e 1 := q − q d , (24a)

e 2 := 

˙ q − v d , (24b)

e 3 := v d − ϕ, (24c)

T ˙ v d + v d = ϕ, v d (0) = ϕ(0) . (24d)

The vector e 1 ∈ R 

n is a direct measure of the tracking perfor-

mance, ϕ ∈ R 

n is an auxiliary control vector, v d ∈ R 

n is the low-

pass-filtered version of ϕ, e 3 ∈ R 

n is the filtering error, and T ∈
R 

n ×n is a positive definite matrix. The intermediary tracking error

e 2 ∈ R 

n is defined to enable a recursive control design. 

To improve the robustness of the DSC, we further define the

following integral error surfaces: 

s 1 = e 1 + I ( e 1 , t ) , (25a)

s 2 = Hs 1 + e 2 , (25b)

with H ∈ R 

n ×n being a positive semidefinite coupling matrix and 

I(e 1 , t) := 

∫ t 

0 

exp ( −λ(t − ς ) ) ψ(e 1 (ς )) d ς , (26)

ψ(e 1 ) := 

3 ∑ 

i =1 

L i T anh 

a i 
ε ( e 1 ) , (27)
here λ> 0, L i ∈ R 

n ×n , i = 1 : 3 , are diagonal positive definite ma-

rices, 0 < a 1 < 1, a 2 ≥ 1, a 3 = 0 , and ε > 0. 

emark 1. The function ψ(.) is C 1 over R 

n . Hence, after twice dif-

erentiation of I ( e 1 , t ) , we will still have continuous functions. 

emark 2. The roles of the different terms of the function ψ(.)

n the convergence of the tracking error e 1 are as follows. The

rst (0 < a 1 < 1) and the second ( a 2 > 1) terms produce larger gains

hen e 1 is near and far from the origin, respectively. In the case

 2 = 1 , the second term generates a uniform gain distribution. The

ast term ( a 3 = 0 ) is a robustifying term against bounded perturba-

ions. 

emark 3. The role of the exponential term in (26) is to counter-

ct the memory effect of the integration. Mathematically speaking,

(e 1 , t) satisfies the following bound: 

I(e 1 , t) ‖ ≤ 1 − exp (−λt) 

λ
sup 

0 ≤ς≤t 

‖ ψ ( e 1 (ς ) ) ‖ . (28)

emark 4. The proposed DSC reduces to the conventional DSC by

etting H and ψ(.) to zero. 

emark 5. Our proposed integral TSM error surface (25a) differs

rom the commonly known integral SMs (ISMs) in the following

spect. The ISMs are defined over the whole state space, aiming at

etrieving the performance under a nominal control law and elimi-

ating the reaching phase [16–18] . The integral TSM is defined only

n the kinematical level of the tracking error to shape a TSM in its

ynamics. 

The DSC design is carried out by the following steps: 

Step 1 (stabilization of s 1 ). We consider the candidate Lyapunov

unction 

 1 = 

1 

2 

s � 1 s 1 , (29)

hose time derivative, along the trajectories of (21) , satisfies 

˙ 
 1 = s � 1 ( −Hs 1 + s 2 + e 3 + ϕ − ˙ q d − λI(e 1 , t) + ψ(e 1 ) ) . (30)

ccording to the nonlinear damping [1] , we obtain the auxiliary

ontrol input as 

 ( e 1 , ˙ q d , t ) = −K 1 s 1 + λI(e 1 , t) − ψ(e 1 ) + 

˙ q d . (31)

here K 1 ∈ R 

n ×n is a design positive definite matrix. Hence, we

ave 

˙ 
 1 = −s � 1 ( H + K 1 ) s 1 + s � 1 ( s 2 + e 3 ) . (32)

tep 2 (stabilization of s 2 ). Having Property 1 in mind, we consider

he second candidate Lyapunov function as 

 2 = V 1 + 

1 

2 

s � 2 M(q ) s 2 . (33)

sing Property 2 , the time derivative of V 2 is obtained as 

˙ 
 2 = −s � 1 ( H + K 1 ) s 1 + s � 1 e 3 + s � 2 ( u + f + δ f ) . (34)

here 

f := ( I + C 0 ( q, ˙ q ) H − M 0 (q ) H(H + K 1 ) ) s 1 + M 0 (q ) Hs 2 

+ M 0 (q ) 
(
T −1 + H 

)
e 3 − D 0 ( ̇ q ) − G 0 (q ) − C 0 ( q, ˙ q ) v d , (35)

f := ( δC ( q, ˙ q ) H − δM(q ) H(H + K 1 ) ) s 1 + δM(q ) Hs 2 

+ δM(q ) 
(
T −1 + H 

)
e 3 − δD ( ̇ q ) − δG (q ) 

