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Abstract. Let G be an infinite group. Assume that M is a solu-
ble maximal subgroup of G with normal supplement N such that
M ∩ N 6 CoreG(M). We find some necessary condition for solu-
bility of G.

1. Introduction

A subgroup H of G is c-normal if it has a normal supplement N such
that H ∩ N 6 CoreG(H). Group G is c-simple if it has no nontrivial
c-normal subgroup.

Wang [4] introduced the notion of c-normal subgroups and used the
c-normality of a maximal subgroup to establish certain criteria for the
solubility and supersolubility of a finite group. Many authors research
on relationship between c-normality and solubility of group G. In this
article, we extend the previous results on groups with a soluble c-normal
maximal subgroup to infinite groups.

2. Preliminaries and main results

Let G be a finite group. There are some results that express the rela-
tionship between the solubility of G and c-normal maximal subgroups
of G.

Theorem 2.1. [4, Theorem 3.1] Let G be a finite group. Then G is
solvable if and only if every maximal subgroup of G is c-normal in G.
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Theorem 2.2. [4, Theorem 3.4] Let G be a finite group. Then G is
soluble if and only if there exists a solvable c-normal maximal subgroup
M of G.

Theorem 2.3. [4, Theorem 3.5] Let G be a finite group. Then G is
soluble if and only if M is c-normal in G for every maximal subgroup
M of composite index.

Let X be a class of group. A group G is said locally X-group if,
and only if, every finite subset of G generates a X-group. If X is a
finite, nilpotent, and solvable, then G is said to be locally finite, locally
nilpotent, and locally soluble.

Definition 2.4. [2, Page 19] Let G be a group and p be a prime
number. The set of the p-subgroups of G is inductive with respect to
the relation of inclusion, thus every p-subgroup of G is contained in
some maximal p-subgroup. The maximal p-subgroups of G are called
Sylow p-subgroups of G and their set will be denoted in the next by
Sylp(G).

All Sylow p-subgroups of a finite group are conjugated by Sylow’s
theorem. However, this is not necessarily true in infinite groups and
requires additional assumptions. Classically known are the two follow-
ing theorems; the second of them appeared for the first time in a work
by Dietzmann-Kurosch-Uzkov [1] published in far 1938.

Theorem 2.5. [2, Theorem 1.2.3] Let G be a locally finite group hav-
ing a finite Sylow p-subgroup. Then the Sylow p-subgroups of G are
conjugate.

Theorem 2.6. [2, Theorem 1.2.4] If there exists a P ∈ Sylp(G) having
only finite many conjugates, then the Sylow p-subgroups of G with be
conjugate and their number will be ≡ 1 (mod p).

The following theorem represents one of the generalizations of the
Schur-Zassenhaus splitting theorem for locally finite groups.

Theorem 2.7. [2, Theorem 2.2.4] Let N be a Hall normal subgroup of
a locally finite group G, with G/N at most countably infinite. Then G
splits over N .

Lemma 2.8. [2, Theorem 1.1.2]

(1) Locally soluble chief factors of a locally finite group are elemen-
tary abelian.

(2) The chief factors of a locally soluble group are abelian.
(3) The chief factors of a locally polycyclic group are elementary.
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(4) The chief factors of a locally supersoluble group are cyclic of
prime orders.

(5) The chief factors of a locally nilpotent group are central and of
prime orders.

Theorem 2.9 ([4], Theorem 3.4). Let G be a finite group, and let M
be a soluble maximal subgroup of G. If M has a normal supplement N
such that N ∩M 6 CoreG(M), then G is soluble.

We prove the above theorem again with a similar method but it can
be extended to infinite groups

Proof. We can assume that CoreG(M) = 1, since solubility ofG/CoreG(M)
implies the solubility of G. Let L be the minimal normal subgroup of
M and P ∈ Sylp(G) such that L 6 P , where p | |L|. Since CN(L) and
CP∩N(L) are subgroups of NG(L) = M , so CN(L) = 1 and P ∩N = 1,
therefore p - |N | (see [3, Ch-6, Theorem 2.3]). By [3, Ch-6, Theo-
rem 2.2(i)], we can assume that there exist Q ∈ Sylq(N) such that

QL = Q, where q is prime divisor of |N |. Since for any m ∈ M ,
(Qm)L = (QL)m = Qm, so by [3, Ch-6, Theorem 2.2(ii)], Q = Qm.
Therefore G = QM and so G is soluble. �

Corollary 2.10. Let G be a finite group and M be a maximal soluble
subgroup of G. If M has a normal supplement N such that M ∩N 6
CoreG(M), then M = G is soluble.

