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Abstract⎯Although the Volterra models are non-parsimonious ones, they are being used because they can
mimic dynamics of complex systems. However, applying and identification of the Volterra models using data
may result in overfitting problem and uncertainty. In this investigation we evaluate capability of different
wavelet forms for decomposing and compressing the Volterra kernels in order to overcome this problem by
reducing the number of the model coefficients to be estimated and generating smooth kernels. A simulation
study on a rainfall−runoff process over the Cache River watershed showed that the method performance is
successful due to multi-resolution capacity of the wavelet analysis and high capability of the Volterra model.
The results also revealed that db2 and sym2 wavelets have the same high potential in improving the linear
Volterra model performance. However, QS wavelet was more successful in yielding smooth kernels. More-
over, the probability of overfitting while identifying the nonlinear Volterra model may be less than the linear
model.
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INTRODUCTION
The rainfall-runoff (R-R) relationship is known to

be highly non-linear and complex due to large tempo-
ral and spatial variability of watershed characteristics
and patterns of precipitation as well as the number of
input variables of the model. Most hydrologists have
adopted the black box models, which often avoid
addressing problems of having insufficient data or
knowledge on hydrologic system processes [1].

The Volterra model is a general mathematical sin-
gle input single output (SISO) model (integral opera-
tor) for a linear or non-linear black-box system [11].
The Volterra models can fit any complex dynamic sys-
tems, without necessity to assume model structure.
However, Volterra models are non-parsimonious ones
with a large number of unknown parameters. There-
fore, large amounts of data are used for the determina-
tion of the Volterra model parameters with less error

and overfitting problems. The simplest method for the
solving and identification of the Volterra model is the
ordinary least-squares (OLS) method, which is based
on minimizing sum of square errors between measure-
ments and model estimations [16]. If the Volterra
model has too many parameters to be estimated, then
the OLS method may not perform successfully and
overfitting occurs [2]. In order to overcome this prob-
lem, one can develop a parsimonious Volterra model
and identify the corresponding model from the
observed data.

One can construct the parsimonious Volterra
model using the compression capabilities of wavelets.
By analyzing a sequence using the discrete wavelet
transform (DWT), it is localized in frequency and time
domains. From the nature of the Volterra coefficients,
a large number of wavelet coefficients can be removed,
and so there will be fewer coefficients to be estimated.

Some researchers applied the Volterra model in
hydrology and R-R simulation. Papazafiriou [17] sim-1 The article is published in the original.
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ulated R-R process using the time-invariant first-
order linear and second-order nonlinear Volterra
models. Napiorkowski [12] modeled f low in open
channels and surface runoff systems using a model of
a cascade of nonlinear reservoirs. The model was
equivalent to the first two terms of the second-order
Volterra series. Labat et al. [7] applied Volterra first
order and second order convolution and a new nonlin-
ear threshold model based on the frequency distribu-
tion of runoff at inter-annual mean daily scale over
two karstic watersheds, using rainfall and spring out-
flow data at two semi-hourly and daily scales.
Maheswaran and Khosa [9] combined wavelet
decomposition with Volterra models to forecast
streamflow and compared it with the wavelet-based
linear and nonlinear models such as the wavelets-arti-
ficial neural networks models.

Wavelets have been used successfully in hydrome-
teorology and hydrology studies. For example, Labat
et al. [7] used the wavelets to explain the non-station-
arity in the karstic watersheds. Wavelet analysis of
rainfall and runoff values gives important information
about the temporal variability of the R-R relationship.
Chou and Wang [3] used the DWT to decompose and
compress the unit hydrograph. The authors estimated
the wavelet coefficients of the UH on-line, using a
wavelet-based algorithm. Kamruzzaman et al. [6]
compared time series models for streamflow simula-
tion that use lagged rainfall as inputs, with models that
use cross product and quadratic terms of the discrete
wavelet coefficients of lagged rainfall.

It is important to note that none of the above men-
tioned studies applies wavelets for constructing the
parsimonious Volterra model for R-R simulation.
Chou [2] was the first investigator to have proposed a
wavelet-based model for simulating nonlinear R-R
processes and flood forecasting in a river watershed.
He used the DWT to decompose the kernels of the
second-order Volterra model and thus modeled the
nonlinear R-R processes. The validation results
proved the effectiveness of the proposed wavelet-based
method. However, the author applied only one
mother wavelet, i.e. quadratic spline (QS), and did not
evaluate the ability of other, possibly more advanta-
geous, wavelet forms for identifying the Volterra
model.