− δC ( q, ˙ q ) v d + 
( q, ˙ q , w ) . (36)

et 

 = −K 2 s 2 − f + u r , (37)
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Table 1 

Parameters of two-link robot arm [14] . 

Parameter Description True value Nominal value 

m 1 Mass of the first link 1.5 kg 1.6 kg 

m 2 Mass of the second link 1.0 kg 0.8 kg 

I 1 Moment of inertia of the first link 0 . 08 kg m 

2 0 . 085 kg m 

2 

I 2 Moment of inertia of the second link 0 . 03 kg m 

2 0 . 025 kg m 

2 

l 1 Length of the first link 0.40 m 0.40 m 

l 2 Length of the second link 0.30 m 0.30 m 

l c 1 Distance between base and center of gravity of the first link 0.20 m 0.15 m 

l c 2 Distance between base and center of gravity of the second link 0.20 m 0.25 m 
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here K 2 ∈ R 

n ×n is a design positive definite matrix and u r ∈ R 

n is

 robust control term to be designed. Thereby, 

˙ 
 2 = −s � 1 ( H + K 1 ) s 1 + s � 1 e 3 − s � 2 K 2 s 2 + s � 2 ( u r + δ f ) . (38) 

tep 3 (low-pass-filtering dynamics). The low-pass-filtering error

atisfies 

˙ 
 3 = −T −1 e 3 − q̈ d + η( e 1 , e 2 , e 3 , t ) , (39) 

here 

( e 1 , e 2 , e 3 , t ) 

:= 

(
λ2 I + 

∂ψ(e 1 ) 

∂e 1 

)
I(e 1 , t) −

(
λI + 

∂ψ(e 1 ) 

∂e 1 

)
ψ(e 1 ) 

+ 

(
K 1 + 

∂ψ(e 1 ) 

∂e 1 

)
( −K 1 e 1 − K 1 I(e 1 , t) + e 2 + e 3 ) . (40) 

e consider the candidate Lyapunov function 

 3 = V 2 + 

e � 3 e 3 

2 

. (41) 

ccording to (38) and (39) , the time derivative of V 3 satisfies the

nequality 

˙ 
 3 ≤ − s � 1 ( H + K 1 ) s 1 + s � 1 e 3 − s � 2 K 2 s 2 + s � 2 ( u r + δ f ) − e � 3 T 

−1 e 3 

− e � 3 q̈ d + e � 3 η( e 1 , e 2 , e 3 , t ) . (42) 

tep 4 (NN approximation). Now, we use NN approximation to com-

ensate for the uncertain term, δf . In this regard, we assume that

( q, ˙ q ) ∈ � with � ⊂ R 

2 n being a compact set. To ensure the feasi-

ility of the tracking control problem [2] , we further assume that 

ssumption 3. The desired trajectory q d (.) is feasible in the set �,

hat is, �d ⊆�. 

roposition 1. There exists a positive continuous function � : R 

4 n →
 

+ such that the following inequality holds globally: 

 δ f‖ ≤ � ( q, ˙ q , q d , ˙ q d ) . (43) 

roof. For any r ∈ R 

+ , let ψ̄ (r) := max ‖ e 1 ‖≤r ‖ ψ(e 1 ) ‖ . According

o equations (25a) , (25b) , (31) , and Remark 3 , we have the inequal-

ties 

 s 1 ‖ ≤ ‖ e 1 ‖ + 

ψ̄ ( ‖ e 1 ‖ ) 

λ
, (44a)

 s 2 ‖ ≤ ‖ He 1 ‖ + ‖ e 2 ‖ , (44b)

