-

Modeling flood event characteristics using
D-vine structures

Maryam Shafaei, Ahmad Fakheri-Fard,
Yagob Dinpashoh, Rasoul Mirabbasi &
Carlo De Michele

Theoretical and Applied Climatology
ISSN 0177-798X

Theor Appl Climatol
DOI 10.1007/500704-016-1911-x

Theoretical and
Applied Climatology

@ Springer



Your article is protected by copyright and

all rights are held exclusively by Springer-
Verlag Wien. This e-offprint is for personal
use only and shall not be self-archived

in electronic repositories. If you wish to
self-archive your article, please use the
accepted manuscript version for posting on
your own website. You may further deposit
the accepted manuscript version in any
repository, provided it is only made publicly
available 12 months after official publication
or later and provided acknowledgement is
given to the original source of publication
and a link is inserted to the published article
on Springer's website. The link must be
accompanied by the following text: "The final
publication is available at link.springer.com”.

@ Springer



Theor Appl Climatol
DOI 10.1007/s00704-016-1911-x

@ CrossMark

ORIGINAL PAPER

Modeling flood event characteristics using D-vine structures

Maryam Shafaei' - Ahmad Fakheri-Fard' - Yagob Dinpashoh1 - Rasoul Mirabbasi? -

Carlo De Michele®

Received: 16 March 2016 / Accepted: 12 August 2016
© Springer-Verlag Wien 2016

Abstract The authors investigate the use of drawable (D-)vine
structures to model the dependences existing among the main
characteristics of a flood event, i.e., flood volume, flood peak,
duration, and peak time. Firstly, different three- and four-
dimensional probability distributions were built considering
all the permutations of the conditioning variables. The Frank
copula was used to model the dependence of each pair of var-
iables. Then, the appropriate D-vine structures were selected
using information criteria and a goodness-of-fit test. The influ-
ence of varying the data length on the selected D-vine structure
was also investigated. Finally, flood event characteristics were
simulated using the four-dimensional D-vine structure.

1 Introduction

Copula is a multivariate probability distribution with uniform
marginal distributions (Salvadori et al. 2007). The copula allows
investigating the dependence structure among the variables, inde-
pendently by the probabilistic behavior of each variable.
According to the Sklar theorem, any multivariate joint distribution
can be written in terms of univariate marginal distributions and a
copula(Sklar 1959). Early studies involving copulas in hydrology
were performed by De Michele and Salvadori (2003), Salvadori
and De Michele (2004a, b), and Favre et al. (2004).
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Since then, copulas have been widely applied in several
hydrologic applications, including flood frequency analysis
(De Michele et al. 2005; Zhang and Singh 2006; Karmakar
and Simonovic 2009; Janga and Ganguli 2012a; Sraj et al.
2015), drought-related studies (Kao and Govindaraju 2008;
Janga and Ganguli 2012b; Mirabbasi et al. 2012; De
Michele et al. 2013; Mirabbasi et al. 2013; Salvadori and
De Michele 2015), rainfall characteristic analysis (Salvadori
and De Michele 2006; Grimaldi and Serinaldi 2006; Zhang
and Singh 2006; Singh and Zhang 2007) and groundwater-
related studies (Janga and Ganguli 2012c), the return peri-
od of multivariate events (Salvadori and De Michele
2004b, 2007, 2010; Salvadori et al. 2011 2013), and mul-
tivariate hazard scenarios and failure probabilities
(Salvadori et al. 2016).

However, it must be noted that the use of copula function in
multidimensional hydrologic problems (with a dimension
d > 3) is quite limited. In particular, Serinaldi and Grimaldi
(2007), Genest et al. (2007), and Ganguli and Reddy (2013)
considered three variables in the analysis of flood events, Kao
and Govindaraju (2008) and Salvadori and De Michele (2006)
in rainfall investigations, and Song and Singh (2010) and Ma
et al. (2013) in drought studies. Applications of four-
dimensional copulas in hydrology are rare, and we can refer
only to De Michele et al. (2007), where a four-dimensional
copula has been for the analysis of sea storm events. Serinaldi
and Grimaldi (2007) applied a fully nested asymmetric
Archimedean copula for a three-dimensional frequency anal-
ysis. However, the flexibility of this method is progressively
reduced with the increasing of the dimension. Genest et al.
(2007) presented meta-elliptic copulas for modeling three-
dimensional hydrologic data. The use of copulas, in higher
dimensions than two, gives a heavy computational burden.
The vine construction method does not include any of the
mentioned drawbacks.
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A vine tree structure is a method to build high-dimensional
probability distributions, based on the mixing of conditional
two-dimensional distributions, which represent the building
blocks of multivariate distributions. This method has been
introduced by Joe (1997). Bedford and Cooke (2001, 2002)
developed the technique of multivariate density decomposi-
tion and represented the vine method graphically. If the distri-
butions are copulas, then the vine is referred as vine copula.
This last is becoming a popular model in finance (see, e.g.,
Nikololoupoulos et al. (2012); Zhang (2014)), as well as in
geophysics and hydrology (see, e.g., Gyasi-Agyei and
Melching (2012); Griler et al. (2013); Xiong et al. (2014)).
Here, three- and four-dimensional multivariate distributions of
flood variables (namely, flood volume V¥, flood peak P, dura-
tion D, and peak time 7p) are constructed using D-vines, con-
sidering data collected at Ripetta station (Rome) on Tiber river
basin (central Italy). In this study, D-vine structures are con-
structed for different lengths of data sample (namely, first 30,
60, 120, 200, and 300, i.e., all the sample), to investigate if
data length can affect the selection of the D-vine structure.
Three-dimensional D-vine structures are considered to repre-
sent the dependence structure among the flood volume, flood
peak, and the duration and among flood volume, flood peak,
and time peak while the four-dimensional D-vine structures to
model the link among flood volume, flood peak, duration, and
also peak time. In the “Materials and methods” section, the
authors illustrate the methodological issues, including vine
and D-vine structures (vine structure), how to estimate the
parameters, and how to simulate samples from dependent var-
iables. In the “Application” section, the authors present the
case study, where the most appropriate D-vines are selected
using information criteria, and in addition, a goodness-of-fit
test is applied. A simulation of four-dimensional D-vine struc-
tures of flood characteristics is illustrated. In the last section,
the conclusions are presented.