The issue of mother wavelet selection is very
important in different applications such as when seek-
ing to apply wavelets for developing the parsimonious
Volterra model in hydrologic forecasting studies. The
novelty of this study is that it evaluates different wave-
let forms for developing a parsimonious Volterra
model for R-R simulation. Moreover, it is examined
whether using the OLS method for identifying the
Volterra kernel may result in data-overfitting. Papaza-
firiou [17] and Labat et al. [7] have compared perfor-
mances of linear and non-linear models for the R-R
modeling.

This study evaluates the capability of the linear and
nonlinear first- and second-order Volterra models for
mimicking the essential features of the R-R process.
The investigation is implemented on the Cache River
watershed and the results are presented herein. This
paper is organized as follows. First, the structure of the
Volterra model is described and identified using the
conventional OLS method. Then the definition of the
wavelet transform is presented. It is explained how to
apply the DWT for decomposition and compression of
the Volterra model. After introducing the case study,
discussion of results obtained is offered and conclu-
sions drawn.

MATERIALS AND METHODS

Volterra Model

The Volterra series are an important representation
of a nonlinear system. Given the input u and output y
variables of the model, the Volterra kernels are identi-
fied by solving some linear equations [2]. The discrete
form of the Volterra model is written as:

(1)

where h( j) and g(i, j) indicate the first-order kernel
and second-order kernel of the Volterra model,
respectively, which act as the weighting coefficients on
the past input to the system. The m1 and m2 are the
length of data or memory in the linear and nonlinear
parts of the Volterra model, respectively. The length of
the inputs (u) of the model should be greater than 2m1
and 2m2 [15]. The y1k and y2k state the Volterra model
output obtained at the linear and nonlinear parts of
the Volterra model, respectively, and the εk represent
the random noise (with zero mean) of the model out-
put.

The major drawback of the Volterra model is the
exponential growth of the model parameters with the
memory and order of the model, which causes prob-
lems on identification of the model particularly when
the system is strongly nonlinear [5]. Since, an infinite
Volterra series is not possible to implement in a prac-
tical study, a truncated Volterra model is used. Latter-
mann [8] corroborated the heuristic finding that
including a second term to the linear hydrological
model is useful for an accurately approximation, so the
present study uses a second-order Volterra model for
the R-R process. Moreover, since in some cases the
linear models give good results, so in this study the
performance of the linear first-order Volterra (FOV)
model (analogous to the classical instantaneous unit
hydrograph, IUH) is also evaluated for simulation of
the R-R process. The first- and second-order Volterra
(SOV) models are defined as follows:
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FOV model: (2)

(3)

Identifying FOV and SOV Models in Time Domain

One of the major tasks in modeling of nonlinear
systems using the Volterra model is to determine the
Volterra kernels in time domain. In this study, the OLS
method is applied to identify the linear and nonlinear
Volterra model and its efficiency is evaluated. Assume
that discrete convolution structure of the system is as
follows [16]:

(4)

where , ,

 and the symbol T stands for
transposition. The coefficient matrix G of the kernel is
assumed to be symmetric with no loss of generality.
Therefore, only  coefficients (of

the  second-order coefficients) are determined.
The linear coefficients number is equal to M1 = m1. All
elements in the lower-triangular part of matrix G are
constructed the vector . Then y2k can be
stated as:

(5)

where  = 
 and

Therefore, the Volterra model as Eq. (4) can be written
in the standard linear regression form as:

(6)

where  and . Therefore, the OLS

method can be used to estimate the unknown param-
eter θ. The OLS method produces the least-squares
error between the observed (yk) and estimated ( )
outputs. The objective function (F) is defined as:
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The minimization of the objective function F leads to
an estimator of the kernels:

(8)

Note that for the FOV model the OLS method is also
used for solving the linear regression form of the
model defined as:

(9)

Wavelet Theory

The wavelet function  has two properties:
(1) The integral of the function is zero:

(10)

(2) The function has finite energy and is square
integrable:

(11)

Selection of an appropriate wavelet is very import-
ant task and depends on the properties of the wavelet
function and the problem at hand [10]. In this study,
different wavelet forms namely, Daubechies (dbN),
symlets (symN), coiflets (coifN), Haar (haar) and
quadratic spline (QS) are used for analysis. Table 1
presents the characteristics of these wavelets. The
main reason for choosing these wavelets is the
biorthogonality characteristic of these wavelets with
their duals.