 ϕ(e 1 , ˙ q d , t) ‖ ≤ ‖ K 1 s 1 ‖ + 2 ψ̄ ( ‖ e 1 ‖ ) + ‖ ̇

 q d ‖ . (44c)

Besides, by Eq. (24d) , the low-pass-filtering state, v d satisfies

he following bound for all t ∈ R 

+ : 

 v d (t) ‖ ≤ exp 

( −t 

λmax (T ) 

)
‖ ϕ ( e 1 (0) , ˙ q d (0) , 0 ) ‖ 

+ λmax (T ) 
(

1 − exp 

( −t 

λmax (T ) 

))
sup 

0 ≤ς≤t 

‖ ϕ ( e 1 (ς ) , ˙ q d (ς ) , ς ) ‖ . (45) 

aking the inequalities (4 4a) –(4 4c) and (45) into consideration, the

xistence of the function ϱ(.) is deduced from Assumption 1 and

he triangle inequalities 

 e 1 ‖ ≤ ‖ q ‖ + ‖ q d ‖ , (46a)

 e 2 ‖ ≤ ‖ ̇

 q ‖ + ‖ v d ‖ , (46b)

 e 3 ‖ ≤ ‖ v d ‖ + ‖ ϕ‖ . (46c)

�

Define 

( q, ˙ q , q d , ˙ q d ) := � 

2 ( q, ˙ q , q d , ˙ q d ) . (47) 

y Young’s inequality and Proposition 1 , we have 

 

� 
2 δ f ≤ ‖ s 2 ‖ 

2 ρ( q, ˙ q , q d , ˙ q d ) 

2 ε
+ 

ε

2 

, (48) 

or any positive ε. Over the set �×�d , for some positive ζ , we

onsider the RBF NN approximation 

( q, ˙ q , q d , ˙ q d ) = θ ∗� φ(χ ) + ζ ∗(χ ) , (49) 

ith χ = col ( q, ˙ q , q d , ˙ q d ) , sup χ∈ �×�d 
| ζ ∗(χ ) | ≤ ζ , and an ideal

eight vector θ ∗ ∈ R 

N . Let θ ∈ R 

N be an estimate of θ ∗, define
˜ := θ ∗ − θ, and consider the candidate Lyapunov function 

 4 = V 3 + 

1 

2 

˜ θ� �−1 ˜ θ. (50) 

here � ∈ R 

n ×n is a positive definite matrix. Applying the NN ap-

roximation (49) and using the nonlinear damping, we set the ro-

ust control input to 

 r = −
(
θ� φ(χ ) + κ

)
2 ε

s 2 , (51) 

here κ ≥ ζ is a design positive. Thereby, we have 

˙ 
 4 ≤ − s � 1 ( H + K 1 ) s 1 + s � 1 e 3 − s � 2 K 2 s 2 + 

(ζ − κ) 

2 ε
s � 2 s 2 − e � 3 T 

−1 e 3 

− e � 3 q̈ d + e � 3 η( e 1 , e 2 , e 3 , t ) + 

ε

2 

+ 

˜ θ� 
(

φ(χ ) 

2 ε
‖ s 2 ‖ 

2 + �−1 ˙ ˜ θ

)
. 

(52) 

ccording to the last term in the right hand side of (52) , we select

he NN update law as 

˙ = �

(
φ(χ ) 

2 ε
‖ s 2 ‖ 

2 − γ θ

)
, (53) 

here γ is a design positive. 

Step 5 (stability of the error dynamics). In the next theorem,

e state the main results regarding the semiglobal stability of

he error dynamics. We note that, according to the proof of

roposition 1 , ( q, ˙ q , q , ˙ q ) ∈ � × � implies that ( e , e , e ) ∈ �e 
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Fig. 1. Schematics of two-link robot arm. 

 

 

 

Table 2 

Statistical properties of tracking errors. 

Error signal Conventional DSC Integral DSC 

Mean (rad) RMS (rad) Mean (rad) RMS (rad) 

q 1 − q 1 d −0.0302 0.0574 −0.0012 0.0362 

q 2 − q 2 d 0.0379 0.0829 0.0017 0.0420 
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and ( s 1 , s 2 , e 3 ) ∈ �s for some compact sets �e ⊂ R 

3 n and �s ⊂ R 

3 n

containing their respective origins. 