2 Materials and methods
2.1 Copulas and vine structures

Firstly, we recall here the Sklar theorem (Sklar 1959), because
it allows formulating the vine structure in terms of copulas. In
d dimensions, the joint cumulative distribution function
(CDF), F15._4.), of a random vector (X7, X5, ... X;), having
univariate continuous marginals F(x;) can be written as:

axd)

= Cia. a{Fi(x1), F2(x2), ..., Fa(xa), 0} (1)

Fll..d(xlaxZa

where Ci,. 4.) is a d-dimensional copula that maps the mar-
ginal uniform distributions into their multivariate CDF,
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defined in [0, 117 with values in [0, 1]. © is the set of param-
eters. The inverse of the Sklar theorem has the expression:

Ciaa (ur,uz, ... uq)
= Fro.a{F{'(w), F3' (u2), .., F (ug) } (2)

where F; '(u;)’s are the inverse of marginal distributions of
X;’s (Salvadori et al. 2007).

For a dimension d > 3, the multivariate probability distri-
bution has generally been built using symmetric Archimedean
copulas, asymmetric Archimedean copulas (Serinaldi and
Grimaldi 2007), or multivariate elliptical copulas.
Nevertheless, the mentioned methods contain some
restrictions:

1. In multivariate symmetric Archimedean copulas, the de-
pendence among all pairs of variables is identical.

2. In multivariate asymmetric Archimedean copulas, narrow
range of negative dependence is allowed as the dimension
increases (Joe 1997).

To overcome these restrictions, the dependence among the
variables will be modeled using vine structures (Kurowicka
and Cooke 2007; Aas et al. 2009). The vine structure on d
variables is defined as a nested set of trees {7}, = 1,....d — 1},
built one on top of another, so that the edges of the tree at a
certain level j become the nodes of the tree at the level j + 1.
The nodes at the level 1 (7;) of the vine correspond to the
random variables. The vines can be distinguished in regular
and non-regular (Kurowicka and Cooke 2007). The vine is
regular if two edges in tree j are joined by an edge in tree
j *+ 1 only if these edges share a common node. The regular
vines include drawable (D-) vines and canonical (C-) vines. A
regular vine is called D-vine if each node in 7' has a degree of
at most 2. A regular vine is called C-vine if each tree 7; has a
unique node of degree d — i. In the next section, we will focus
the attention on D-vine structures. The joint density function
fxy,..., xg) of a vector X = (Xj,..., Xj) of random variables can
be written as:

f(X] 3 X2y een
= f(xa)f (xa-1[xa)-f (Xa2|¥a=1, Xa)+f (x11x2, s Xa)  (3)

Equation (3) indicates that the joint distribution function
implicitly includes both the dependency structure and the
probability distributions of variables. According to Aas et al.
(2009), each term of the right-hand side of Eq. (3) can be
written in terms of copulas as:

S(I9) = Cyg o {F([0-), F(9;19-)}/ (x[9-)  (4)

,X,/)

where ¥ is a p-dimensional conditioning vector; 9; corre-
sponds to the arbitrarily chosen component from the vector 9;
and ¥_; denotes the (p — 1) dimensional vector, where it is not
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included ;. In fact, the conditional probability distribution
function in Eq. (3) can be decomposed into the suitable pair-

copula (cx o) e,j> times a conditional marginal density, using

Eq. (4). The pair-copula structure contains as argument con-
ditional distributions like F(x|9). Joe (1997) demonstrated that
for each J:

0C o A (F(x[9-), F(9;]9-)}
OF (1;19-))

F(x}9) = (5)
where C, e is a bivariate copula function. In cases where &
is univariate, Eq. (5) may be written:
0Cw{F(x), F(0),0}

Fed) = aF (9)

(6)

Figure 1 shows four-dimensional and three-dimensional D-
vine structures. The d-dimensional D-vine structure contains
d—1trees: T;,j=1,...,d— 1. Tree T; has (d + 1 —j) nodes (Xs
in the first tree and Fs in the other trees) and (d — ) edges (Cs).
Each edge denotes a pair-copula (C), and the edge label indi-
cates the index of pair-copula, e.g., edge of 13|2 corresponds
to the pair-copula Cy3p. In d-dimensional D-vine structure,
d(d — 1)/2 pair-copulas, or edges, are considered.