Identifying the Second-Order Volterra 
Model Using Wavelet

The 1-D and 2-D DWT can be applied for decom-
posing and compressing the first- and second-order
kernels of the Volterra model, respectively. More
information about 1-D and 2-D DWT can be found at
[16].

In order to compress a model using wavelets, one
must first determine the DWT coefficients of the ker-
nels (  and  of h and  kernels, respectively). Then
retain only the coefficients with magnitude above a
certain threshold value and set the rest to zero. There-
fore, one can compress  to  and  to  of smaller
dimensions. Then, the second-order Volterra model
can be written as [16],
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where

and

and  and  are the compressed DWT of the
input vector  and  w.r.t. the dual wavelet,
respectively.

The Eq. (12) is also a linear equation. However, it
has a much shorter vector θc (of length equal to

) than the vector θ to be identified. The
compressed kernels can be identified using the OLS
method as [16],

(13)

where the matrix  and  are the 1-D and 2-D
IDWT, respectively.

True selection of coefficients in  and  to set
them to zero is required for accurate identification of
the Volterra model [16]. In this study, the way of
thresholding was taken from [2] and revised as shown
below:

Step 1. Choose resolution level l for the linear and
nonlinear parts of the second-order Volterra model
based on the length of kernels. Obtain the DWT of the
Volterra model. Determine a set of indices for detail
coefficients to retain based on certain thresholds.

Step 2. Estimate the DWT retained coefficients
using observed R-R data.

Step 3. Perform tests on the prediction residuals
and model performance using some criteria such as
RMSE.

Step 4. If the criteria values were satisfactory and
the kernels shape were in correct and smooth forms
then go to step 6, otherwise continue.

Step 5. Adjust the thresholds. Add or drop the
detail coefficients according to the adjusted thresh-
olds, and repeat steps 2–4.

Step 6. Stop.

1

2 Ω

kc
kc T

klt c

⎡ ⎤
∅ = ⎢ ⎥

⎣ ⎦

v

v

�

�

⎡ ⎤= ⎢ ⎥
⎣ ⎦

η
θ ,

γ
c

c
ltc

1ckv� 2 Ω
T

klt cv�

1ku 2 Ω
T

kltv�

1 2c cM M+

( )
1 1

2 2

η 0
θ ,

γ 0v
ˆ

e

ˆ
ˆc

c c
c

ltcc

h X X
X XG

⎡ ⎤ ⎡ ⎤ ⎡ ⎤= =⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦⎣ ⎦

1X 2X

η γ lt

Case Study and Data Used

This study uses R-R data of the Cache River catch-
ment (Fig. 1) located at Forman in the south of Il1in-
ois just north of the confluence of the Ohio and Mis-
sissippi rivers. The catchment of the 630 km2 area has
well-developed drainage network and mild slopes.
The available data pertain to eight R-R events
observed in the period 1935–1951 that had been used
in the past by such researchers as Diskin and Boneh
[4], Napiórkowski [12], Napiórkowski and Kundze-
wicz [13] and Napiórkowski and Piotrowski [14]. The
data of the first six events are used for calibrating the
models and the last two for testing them.

Comparison of Models

In order to quantitatively examine the performance
of Volterra models, the one-day ahead predictions
were evaluated based on the following five perfor-
mance criteria:

(1) Coefficient of efficiency (CE):

(14)

where  (mm/day) and  (mm/day) represent the
discharge of the simulated and observed hydrographs
at the time i,  (mm/day) denotes the average
observed discharge at the time i and n is the data points
number. The closer the CE is to one, the better the fit.