Theorem 1. Consider the mechanical system (21) under the adap-

tive control law given by Eqs. (37) , (51) , and (53) , and assume that
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Fig. 2. Tracking performance 
ssumptions 1 and 2 hold true. Let ( q, ˙ q ) ∈ � with � ⊂ R 

2 n being

ny compact set satisfying Assumption 3 . In the ( s 1 , s 2 , e 3 ) space, let

s ⊂ R 

3 n be the compact set corresponding to �×�d . Let �θ ⊂ R 

N 

e any compact set such that 
{

˜ θ ∈ R 

N | ‖ ̃  θ‖ ≤ ‖ θ ∗‖ } ⊆ �θ . Then, all

rajectories 
(
s 1 (t) , s 2 (t) , e 3 (t ) , ˜ θ (t ) 

)
, t ∈ R 

+ , that start in �s ×�θ

re bounded and ultimately bounded. 

roof. By Remarks 1 and 3 , η(.) is upper bounded by a continu-

us function and there exists a positive η0 such that ‖ η( e 1 , e 2 , e 3 ,

 ) ‖ ≤η0 for all ( e 1 , e 2 , e 3 , t ) ∈ �e × R 

+ . As a result, the differential

nequality (52) reduces to 

˙ 
 4 ≤ −λ̄

(‖ s 1 ‖ 

2 + ‖ s 2 ‖ 

2 + ‖ e 3 ‖ 

2 
)

− γ ‖ ̃

 θ‖ 

2 

+ ( a d + η0 ) 
(‖ s 1 ‖ 

2 + ‖ s 2 ‖ 

2 + ‖ e 3 ‖ 

2 
) 1 

2 + γ ‖ θ ∗‖‖ ̃

 θ‖ + 

ε

2 

, 
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Fig. 3. Time trajectories of the integral DSC error surfaces. 
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here 

¯ := λmin 

⎛ 

⎜ ⎜ ⎜ ⎝ 

⎡ 

⎢ ⎢ ⎢ ⎣ 

λmin (H + K 1 ) 0 −1 

2 

0 λmin (K 2 ) 0 

−1 

2 

0 λ−1 
max (T ) 

⎤ 

⎥ ⎥ ⎥ ⎦ 

⎞ 

⎟ ⎟ ⎟ ⎠ 

. (55) 

ssume 

min (H + K 1 ) λ
−1 
max (T ) > 

1 

4 

, (56) 

o that λ̄ > 0 . Consider the compact set �̄s × �̄θ where 

¯
s := 

{ 
( s 1 , s 2 , e 3 ) ∈ R 

3 n | (‖ s 1 ‖ 

2 + ‖ s 2 ‖ 

2 + ‖ e 3 ‖ 

2 
) 1 

2 ≤ r s 

} 
, (57) 

¯
θ := 

{
˜ θ ∈ R 

N | ‖ ̃

 θ‖ ≤ ‖ θ ∗‖ 

}
, (58) 

nd 

 s := 

a d + η0 

2 ̄λ

( 

1 + 

√ 

1 + 

2 ελ̄

(a d + η0 ) 2 

) 

. (59) 

e assume the controller parameters are such that, �̄s ⊆ �s .

ccording to the right-hand side of (54) , we have ˙ V 4 < 0 over

�s \ �̄s 

)
×
(
�θ \ �̄θ

)
and 

˙ V 4 = 0 on the boundary of �̄s ×
¯

θ . Thereby, the set �s ×�θ is positively invariant for the

s 1 (. ) , s 2 (. ) , e 3 (. ) , ˜ θ (. ) 
)

trajectories and besides, the trajectories are
ltimately bounded with respect to �̄s × �̄θ . The ultimate bound

s calculated by finding the smallest level set of the function V 4 

hat contains �̄s × �̄θ [42] . That is, after a finite reaching time

 s ∈ R 

+ , we have the bounds 

 s 1 (t) ‖ 

2 + ‖ s 2 (t) ‖ 

2 + ‖ e 3 (t) ‖ 

2 ≤
√ 

2 + λ2 
M 

r 2 s + λmin (�) ‖ θ ∗‖ 

2 

min { 1 , λm 

} , 

(60) 