Fig.1 Scheme of four- and three-
dimensional D-vine structures

() Four-dimensional D-vine

2.2 Parameters’ estimation of D-vine copula

Here, we refer to the cases d =3 and d = 4, and to fix the ideas,
we consider the structures reported in Fig. 1. Estimates of D-
vine copula parameters can be obtained using the maximum
likelihood (ML) method, in the following way:

1. Calculate using ML the parameters (6, and 6,5 in the
three-dimensional case and 6,,, 0,3, and 654 in the four-
dimensional case) in 7 of the two-dimensional copulas
(C1» and Cy; for d = 3 and Cy,, Cs3, and Csy for d = 4).

2. Determine the conditional distribution functions (v;, , v3,
for d = 3 and vy, , v35, and vy3 for d = 4) of T, using the
obtained copula parameters from 77 and the Eq. (6) as
follows:

0C12(u1,uz,012)

vi2 = Fap(xlx) = o (7)
0C3;(u3,uy, 0

v = F3p(xsfn) = W (8)
0Cy3(ug,us3,0

vay = Fyp(xalxs) = W 9)

(b) Three-dimensional D-vine
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Table 1  The daily flow statistics of the dataset collected at Ripetta station
Data period KXmin (m3/s) KNinax (m3/s) XNinean (m3/s) St. dev. (m3/s) Skewness
1921-2000 24.1 2730 217.52 164.05 3.72

3. Compute using the ML parameters (6,3, for d = 3 and
01312 , 0243 for d = 4) in T, of the two-dimensional copulas
(Ci3p and Cj3pp, Coyp3) having conditional distributions
V12, V32, OF V13, V35, and v,3 from point 2.

4. Determine the conditional distribution functions v-
312 and vypp3 for 75 using the computed copula parameters
at 75 and the Eq. (5) as follows:

V32 = F3|12(x3|x1,x2)
6C13\2(F3\1(x3|x1)7 F3\2(X3’x2),913|2))
0F3p <x3 ‘xz)

Vajps = Faps(xalxa, x3)

_ 0Co43 (Faps (xalx3), Fap(xalx2), 6243)
OF 4 (xalx2)

(10)

(11)

5. Compute using the ML parameters (6,43 ford =4) in T5
of the two-dimensional copulas C|43,,having conditional
distributions using v3);> and v4»3 from point 4.

2.3 Simulation of random variables from vine structures

The simulation algorithm of samples of dependent variables, con-
sidered in the next, is based on the theory of conditional copulas
(De Michele et al. 2007). To fix the ideas, we consider the case
d=4. Consider the conditional cumulative distribution function:

Hgp103 (ug|uy, uy, u3)

= FUssus|lUy = u1,Up = up, Uz = u3)

63
—C
| 3U,0U,0U; 1234 (1, 2, U3, ug) (12)
— 5
—C
U 00.00, 123 (1, Uz, u3)

Table2  Some statistics of flood characteristics: flood peak (P), volume
(V), peak time (77,), and base time (D)

P (m*fs) D (days) V (m®) T, (days)
Mean 498.86 24.46 371,518,807 9.04
Max 2512 91 3.00E + 09 72
Min 245 24.50 10,152,000 1
St. dev. 401.26 20.48 469,833,735 11.59
Skewness 1.31 1.50 2.49 291

@ Springer

where U;, U, U;, and U, are uniform in [0, 1]. In Eq. (12), the
numerator of the right side is the mixed partial derivative of
the four-dimensional copula with respect to the conditioning
variables U, U,, and Us. The denominator is the density of
the three-dimensional copula of the conditioning variables.
For simulating a random sample (u;, u,, us, uy) from
Eq. (12), a random sample was (wq, w,, ws, wy) from uniform
in [0,1] and independent from each other (W, W>, W3, Wy).
Then, we have that u; =wy, uy = Hg‘ll (wauy))

where

0 -
Hyji(walur) = a—Ulclz(uhuz), uy = Hyjy (wslur, u)

where

62
——C
oU 10U, 123(

o ’
— % _c o, )
oU, 10U, 12(u1 =

u1>u27u3)

Hijp(ws|ur, u) = Uy

= HZ|1123(W4|”11”27”3)

where
83
——C
oU,0U,0U5 1234(141,142,113#4)
Hoyjioz(Walur, ua, u3) = 3
64C (uy,up,u3)
oU 00005 123(U1, Uz, U3