Proof. Assume that M 6= G. Since G is finite, we can chose a subgroup
M1 6 G, such that M is a maximal subgroup of M1. By assumption,
M1 = (N ∩M1)M and N ∩M 6 CoreG(M) 6 CoreM1(M). According
to Theorem 2.9, M1 is soluble, a contradiction. �

Corollary 2.11. Let G be a group with soluble maximal subgroup M
of finite index. If M has a normal supplement N such that M ∩N 6
CoreG(M), then G is soluble.

Proof. Since Ḡ = G/CoreG(M) is finite with a soluble maximal sub-
group M̄ . Since N̄ ∩ M̄ = 1, thus Ḡ and so G is soluble. �

Theorem 2.12. Let G be a locally finite group with a core free locally
soluble maximal subgroup M and N be a normal complement of M .
Assume that,

(i) a minimal normal subgroup L of M , is finite;
(ii) any Sylow p-subgroup of G∗ = NL satisfies the normalizer con-

dition, where π(L) = {p};
Then G = QM , where Q E G is an elementary abelian Sylow q-
subgroup and q 6= p. Furthermore, if M is soluble then G is soluble.
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Proof. Let L be a minimal normal subgroup of M . Since M is lo-
cally soluble, L is elementary abelian for some prime p ∈ π(M) (by
Lemma 2.8-(1)). As CN(L) 6 NG(L) = M , so CN(L) = 1. Set
G∗ = NL and assume that P ∈ Sylp(G

∗), such that L 6 P . If
P ∩ N 6= 1, then L < L(P ∩ N) 6 P . By assumption L is proper
subgroup of its normalizer in G∗, so L E G, which is contract to
CoreG(M) = 1. Therefor p 6∈ π(N).

Step 1: N contains a L-invariant Sylow q-subgroup for some prime
q ∈ π(N).

Assume that Q ∈ Sylq(N), then G∗ = NNG∗(Q) by Frattini ar-
gument. Since (π(G∗/N), p) = 1, so NG∗(Q) spited over NN(Q) (by
Theorem 2.7) and hence NG∗(Q) = NN(Q)S for some p-subgroup S,
therefore, G∗ = NS. Since for some y ∈ N , L = Sy, (by Theorem 2.5),
so Qy is L-invariant.

Step 2: Any L-invariant Sylow q-subgroups Q of N is M -invariant.
Let Q ∈ Sylq(N) be L-invariant. For any m ∈M ,

(Qm)L = (QL)m = Qm.

Now for some y ∈ N , Q = Qmy. As Qmy is Ly-invariant, so Q is L and
Ly-invariant. Thus L and Ly both are Sylow p-subgroups of NG∗(Q),
hence for some x ∈ NG∗(Q), L = Lyx. Therefore [L, xy] ∈ L ∩ N = 1
and so xy ∈ CN(L) = 1. Then y = x−1 and Qm = Qx = Q.

Therefore G = QM and Q E G. Since Q is locally nilpotent and M
is maximal subgroup of G, so Q is elementary abelian q-group. �

In Theorem 2.12, if Q is finite, then G is finite, for G/CM(Q) ↪→
Aut(Q) and CM(Q) 6 CoreG(M) = 1.

Corollary 2.13. Let G be a locally finite group with a soluble maximal
subgroup M . Assume that N be a normal supplement of M such that
N ∩M 6 CoreG(M). If

(i) a minimal normal subgroup L/C of M/C, is finite, where C =
CoreG(M);

(ii) any Sylow p-subgroup of G∗ = NL/C satisfies the normalizer
condition, where π(L) = {p}.

Then G is soluble.

Proof. With lose of generality we can assume that CoreG(M) = 1. So
G = NM and N is complement of M in G. By Theorem 2.12, the
result is achieved. �
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