 ̃

 θ (t) ‖ 

2 ≤
√ 

2 + λ2 
M 

r 2 s + λmin ( �) ‖ θ ∗‖ 

2 

λmax ( �) 
, (61) 

here t ≥ t s , λm 

:= λmin (M(q )) , and λM 

:= λmax (M(q )) over �. �

emark 6. A notable feature of the DSC controller is that it does

ot require the acceleration of the desired trajectory, q̈ d . This is

ecause of the low-pass-filter (24d) that removes the need for dif-

erentiating the auxiliary control input, ϕ. 

. Tracking error convergence 

In Section 4 , we designed a dynamic surface controller and es-

ablished its stability. Now, we further investigate the convergence

f the tracking error using the continuous TSM. According to (25a) ,

he dynamics of the tracking error is governed by 

˙ 
 1 = −ψ(e 1 ) + � ( e 1 , e 2 , e 3 , t ) , (62) 
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c  
where 

� ( e 1 , e 2 , e 3 , t ) := λI(e 1 , t) − (H + K 1 ) s 1 + s 2 + e 3 . (63)

Consider the geometric setting of Theorem 1 and define the com-

pact set 

�e 1 := �e ∩ 

{
( e 1 , e 2 , e 3 ) ∈ R 

3 n | e 2 = 0 , e 3 = 0 

}
, (64)

as the projection of �e into the e 1 -space. 

Theorem 2. Consider the mathematical setting of Theorem 1 and as-

sume that its conditions and results hold. There exist parameters of

the function ψ(.) (27) such that any tracking error trajectory e 1 (.),

starting in �e 1 , is ultimately bounded. More specifically, after a tran-

sient time t r ∈ R 

+ , the inequality 

‖ e (t) ‖ ≤
( ∑ 3 

i =1 δa i ε 
a i +1 tr ( L i ) 

2(1 − ν) 
√ 

δ′ 
a 1 
δ′ 

a 2 
λmin (L 1 ) λmin (L 2 ) 

) 

2 
a 1 + a 2 +2 

, (65)

holds for t ≥ t r and any number 0 < ν < 1 ; δa i and δ′ 
a i 

are defined in

Lemmas 2 and 3 , respectively. 

Proof. Since 

‖ � ( e 1 , e 2 , e 3 , t ) ‖ ≤ ‖ ψ(e 1 ) ‖ + ‖ (H + K 1 ) s 1 ‖ + ‖ s 2 ‖ + ‖ e 3 ‖ , 

(66)

there exists a positive ϖ0 such that ‖ ϖ( e 1 , e 2 , e 3 , t ) ‖ ≤ϖ0 over

�e × R 

+ . Considering the positive definite function V = 

e � 
1 

e 1 
2 , dif-

ferentiating it with respect to time, and using Lemma 3 , we get 
˙ 
 ≤ − δ′ 

a 1 
λmin (L 1 ) ‖ e 1 ‖ 

a 1 +1 − δ′ 
a 2 
λmin (L 2 ) ‖ e 1 ‖ 

a 2 +1 

−
(
δ′ 

a 3 
λmin (L 3 ) − � 0 

)‖ e 1 ‖ + E, (67)

here 

 := 

3 ∑ 

i =1 

δa i ε 
a i +1 tr ( L i ) . (68)

ssume that 

′ 
a 3 
λmin (L 3 ) ≥ � 0 , (69)

nd consider the following set for a 0 < ν < 1: 

ν := 

{ 
e 1 ∈ R 

n | δ′ 
a 1 
λmin (L 1 ) ‖ e 1 ‖ 

a 1 +1 

+ δ′ 
a 2 
λmin (L 2 ) ‖ e 1 ‖ 

a 2 +1 ≤ E 
1 − ν

} 
. (70)

or e 1 ∈ �e 1 \ �ν, we have the differential inequality 

˙ 
 ≤ − 2 

a 1 +1 

2 νδ′ 
a 1 
λmin (L 1 ) V 

a 1 +1 

2 − 2 

a 2 +1 

2 νδ′ 
a 2 
λmin (L 2 ) V 

a 2 +1 

2 . (71)

ccording to Lemma 4 , V ( e 1 ( t )) decreases monotonically outside

he set �ν until it enters the minimal level set of V containing

ν . Using the inequality of arithmetic and geometric means, the

inimal level set is obtained as 

min 
e 1 

:= { e 1 ∈ R 

n | V (e 1 ) ≤ c min } , (72)

here 

 min := 

1 

2 

( 

E 
2(1 − ν) 