Essential for the calculation of Hy;;3 is:

63

—C
U000, 1234 (11, 12, U3, 1y

Craps (Hipa (utuz, u3), Haps (ualuz, u3)),

(13)

~oU,

with

62
oU,0U3
62
o0U,0U3

0 0 0
—C —C Jup)y——C, s
B oU; 132 <6U2 12 (ul,uz), U, 23 (u;u;))

==
oU,0U3

Cios(ur,uz,u3)

Hyps(ur|ug, us) =
Cas3(uz, u3)

(14)

Co3 (up,u3)

and



Modeling flood event characteristics

Fig. 2 Pair observations of flood
event characteristics
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Once uy, uy, us, and uy are calculated, the corresponding
values of Tp, D, V, and P are computed using the inverse of
marginal cumulative distribution functions F' }}), F 51, F {,1,

and F,', respectively. In the present study, the different D-
vine structures were built permuting the conditioning vari-
ables. Then, in order to select the appropriate structures, we
used information criteria (AIC, BIC, and log-likelihood) and
the probability integral transform (PIT) goodness-of-fit (GOF)
test (Aas et al. 2009). For more details about PIT, readers can
refer to Aas et al. (2009).

62

oU,0U.
Haps(Us|Us, Us) = =2 623

0U,0U3

Cosa(uz, uz,uq)

Cas(uz, u3)

0 0 0
—C —C —C
s e (37 € () 5o a0 )

—F—C
aU0U5 23 (U2, u3)

(15)

Table 3 Pair-wise
dependence between the
flood characteristics:

Dependence measure Kendall’s tau

flood peak (P), peak time D, T, 0.4

(T,,), volume (), and DV 0.67

base time (D) D, P 037
T, V 0.38
Ty, P 0.22
v, P 0.66

4.E+09 - 4E+09 4
3.E409 A
i 3E+09 ° o
3.E+09 ? °
& 2.E409 2 °
£ o 2E+09
S 2£409 1 E o
4 >
1.E409 16409 b o
S.E+08 5
0.E+00 0
0O 20 40 60 80 100 0 2000 4000
D(days) P (m3/sec)
8014
o
o o
60 1 o ©
- ° -
£ 2 9 ]
T 401 S o ﬁ
00
2 B o L
20 ﬁg&% ° a
0
0 2E+09 4E+09
V(m3)

Tp (day)

3 Application
3.1 Case study description

Here we consider daily flow data, collected at Ripetta station
(41°54'20" N, 12°28' 32" E), located in Rome, on Tiber river
basin (central Italy). Data are provided by the Regional
Agency of Environmental Protection of Lazio region. The
data cover a period of 80 years (29,200 days) from January
1921 to March 2000. The dataset has only 2 months missing:
August and September 1992. The daily statistics of the dataset
are presented in Table 1.

3.2 Selection of flood event characteristics

Flood events were identified with the following characteris-
tics: volume (), duration (D), flood peak (P), and peak time
(Tp). The identification of a flood event requires the determi-
nation of its start and end. These are generally determined by
the following:

Table 4 Agreement between the non-parametric distribution and the
cumulative frequency for each of the four variables via the evaluation
criteria and the p value

R RMSE MAE p value
D 0.996 0.046 0.023 0.97
P 0.997 0.056 0.021 0.96
T 0.998 0.049 0.019 0.97
14 0.994 0.056 0.025 0.98

@ Springer
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Fig. 3 Comparison between
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Fixing a threshold on the discharge and considering the
above-the-threshold part as flood event (see, e.g., Ashkar
and Rousselle 1982; Grimaldi and Serinaldi 2006;
Todorovic and Zelenhasic 1970)

Detecting the time boundaries signed by a rise of dis-
charge from the base flow (the start of flood runoff), and

a return to the base flow, indicating the end of the flood
runoff (see, e.g., Linsley et al. 1975; Yue et al. 1999); In
this study, the flood event is specified using a threshold on
the discharge, the mean annual discharge, 217.52 m’s.
Thus, 300 events during the period 1921-2000 were se-
lected. The time series of the four variables are not