(2) Root Mean Square Error (RMSE):

(15)

(3) The relative error of total volume (EV):
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Table 1. Some properties of different wavelets

Property haar dbN symN coifN QS

Compactly supported • • • • •
Symmetry • •
Near symmetry • •
Asymmetry •
Arbitrary number of vanishing moments • • •
Exact reconstruction • • • • •
Discrete transform • • • • •
Orthogonal analysis • • • • •
Biorthogonal analysis • • • • •
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(16)

(4) The relative error of peak discharge (EQp, %):

(17)

where  (mm/day) and  (mm/day) represent the
peak discharge of the simulated and observed hydro-
graphs.

(5) The error of the time-to-peak (ETp):

(18)

where  (day) and  (day) denote the time-to-peak
for the simulated and observed hydrograph, respec-
tively.
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RESULTS AND DISCUSSION
Identifying FOV and SOV Models in Time Domain
In this study, six storm events over the Cache River

catchment were connected in series and considered as
a single event for the calibration of the model. The
time lag used for the inputs of the model is 1 day,
which is the same as the duration of the effective rain-
fall pulses. The number of parameters of the FOV
model was chosen equal to 14 using the OLS and a trial
and error method in order to minimize the objective
function (F) value. Since the data length (89 days)
should be much greater than the memory length (2m1)
for noise smoothing, so the number 14 is almost
acceptable. Figure 2a displays the first-order kernel of
the FOV model calibrated using the six events. It
demonstrates that the kernel is smooth; however, there
are oscillations at the tail end. The kernel is character-
ized by a sharp peak, a rapid decrease and an upward
trend at the end. The first-order kernels obtained by
Labat et al. [7] using different identification methods
for the FOV model were also characterized by a sharp
peak, a rapid decrease and some oscillations near zero.

Fig. 1. Cache river catchment.
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However, Papazafiriou [17] obtained a completely
smooth first-order kernel with 96 parameters for the
FOV model.

The numbers of parameters at the both linear and
nonlinear parts of the SOV model were chosen equal
to 28 and 14 using the OLS and a trial and error
method. This time, the input data length (89) is not
much greater than 56 (2 × 28) and 28 (2 × 14).
Figures 2b−2c indicate kernels of the SOV model. It
can be seen from Fig. 3b that the kernel has oscillations
at the beginning. Such a behavior is seen at the begin-
ning of the first-order kernel with 32 parameters
obtained by Chou [2] for a SOV model. The second-
order kernel of the SOV model in Fig. 2c is fairly
smooth; however it exhibits four peaks. The kernel
shape is somewhat similar to that obtained by Labat et
al. [7]. In general, the OLS method did not yield com-
pletely smooth kernels. This result is in agreement
with those obtained by Chou [2] who found that the
conventional methods are not accurate for identifying
the Volterra model because of many unknown param-
eters of the model.

Figure 2d shows the calibration results obtained
from the FOV and SOV models for the six storm events
artificially placed next to each other. The figure indi-
cates that the FOV model overestimates the peak f lows
for the last five storms. However, it predicts the time to
peak quite precisely. Moreover, it preserves the shape
of the rising and recession limbs of the hydrographs
with less error. The SOV model does not overestimate
the peak f lows. It also predicts the time to peak and the
rising limbs of the hydrographs more or less accu-
rately. However, it predicts the recession limbs with
large error. Table 2 summarizes the performance crite-
ria values associated with the Volterra models solved
using the OLS method in time domain for the calibra-
tion and validation stages. The Table 2 reveals that the
FOV model outperforms the SOV based on the all per-
formance criteria values except the EQp at the calibra-
tion stage. However, difference between the models
performances is not large, except for criteria EV and
EQp.

Figures 4a–4b show the observed and simulated
runoff by the FOV and SOV models at the validation
stage. The FOV model overestimates the peak f lows.

Fig. 2. The first-order kernel of the FOV model (a), two kernels of the SOV model, first-order kernel (b) and Second-order
kernel (c), and calibration results obtained from the models using the OLS without wavelet compression (d).