√ 

δ′ 
a 1 
δ′ 

a 2 
λmin (L 1 ) λmin (L 2 ) 

) 

4 
a 1 + a 2 +2 

. (73)
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oreover, by Lemma 4 , the reaching time to the minimal level set

s given by t r = t c min 
where 

 c min 
= 

2 

√ 

V 

1 −a 1 (0) √ 

2 

a 1 +1 νδ′ 
a 1 
λmin (L 1 )(1 − a 1 ) 

× F 

(
1 , 

1 −a 1 
a 2 −a 1 

; a 2 − 2 a 1 + 1 

a 2 −a 1 
;−

√ 

2 

a 2 −a 1 δ′ 
a 2 
λmin (L 2 ) 

δ′ 
a 1 
λmin (L 1 ) 

√ 

V 

a 2 −a 1 (0) 

)

−
2 

√ 

c 1−a 1 
min √ 

2 

a 1 +1 νδ′ 
a 1 
λmin (L 1 )(1 −a 1 ) 

× F 

(
1 , 

1 −a 1 
a 2 −a 1 

; a 2 −2 a 1 + 1 

a 2 −a 1 
;−

√ 

2 

a 2 −a 1 δ′ 
a 2 
λmin (L 2 ) 

δ′ 
a 1 
λmin (L 1 ) 

√ 

V 

a 2 −a 1 (0) 

)
. 

(74) 

ince ˙ V ≤ 0 on the boundary of �min 
e 1 

, the set �min 
e 1 

is positively

nvariant for the e 1 (.) trajectories. This shows that the tracking er-

or trajectories are ultimately bounded and the ultimate bound is
 

2 c min . �

. Simulation example 

.1. System description 

To illustrate the efficacy of the proposed control method, we

onsider the two-link robot arm depicted in Fig. 1 [14] . The con-

guration space of the robot is parameterized by the joint angles

 and q . Through Euler–Lagrange approach, the robot dynamics
1 2 
s obtained as 

(q ) = 

[
M 11 M 12 

M 12 M 22 

]
, (75a) 

M 11 = m 1 l 
2 
c 1 

+ m 2 

(
l 2 1 + l 2 c 2 

+ 2 l 1 l c 2 cos ( q 2 ) 
)

+ I 1 + I 2 , 

M 12 = m 2 

(
l 2 c 2 

+ l 1 l c 2 cos (q 2 ) 
)

+ I 2 , 

M 22 = m 2 l 
2 
c 2 

+ I 2 , 

 ( q, ˙ q ) = − m 2 l 1 l c 2 sin ( q 2 ) 

[
˙ q 2 ˙ q 1 + 

˙ q 2 

− ˙ q 1 0 

]
, (75b) 

 (q ) = 

[
( m 1 l c 1 + m 2 l 1 ) g cos ( q 1 ) + m 2 l c 2 g cos ( q 1 + q 2 ) 

m 2 l c 2 g cos ( q 1 + q 2 ) 

]
, (75c)

here q = [ q 1 , q 2 ] 
� and g = 9 . 81 m / s 2 is the gravitational accelera-

ion. Table 1 gives the definitions and numerical values of the robot

rm parameters. The frictional forces, which are assumed to be un-

nown in the nominal model, are given by 

 ( ̇ q ) = 

1 

2 

[
˙ q 1 + tanh ( ̇ q 1 ) 

˙ q 2 + tanh ( ̇ q 2 ) 

]
. (75d) 

urthermore, the uncertain term 
(.) is assumed to be 

( q, ˙ q , w ) = −
[

tanh ( ̇ q 1 ) sin ( q 1 + q 2 ) 

tanh ( ̇ q 2 ) cos ( q 1 + q 2 ) 

]
+ w, 

w = 

[
cos (πt) sin (t) 

sin ( 2 πt ) cos (t) 

]
. (75e) 
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The initial conditions of the robot dynamics are q (0) =
[ π/ 3 , π/ 3] � and ˙ q (0) = [ −π/ 4 , π/ 8] � , and the desired trajectory

is q d (t) = 

π
2 [1 + sin (t) , − cos (t)] � . 