Table 5 D-vine structures for the

variables P, ¥, D, and T},, using the n=30

first 30 values of sample data
1-2-3-4 01> 03 034 0132 Orap3 014123 Log-Lik AIC BIC
V-P-D-T 8.18 1.89 437 9.94 —-0.70 —0.64 42.28 —72.56 —64.15
V-D-T-B 8.18 0.27 4.37 2.77 1.77 7.92 42.67 —73.34 —65.01
V-D-T-P 6.13 437 0.27 -1.00 1.70 9.94 36.25 —60.50 —52.90
V-D-P-T 6.13 1.89 0.27 11.9 4.06 —-0.60 37.63 —63.27 —54.86
V-T-P-D 1.73 0.27 1.89 11.2 4.06 7.92 41.26 —=70.53 —62.13
V-1-D-P 1.79 437 1.89 4.36 —0.87 9.78 33.30 —58.60 -50.20
P-V-T-D 8.18 1.73 437 -1.54 436 —4.06 38.12 —64.24 —55.83
P-V-D-T 8.18 6.13 437 -3.70 —-1.00 0.81 37.13 —62.27 —53.86
P-D-V-T 1.89 6.13 1.73 11.9 438 -0.19 37.33 —62.66 —54.25
P-T-V-D 0.27 1.73 6.13 11.25 438 —4.00 39.15 —65.47 —57.06
D-P-V-T 1.89 8.18 1.73 9.90 —-1.50 3.03 42.14 —72.28 —63.88
D-V-P-T 6.13 8.18 0.27 -3.70 2.77 3.14 37.6 —63.25 —54.84
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For each structure, the parameter value (¢) of each pair-wise copula involved, maximum value of log-likelihood,
AIC, and BIC is reported. Bold indicated the best structure
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Table 6 D-vine structures for the

variables P, V; D, and T}, using the n=:60

first 60 values of sample data
1-2-34 012 03 O34 013p Ora3 O14p3 Log-Lik AIC BIC
V-P-D-T 9.27 292 4.89 6.85 —0.66 0.13 82.24 —152.49 -139.92
V-P-T-D 9.27 1.29 4.95 3.04 2.50 5.50 84.05 -156.11 —143.54
V-D-T-P 6.35 4.89 1.29 —0.23 247 9.62 77.70 —143.40 —130.83
V-D-P-T 6.35 292 1.29 10.42 391 0.12 78.05 —144.11 —131.54
V-T-P-D 298 1.29 2.92 10.24 391 5.33 81.20 —150.40 —137.83
V-T-D-P 298 495 2.92 5.07 —0.66 9.30 77.93 —143.87 -131.31
P-V-T-D 9.27 298 495 -1.96 5.07 -2.70 82.06 —152.12 —139.55
P-V-D-T 9.27 6.35 4.89 —-3.56 -0.23 —0.54 79.20 —146.40 —133.84
P-D-V-T 292 6.35 1.98 10.42 341 -0.86 77.62 —143.37 —-130.81
P-T-V-D 1.29 2.98 6.35 10.24 341 —3.11 80.46 —148.92 —136.35
D-P-V-T 292 9.27 2.98 6.85 -1.96 227 81.58 —-151.16 —138.60
D-V-P-T 6.35 9.27 1.29 —-3.50 3.04 242 80.17 —148.34 —135.78

For each structure, the parameter value (6) of each pair-wise copula involved, maximum value of log-likelihood,
AIC, and BIC, is reported. Bold indicated the best structure

autocorrelated with a p value of 5 % Tp, for and 1 % for 7
P, and D. Table 2 reports some statistics of the flood event
variables. Figure 2. shows the pair observations: (P,V),
(PTe), (P.D), (D,V), (VTp), and (D,Tp).

3.3 Dependence among flood characteristics

Here, the Kendall’s tau (7) is used to investigate the statistical
dependence between each pair of variables. Table 3 gives the

dependences peak-volume, peak time-duration, volume-peak
time, flood peak-peak time, flood peak-duration, and volume-
duration are all statistically significant at a 5 % level.

3.4 Marginal distribution of flood characteristics

Univariate frequency analysis of flood characteristics is made
using non-parametric probability distribution functions. Here,
non-parametric distributions with type Normal kernel are
used, having a probability density function (PDF):

value of 7 between each couple of flood characteristics, with 1 n X—X;

also the corresponding p value. Table 3 suggests that the pair S = nh Z ile( h > (16)

Table 7 D-vine structures for the

variables P, ¥, D, and T},, using the n=120

first 120 values of sample data
1-2-34 01, 0,5 04 013 0243 0r4p3  Log-Lik  AIC BIC
V-P-D-T 8.66 2.775 4.07 10.54 0.52 0.93 179.72 —347.44 —330.72
V-P-T-D 8.66 2.52 4.14 3.98 1.94 8.48 184.94 —357.80 —341.66
V-D-T-P 7.89 4.07 2.52 1.14 1.94 10.12 172.42 —332.84 —316.12
V-D-P-T 7.89 2.75 2.52 10.47 3.61 1.38 178.81 —345.63 —328.91
V-T-P-D 4.20 2.52 2.75 7.70 3.61 7.76 173.93 —335.87 -319.14
V-T-D-P 4.20 4.14 2.75 6.42 0.53 9.67 171.78 —331.75 —315.02
P-V-T-D 8.66 4.20 4.14 -1.69 6.42 —4.29 178.59 —345.19 —328.47
P-V-D-T 8.66 7.89 4.07 -5.07 1.14 -0.34 174.92 —337.84 —321.12
P-D-V-T 2.75 7.89 4.20 10.47 1.99 —0.71 177.84 —343.68 —326.96
P-T-V-D 2.52 4.20 7.89 7.70 1.99 —4.59 174.76 —337.5 —320.80
D-P-V-T 2.75 8.66 4.20 10.54 -1.69 0.73 181.98 —351.95 —335.23
D-V-P-T 7.89 8.66 2.52 -5.07 3.98 0.96 180.49 —348.98 —332.26