12 141086420

(a)

15
10

5
0 0

5
10

15

×10–3

0.10

0.15

0.20

0.25

0.30

0.05

5

4
3
2

1
0

0.35

3020100

F
ir

st
-o

rd
er

 k
er

ne
l

F
ir

st
-o

rd
er

 k
er

ne
l

0.0002
0.0003
0.0004
0.0005
0.0006
0.0007
0.0008

0.0001

0.0009

806040200

10
15
20
25
30
35
40

5

45

Time, day Time, day

Time, day

Time, day
Time, day

Se
co

nd
-o

rd
er

 k
er

ne
l

D
is

ch
ar

ge
, m

m
/d

ay
 Obs. discharge

Est. discharge (SOV-OLS)
Est. discharge (FOV-OLS)

(b)

(c) (d)



574

WATER RESOURCES  Vol. 44  No. 4  2017

MAHSA H. KASHANI et al.

Fig. 3. The first-order kernel of the FOV model calibrated using the OLS without (solid line) and with (broken line) compression
of different wavelets, (a) Haar; (b) db2; (c) db3; (d) sym2; (e) coif1; and (f) QS wavelet.
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The SOV model predicts the peak discharge more pre-
cisely for event 7; but underestimates the peak value in
the case of event 8. Both models, estimate the times to
peak more or less accurately for both events. Note that
the FOV model presents overfitting problem and its
error in estimating peak discharges has increased sig-
nificantly at the validation stage. In other words, the
SOV model with more parameters than the FOV (105
and 14 parameters, respectively) does not show over
fitting, while both the models use the same number of
data samples for calibrating. This is due to the fact that
the model structure affects quality of learning and
determining the relationship between the inputs and
outputs of the model. In other words, the nonlinear
SOV model is more capable than the linear FOV in

learning the relationship. Generally, it can be con-
cluded that using the OLS method for identifying the
Volterra model does not always result in overfitting; it
depends on the model structure, number of the cali-
bration data samples and number of the Volterra
orders.

According to Table 2, the average values of the per-
formance measures (except the EQp) at the validation
stage indicate that the FOV model is more capable
than the SOV in R-R simulation. However, the differ-
ence between the models results is not so large based
on the all criteria (except the EV criterion which is
high for the SOV). However, one cannot conclude
surely about a model performance and potential only
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by evaluating performance criteria. Herein, Fig. 4
shows that the FOV model overestimates the peak dis-
charges and this causes some criteria such as the
RMSE and EV to show lower values and some others
such as the CE to show fairly high values. In fact, the
FOV model performance is fairly poor at the valida-
tion stage and as mentioned earlier, it faces overfitting

problem. Since an overfitted model has high uncer-
tainty, so it cannot be a superior model than the SOV.
Therefore, the SOV model is more suitable model than
the FOV for R-R process simulation of the catchment.
Moreover, since in this study the second-order kernel
values of the SOV model is much greater than the first-
order kernel, hence the nonlinear part of the SOV
model has an important role in simulation; and it can
be concluded that the nonlinear SOV model is supe-
rior to the linear FOV.

Identifying FOV and SOV Models 
Using Wavelet Compression

Since the FOV model showed overfitting problem
in its results, so in order to overcome this problem
there is a need to use wavelet compression and reduce
the number of model parameters. In this investigation,
different wavelet functions were applied to decompose
and compress the kernel of the FOV model. In this
case, we assumed that the memory length of the model
kernel is an integral power of 2 according to the char-
acteristics of the wavelet analysis. Figure 3a-f show the
first-order kernel of the FOV obtained using the OLS
with wavelet compression for the Haar, db2, db3,
sym2, coif1 and QS wavelets, respectively. As it can be
seen from the figure and as expected, compression
using the Haar wavelet did not yield smooth kernel.
Moreover, the kernel shape is not acceptable and dif-
fers from the original kernel shape. Therefore, it is not
recommend using the Haar wavelet for compression of
the Volterra kernels. The Haar wavelet is a simple
wavelet. It has poor filtering characteristics [2]. The
db2 wavelet is more or less successful and yields fairly
smooth kernel. However, the suitability of this wavelet
will be evaluated certainly by calculating the validation
hydrographs. The sym2 wavelet shows a very similar
performance to the db2. The db3 and coif1 do not
yield acceptable kernel shapes. According to Fig. 3f, it
can be seen that the QS wavelet yields a completely

Table 2. The calibration and validation results associated with the FOV and SOV models without wavelet compression
(the bold numbers indicate the best model; the average row presents the averages of the absolute values)