6.2. Controller parameters 

We consider the nonlinear function (27) with the parameters

a 1 = 

1 
2 , a 2 = 

3 
2 , a 3 = 0 , and ε = 0 . 1 . With these parameters, ac-

cording to the proof of Theorem 2 , the hypergeometric function

associated with the TSM convergence satisfies 

F 

(
1 , 

1 

2 

; 3 

2 

, −z 

)
= 

arctan ( 
√ 

z ) √ 

z 
, (76)

for any z > 0 (see Section 9.12 of [39] ). We select the gain matrices

as L 1 = diag ( 1 , 1 , 1 ) , L 2 = diag ( 1 , 1 , 1 ) , and L 3 = diag ( 1 , 1 , 1 ) . The

exponential rate of the integral term (26) is λ = 0 . 1 . The time con-

stants of the low-pass-filter (24d) are given by T = diag(0 . 1 , 0 . 1)

and the coupling matrix of the integral error surfaces is H =
diag(0 . 1 , 0 . 1) . The DSC gain matrices are selected as K 1 = diag(6 , 3)

and K 2 = diag(1 , 1) . 

To approximate the upper bound function ϱ(.), we consider an

RBFNN with N = 4 hidden neurons. Taking the ranges of the de-

sired signal and its time derivative into account, we consider the

coordinates of the centers as 

c i j = 

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

π
2 

(
i − 1 

N − 1 

)
, if j = 1 or j = 5 , 

−π

2 

+ 

π

2 

(
i − 1 

N − 1 

)
, otherwise , 

(77)

for i = 1 : N and j = 1 : 8 . The width parameter is tuned as

σi j = 3 π for all raised-cosine functions. The gains of the update

law (53) are selected as � = 1 . 5 I and γ = 0 . 1 , and its initial con-

dition is set to zero. The controller design is completed by consid-

ering the robust control term (51) with κ = 1 and ε = 0 . 5 . 

6.3. Simulation results 

The control system is simulated in the MATLAB/Simulink envi-

ronment using the fourth-order Runge–Kutta solver with the time

step of 1ms. To highlight the effect of the proposed integral TSM

design, we also consider the conventional DSC (i.e., H = O and

ψ(.) ≡ 0). The comparative graph of the tracking performance of

the controllers is shown in Fig. 2 , and Table 2 gives the mean

and root mean square (RMS) values of the tracking errors. We ob-

serve that the integral DSC exhibits a better tracking response in

terms of mean, energy, and steady-state values of the errors. Be-

sides, the integral DSC has a faster convergence as its transient

trajectories have more acute slopes compared to the conventional

DSC. But, we note that this results in larger overshoots in the tran-

sient phase. The trajectories of the integral DSC surfaces (24a) –

(24c) and (25a) –(25b) are depicted in Fig. 3 . We see that, in agree-

ment with Theorem 1 , the error surfaces are both bounded and

ultimately bounded. Besides, as per Theorem 2 , the integral TSM

improves the convergence of e 1 with respect to s 1 . Interestingly,

the trajectories of s 1 resemble those of the conventional DSC. The

control torques generated by the controller are shown in Fig. 4 .

Fig. 5 demonstrates the adaptive function approximation perfor-

mance of the RBFNN in identifying the upper-bound function, ϱ(.). 

7. Conclusion 

We combined the merits of DSC, TSM, and NN function approx-

imation to present a novel control method for mechanical systems.

An integral TSM term is introduced into the conventional DSC de-

sign structure. We used RBFNNs with compact supports to adap-

tively adjust the control gain according to the current magnitude
f the disturbances. Comparative simulations showed that the in-

egral DSC outperforms its conventional counterpart in terms of er-

or convergence and robustness. Extending the integral DSC design

o more general classes of nonlinear systems is a possible future

irection of this research. 
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