For each structure, the parameter value (0) of each pair-wise copula involved, maximum value of log-likelihood,
AIC, and BIC, is reported. Bold indicated the best structure
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Table 8 D-vine structures for the

variables P, V, B, and T,,, using the n =200

first 200 values of sample data
1-2-34 012 03 O34 013p Ora3 O14p3 Log-Lik AIC BIC
V-P-D-T 8.92 3.23 4.60 11.37 0.21 0.80 320.32 —608.86 —628.65
V-P-T-D 8.92 241 4.60 4.20 242 9.52 334.94 —657.88 —638.04
V-D-T-P 9.57 4.60 2.41 0.89 242 9.78 313.46 —614.92 —595.14
V-D-P-T 957 3.23 2.41 10.46 391 1.23 322.41 —632.82 —613.03
V-T-P-D 4.36 2.41 3.23 7.88 3.91 8.53 315.27 —618.54 —598.75
V-T-D-P 4.36 473 3.23 7.65 0.21 9.88 322.77 —633.54 —613.75
P-V-T-D 8.92 4.36 4.73 —-1.83 7.65 —4.43 329.49 —646.98 —627.19
P-V-D-T 8.92 9.57 4.60 —4.95 0.84 —0.57 314.18 —616.36 —596.57
P-D-V-T 323 9.57 4.36 10.46 1.93 —0.85 322.28 —632.57 —612.78
P-T-V-D 241 4.36 9.57 7.88 1.93 —4.76 320.43 —628.87 —609.08
D-P-V-T 323 8.92 4.36 11.37 -1.83 0.95 325.28 —638.37 —618.78
D-V-P-T  9.57 8.92 2.41 —4.95 4.29 0.91 321.50 —631.08 —611.22

For each structure, the parameter value of each pair-wise copula involved, maximum value of log-likelihood, AIC,
and BIC, is reported. Bold indicated the best structure

(17)

where 4, o, and n are, respectively, the bandwidth of kernel,
the standard deviation, and the total length of data.
The Weibull plotting position, P(X <x()) = -1 ,
to calculate the empirical cumulative frequency, where i is the
rank in ascending order and x; is the ith largest observation in
a dataset of size n. The values of performance criteria (RMSE,
MAE, and R) and the results of a goodness-of-fit test (K-S test)

is used

with the p values are given in Table 4. Considering the p-
values, it can be found that, in all cases, empirical and non-
parametric distributions have no significant differences. The
comparison between empirical and non-parametric distribu-
tions for each variable is given in Fig. 3. Thus, the non-
parametric distribution result is suitable for the modeling of
flood volume, peak time, duration, and flood peak.

3.5 Vine copula structures

Here, the authors will (a) consider different D-vine structures
permuting the variables, (b) fit the Frank copula for each pair-
copula of the D-vine structures, (c) estimate the parameters of
the pair-copulas, and (d) select the suitable D-vine copula

Table 9 D-vine structures for the

variables P, ¥, D, and T,,, using all n =300

the data
1-2-3-4 01> 0,3 034 0131 0243 014p3 Log-Lik  AIC BIC
V-P-D-T  10.13 3.87 4.63 11.42 -0.23 0.75 508.82 -1005.6 —982.60
V-P-T-D 10.13 2.16 4.74 431 3.35 9.15 525.92 -1039.8 -1017.62
V-D-T-P 10.14  4.63 2.16 0.39 3.35 9.76 487.37 -962.75 —940.25
V-D-P-T  10.14 3.87 2.16 10.42 4.06 1.09 505.07 —998.15 -975.93
V-T-P-D 3.92 2.16 3.87 9.65 4.06 8.01 495.69 -979.93 -957.16
V-T-D-P 3.92 4.77 3.87 8.25 -0.23 9.70 49791 —083.82 -962.60
P-V-T-D 10.13 3.92 4.74 -2.07 8.25 —4.40 519.35 -1026.7 —1004.49
P-V-D-T 10.13 10.14 4.63 —4.92 0.39 -0.58 498.40 —084.80  —962.58
P-D-V-T  3.87 10.14 3.92 10.42 227 -0.20 503.97 —995.95 -973.73
P-T-V-D 2.16 3.92 10.14 9.65 227 —4.48 507.96 -1002.9 —980.770
D-P-V-T  3.87 10.13 3.92 10.42 -2.07 0.98 512.95 -1013.9 —991.69
D-V-P-T  10.14 10.13 2.16 —4.92 431 1.08 510.62 —1009.2 —987.024