Calibration

Events
CE RMSE, mm/day EV, % EQp, % ETp, day 

SOV FOV SOV FOV SOV FOV SOV FOV SOV FOV

In series 0.81 0.92 3.45 2.15 −21.35 8.15 3.95 −8.39 −1 0

Validation

Events
CE RMSE, mm/day EV, % EQp, % ETp, day 

SOV FOV SOV FOV SOV FOV SOV FOV SOV FOV

7 0.40 0.46 4.63 4.41 −27.71 3.51 7.45 26.59 −1 0
8 0.28 0.49 3.26 2.76 −52.95 3.81 −25.68 28.15 −1 −1

Average 0.34 0.47 3.94 3.58 40.33 3.66 16.56 27.37 1 0.5

Fig. 4. The validation results obtained from the FOV mod-
els using OLS with and without wavelets compression for
event 7 (a) and 8 (b).
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smooth kernel. The kernel is characterized by a sharp
peak, and then a rapid decrease. Therefore, the effi-
ciency of the db2 (or sym2) wavelet will be compared
with the QS at the validation stage.

Figures 4a, 4b shows the validation hydrographs
obtained using OLS with and without the db2 and QS
wavelets. The figure shows that the peak f lows and
times to peak of the hydrographs obtained by the db2-
wavelet compression are very close to the actual val-
ues. The accuracy of the rising limbs of the hydro-
graphs has improved; but the recession limbs still show
some oscillations. The performance of the model is
also improved by the QS-wavelet compression. The
rising limbs of the hydrographs are closer to the actual
limbs. However, the peak f lows, times to peak and the
recession limbs indicate errors. Generally, it seems
that db2-wavelet is more successful than the QS in
improving the FOV performance. However, the QS
may be more capable when the model shows high
overestimations.

Tables 3, 4 quantitatively compare the three meth-
ods using the five selected performance criteria. The
model performance with wavelet compression is
almost similar to the model without wavelet compres-
sion and it is logical to find errors in model results
because of eliminating some parameters of the model.
However, the validation results show that the CE for
the OLS−db2 and OLS−QS (average value of 0.71) is
more than that for the OLS (average value of 0.47),
and the average value of RMSE for the OLS−db2 and
OLS−QS (2.66 and 2.64, respectively) is less than that
of the OLS (3.58). According to the average value of
EV criteria, the OLS−db2 and OLS−QS (0.37 and
0.09%, respectively) perform significantly better than
the OLS (3.66%). The average value of the EQp criteria
for the OLS−db2 and OLS−QS is 4.68 and 27.35%,
respectively which bring improvement to the peak dis-
charge estimated by the OLS (average value of
27.37%). The prediction of peak discharge is very

important task for f lood protection projects and warn-
ing systems. The OLS−db2 method outperforms the
OLS according to the ETp criteria. However, the
OLS−QS method shows a bit more error than the
OLS. Generally, it can be concluded that wavelet
compression improves the FOV model performance
by reducing the number of unknown parameters to be
estimated, and preventing overfitting.

While using a finite set of observation data, overfit-
ting occurs applying the OLS method for identifying
the Volterra model, since several unknown parameters
must be estimated. By using wavelet compression, one
can generate smoother kernels to get better validation
results. This result is in agreement with Chou [2]. The
performance of the OLS−db2 method is almost the
same with the OLS−QS. However, it shows high abil-
ity in precisely estimating the peak f lows. Moreover,
the OLS−db2 reduces the 16 estimated parameters of
the FOV model to 4, while the OLS−QS method
reduces the number to 7. In other words, the OLΣ−db2
provides better compression than compression with
the OLS−QS method.

Since the SOV model did not show overfitting,
hence it seems that that there is no need to use wavelet
compression and reduce the model parameters. How-
ever, herein, we investigate the effects of using wavelet
compression on the kernels obtained. We assumed
that the memory length for the nonlinear and linear
parts of the SOV model is 16 and 32, respectively. The
first-order kernels obtained using the db2 and QS
compression are shown in Figs. 5a, 5b. The figure
indicates that both of the linear kernels have very large
dimensions and negative ordinates which cause large
and negative discharges of generated hydrographs.
However, the shape of the kernel yielded by the QS-
compression is very close to the shape of a hydro-
graph; while the db2-compression is not more able to
derive the kernel in a correct form. It seems that the
QS-wavelet is suitable for kernel compression of the