For each structure, the parameter value (0) of each pair-wise copula involved, maximum value of log-likelihood,
AIC, and BIC is reported. Bold indicated the best structure
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Table 10 D-vine structures for

the variables P, V; and D, using the n=30 n=:60 n=120
different length of data
Structure  Log-Lik  AIC BIC Log-Lik  AIC BIC Log-Lik  AIC BIC
V-P-D 37.8 —69.6 —65.4 69.1 -1323  -129.0 155.0 -304.1 —295.7
V-D-P 32.1 —58.3 —54.1 64.3 -122.7 -1164 148.87  —291.7 2833
D-V-P 31.8 -57.6 -53.4 66.2 -1263 —120.1 149.88  —293.7 2854
n =200 n =300
Structure  Log-Lik AIC BIC Log-Lik AIC BIC
V-P-D 2743 —542.6 —532.8 443.2 —880.3 —869.1
V-D-P 269.3 -532.6 —522.7 429.8 —853.7 —842.6
D-V-P 267.1 —5283 5184 443.0 -860.1 —849.0

For each structure, maximum value of log-likelihood, AIC, and BIC is reported. Bold indicated the best structure

having the minimum value of AIC and BIC and maximum
value of log-likelihood, both in three- and four-dimensional
cases. To simplify the problem, and make the focus on the
structure of D-vines, we have decided to consider only one
family of bivariate copulas, the Frank family, which has pre-
sented the highest percentage of best agreement of pair vari-
ables. Initially, we have considered the case d = 4, with the
variables P, D, Tp, and V. Twenty-four different D-vine struc-
tures are possible permuting the four variables, but only 12
give different decompositions. First, the D-vine structures are
constructed using the first 30 events of dataset. Then, D-vine
structures are calculated also using the first 60, 120, and 200
events and finally all the sample of data, i.e., 300 events.
Table 5 provides for the first 30 events of data, the different
D-vine structures, the pair-wise copulas involved, the con-
structed vine copulas, the estimated parameters, the maximum
value of the log-likelihood function, and the values of the AIC
and BIC. In Table 5, for the T level, the parameters of pair-
wise copulas involved are 6,, 053, and 654. For the T level,
the parameters of pair-wise copulas involved are 65
and 643, and for the T; level, the parameter of copula in-
volved is 6,43. From Table 5, it can be found that V-P-Tp-D
structure has the minimum value of AIC (—73.34) and BIC

(—65.01) and the maximum value of log-likelihood (42.67)
among the all considered structures. Tables 6, 7, 8, and 9
report the same information given in Table 5, using respec-
tively the first 60, 120, 200, and 300 events of dataset. AIC,
BIC, and log-likelihood values indicate that the structure V-P-
Tp-D is ranked as first among all the possible D-vine struc-
tures, even if we vary the sample size from 30 to 300. For the
first 60 events, V-P-Tp-D structure has the minimum value of
AIC (—156.11) and BIC (—143.54) and the maximum value of
log-likelihood (84.05) among the all considered structures, as
well as for the first 120 events, it has the minimum value of
AIC (—357.80) and BIC (—341.66) and the maximum value of
log-likelihood (184.94). Similarly, for 200 and 300 events, V-
P-Tp-D structure gives respectively the minimum values of
AIC (-657.88, —1039.8) and BIC (—638.04, —1017.62) and
the maximum values (334.94, 525.92) of log-likelihood. In
this case, the vine structure among the flood characteristics
does not change increasing the sample size from 30 to 300.
This result is surprising, because we recognize that the selec-
tion of the vine structure could change, according to the un-
certainty of sample observations. However, the fact that the
vine structure is the same for all the samples (with quite dif-
ferent sample length) could be the indication of a

Table 11 D-vine structures for

the variables P, V; and 7}, using n=30 n=:60 n=120
the different length of data
Structure  Log-Lik  AIC BIC Log-Lik  AIC BIC Log-Lik AIC BIC
V-T,-P 19.4 -32.8 -28.6 445 —83.7 -76.8 84.45 -1629 -1545
V-P-T, 20.3 -34.7 -30.2 459 —85.8 -79.5 90.2 -1755 -167.7
Ty-V-P 19.0 -32.0 -27.3 44.8 -83.6 -77.3 87.62 -169.2  —160.85
n =200 n =300
Structure  Log-Lik AIC BIC Log-Lik AIC BIC
V-T,-P 147.6 -289.2 2793 240.7 —4754  —464.2
V-P-T, 154.2 -302.4 —292.6 248.6 —491.2  —480.1
T,-V-P 150.5 —295.1 2850 241.61 4772 —466.1

For each structure, maximum value of log-likelihood, AIC, and BIC is reported. Bold indicated the best structure
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Fig.4 Box plot of basic statistics a mean, b standard deviation (std), ¢ minimum (min), d maximum (max), and e skewness (sk) of simulated samples by
four-dimensional D-vine structure V-P-Tp-D with reported the observed value (X)

characteristic behavior of the variables under exam.
Additional investigations are necessary in order to support this
conclusion. The PIT test was applied as goodness-of-fit test.
The results indicate that the null hypothesis cannot be rejected
at 5 % significance level, for all the sample sizes, because
p values are always higher than 5 %.

In literature, the ordering of the variables in the D-vine
structure, i.e., the choice of D-vine structure, was based on
the values of Kendall’s tau. In particular, the most dependent
pairs in the level 7| were considered to identify the best D-
vine structure (Aas et al. 2009; Vernieuwe et al. 2015). In this

@ Springer

study, all the possible structures were considered by permut-
ing the variables. From Tables 5, 6, 7, 8, and 9, it can be seen
that the use of the most dependent pairs in 7' does not provide
the best model. In fact, P-V-D-Tp model is the one with the
most dependent pairs: 7py = 0.66, 7vp = 0.67, and 71, = 0.40,
but it has not the largest log-likelihood and the minimum
values of AIC and BIC in none of the vine copulas constructed
using a sample size of 30, 60, 120, 200, and 300. Thus, this
structure does not represent the model with the best perfor-
mances. The V-P-Tp-D model with 7yp = 0.66, 7pp, = 0.22,
and 7rpp = 0.40 has the minimum values of AIC and BIC and
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Fig. 5 Box plot of the Kendall’s tau for each couple of variables using

simulated samples and comparison to the Kendall’s tau of the observed
sample (X)

the largest log-likelihood in the constructed vine copula for
each length of data. Similar considerations can be done in the
analysis of three-dimensional D-vine structures. Tables 10 and
11 show three-dimensional structures respectively for the var-
iables (P, ¥, and D) and (P, V, and Tp). The best vine structures
are V-P-Tp and V-P-D. Here, similarly to the quadrivariate
case, the increase of data length does not influence the selec-
tion of the best structure. The PIT test was applied to the best
vine structures as goodness-of-fit test, indicating that the null
hypothesis cannot be rejected at 5 % significance level, in both
the two cases.

In order to evaluate the reliability of the V-P-Tp-D model in
representing the behavior of the variables, a comparison be-
tween the statistics of simulated datasets and the statistics of
the observed data has been done. In particular, an ensemble of
100 series, of size 300, and of the variables flood volume,
flood peak, duration, and peak time was generated. The uni-
variate statistics (namely mean, standard deviation, maximum,
minimum, skewness) of each simulated sample are calculated
and reported in box plots (see Fig. 4). From this, it is showed
that mean, maximum, and standard deviation of all the flood
characteristics are well reproduced; in fact, the statistics cal-
culated using the observed data are within the box plots of
simulated. Similarly, the minimum of V" and P is well
reproduced, while the minimum of 7p and D is not represented
well. From Fig. 4, it can be found that the skewness of P, ¥,
and D is well reproduced, while that of 7p is slightly
overestimated.

In addition, in order to check if the selected vine structure is
able to preserve the sample dependences among the flood
characteristics, we have calculated the Kendall’s tau for each
pair of variables of the D-vine structure of each simulated
sample. These values are represented in box plots given in
Fig. 5 and compared to the values calculated on the observed
sample. From Fig. 5, the comparison shows the similarity
between observed and simulated values of Kendall’s tau for
each couple of variables.

4 Conclusions

We have investigated the use of D-vine structures to describe
the statistical dependence among the main characteristics of a
flood event: flood volume, flood peak, duration, and peak
time. Here, we have decided to use vine structures because,
with these, d-variate problems (with d > 3) can be modeled
through pairwise distributions; in particular, we have investi-
gated D-vine structures. The three-dimensional vine structures
are used to describe the dependence among flood volume,
flood peak, and the duration and among flood volume, flood
peak, and peak time, while the four-dimensional D-vine struc-
tures the dependence among flood volume, flood peak, dura-
tion, and peak time. The three- and four-dimensional D-vine
structures were fitted to the observed data. Marginals are as-
sumed non-parametric, while the dependence parameters of
pair-copulas are determined using maximum likelihood meth-
od. Samples of different size are selected from the dataset,
namely the first 30, 60, 120, 200, and 300 (i.e., all the sample),
to investigate if data length can affect the selection of the D-
vine structure. The different D-vine structures were built per-
muting the variables, and the Frank copula was used for each
pair-copula of D-vine structures. The best structure was select-
ed according to AIC, BIC, and log-likelihood values. The PIT
test was applied as goodness-of-fit test, indicating that the null
hypothesis cannot be rejected at 5 % significance level, in all
the models considered. V-P-Tp-D, V-P-Tp, and V-P-D D-vine
structures were selected as the best structures for the model-
ing, four- and three-dimensional problems, respectively. It is
found that the increasing data length does not influence the
selection of the best D-vine structure. In addition, we found
that the best D-vine structures (both for three- and four-
dimensional cases) are not the ones having the most depen-
dent pairs in 7.

Then, the V-P-Tp-D D-vine structure has been used to sim-
ulate synthetic samples of flood characteristics. The statistics
of the simulated samples are compared to the ones of the
observed sample showing good correspondence with each
other.
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