Table 3. The calibration and validation results associated with the FOV using OLS with and without db2-wavelet compres-
sion (the bold numbers indicate the best model; the average row presents the averages of the absolute values)

Calibration

Events
CE RMSE, mm/day EV, % EQp, % ETp, day 

OLS−db2 OLS OLS−db2 OLS OLS−db2 OLS OLS−db2 OLS OLS−db2 OLS

In series 0.79 0.92 3.61 2.15 0.42 8.15 −19.35 −8.39 0 0

Validation

Events
CE RMSE, mm/day EV, % EQp, % ETp, day 

OLS−db2 OLS OLS−db2 OLS OLS−db2 OLS OLS−db2 OLS OLS−db2 OLS

7 0.70 0.46 3.28 4.41 0.37 3.51 8.88 26.59 0 0
8 0.72 0.49 2.04 2.76 0.37 3.81 0.49 28.15 0 −1

Average 0.71 0.47 2.66 3.58 0.37 3.66 4.68 27.37 0 0.5
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Table 4. The calibration and validation results associated with the FOV using OLS with and without QS-wavelet compres-
sion (the bold numbers indicate the best model; the average row presents the averages of the absolute values)

Calibration

Events
CE RMSE, mm/day EV, % EQp, % ETp, day 

OLS−QS OLS OLS−QS OLS OLS−QS OLS OLS−QS OLS OLS−QS OLS

In series 0.72 0.92 4.20 2.15 0.11 8.15 −46.33 −8.39 0 0

Validation

Events
CE RMSE, mm/day EV, % EQp, % ETp, day 

OLS−QS OLS OLS−QS OLS OLS−QS OLS OLS−QS OLS OLS−QS OLS

7 0.71 0.46 3.21 4.41 0.09 3.51 −28.75 26.59 −1 0

8 0.71 0.49 2.07 2.76 0.09 3.81 −25.96 28.15 −1 −1

Average 0.71 0.47 2.64 3.58 0.09 3.66 27.35 27.37 1 0.5

Fig. 5. The first-order kernel of the SOV model calibrated using the OLS with db2 wavelet compression, (a), and two kernels of
the SOV model calibrated using the OLS with QS wavelet compression, (b): first-order kernel and (c): second order kernel.
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SOV model. The derived second-order kernel using
the QS is shown in Fig. 5c. It can be seen from the fig-
ure that the kernel is not smoother than the previous
uncompressed one. In general, wavelet compression
did not yield correct kernels and therefore, cannot
improve the SOV model performance. This means
that the estimated parameters of the SOV model have
not insignificant values. It can be concluded that
wavelet compression may not be efficient when the
Volterra model does not face overfitting problem.

CONCLUSIONS
This investigation adopted the linear and nonlinear

Volterra model of nonlinear R-R system and evaluated
different wavelet functions to develop parsimonious
first- and second-order Volterra models (FOV and
SOV) efficiently. The linear FOV model showed over-
fitting problem; and hence, its performance was not
superior to the nonlinear SOV model. Identifying the
Volterra model using OLS method may or may not
result in overfiiting; it may depend on number of the
model parameters, number of calibration data samples
and number of the Volterra model orders. The selec-
tion of mother wavelet has an important role in
decomposing and compressing the Volterra kernels.
Since the Haar, coif1 and db3 wavelets did not yield
smooth and correct kernels, they are not suitable
wavelets for compressing the Volterra kernels. The db2
and sym2 wavelets were successful for developing par-
simonious FOV model and improving the model per-
formance significantly. Moreover, these wavelets pro-
vided better compression than the QS-wavelet. How-
ever, the QS-wavelet was more capable to yield
smoother kernels. This wavelet may be more efficient
when the model indicates high over estimations.
Wavelet compression eliminates overfitting and
increase the efficiency of the model. The method with
fewer parameters, compressed using wavelet,
showed more precise results at the validation stage.
Therefore, it was revealed that wavelet compression
can capture the signals characteristics, to model the
nonlinear R-R process accurately.

This work constitutes a useful reference which rec-
ommends applying the db2 (or sym2) and QS wavelets
for compressing kernel of the FOV model and using
the QS for developing parsimonious SOV model.
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