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Abstract

In this paper we obtain a characterization of prime and irreducible
elements of the ring of integers modulo n. Also we give an explicit
formula for computing the number of primes and irreducibles of this
ring.
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1 Introduction

Divisibility is an important concept in number theory and it generalizes to
rings, here always assumed commutative with multiplicative identity element
1, and where concepts such as factorization of elements, prime elements,
and irreducible elements can be defined. Although these concepts are most
important in integral domains, nonetheless they are of some interest in more
general rings also.

For elements a and b in the set of integer numbers Z and a natural
number n, we denote by [a], and (a,b), the congruence class of a modulo
n, and the greatest common divisor of a and b, respectively. So the ring
of integers modulo n, Z,, is the set {[a], : a € Z} .This ring is one of
the simplest and most important examples in ring theory. Many subsets of
Z,, with a particular property are easy to identify explicitly. For example,
U(Zy,), the set of units of Z,, is {[a], € Z, : (a,n) = 1}, and the set of
zero-divisors of Z,, is the complement of U(Z,) in Z,.



In this paper, we give a characterization of prime and irreducible ele-
ments of Z, which perhaps deserves to be more known than it seems to
be.

2 Primes of Z,

Our notation and terminology are standard and follow [1]. Throughout R
will denote a commutative ring with 1. First we recall the definition of a
prime element. For a,b € R, a is said to divide b (symbolically a | b) if for
some ¢ € R, b = ac. So, for example, a | a, and a | 0, for every a € R. Also,
a € R is a unit iff a | 1. A nonzero nonunit element p € R is called prime
if whenever p | ab with a,b € R, then either p | a or p | b. For example, the
reader might like to check that in Zg the primes are [2]g, [3]6, [4]6, and in
Z12 they are [2]12, [3]12, [9]12, [10]12. For the sake of simplicity denote by
7, the set of positive prime divisors of the natural number n in Z.

In the sequel, we write a | b to mean divisibility is in Z and [a], | [b], to
mean divisibility is in Z,. Before giving the main theorem of this section,
we state an easy lemma whose proof is omitted.

Lemma 2.1 Let [al]y, [b]n € Zyn. Then [a]y | [b]n iff (a,n) | (b,n).
In the following theorem the prime elements of Z,, will be characterized.
Theorem 2.2 The set of prime elements of Z,, is
{la]n € Zy, : Ip € Tp, p < n,(a,n) = p}.
Proof. Let [a], € Z, be a nonzero nonunit element. So (a,n) # 1 and n 1 a.
We will have three distinct cases:

1) There exist two distinct primes p, ¢ such that pq | (a,n). In this case
we show that [a],, is not a prime element.

Suppose that a = be where p t ¢ and ¢ 1 b. Thus p | b and ¢ | ¢ and
also [a],, | [b]n[cln. If [a]n | [b]n, then by the above Lemma (a,n) | (b,n), a
contradiction. By a similar argument we have [a],, 1 [¢],. Therefore, [a], is
not prime.



2) There exist a prime p and natural number & > 2, such that (a,n) = p*.

Again we show that [a],, is not a prime element.

Let a = p™b, where m > k and p 1 b. By division algorithm there exist
two integers r and s such that m =r(k—1)+s, 1 <rand 0 <s < k— 1.
Thus a = (p*~1)"(p°b) and so [a], | ([P*1n)"[p°b]n. If [a]n | [P ']n, then
by the above Lemma p* = (a,n) | (p*~',n) = p¥~!, a contradiction. If
[a]n | [p°b]n, then by the same Lemma p* = (a,n) | (p*b,n) = p°, which is
again a contradiction. Therefore, [al,, is not prime.

3) There exists a prime p such that (a,n) = p. We show that [a], is
prime.

First note that p < n because n { a. Also, we have (a,n) = p = (p,n). So
by the above Lemma [al, | [p]n and [p], | [a]n. Suppose that [a]y, | [b]n[c|n,
where [b],,, [¢]n € Zy,,. Thus there exist integers 7, s such that bc = ar + ns.
So p must divide either b or c¢. Let, say, p | b. Then [p], | [b], and since
[a]n | [pln, we get [a]n | [b]n.

As an easy corollary, we have:

Corollary 2.3 The ring Z, has no prime elements iff either n =1 orn is
a prime.

3 Irreducibles of 7,

Recall that a nonzero nonunit element p of R is said to be irreducible if
whenever p = ab with a,b € R, then either a or b is a unit of R. For exam-
ple, again the reader might like to check that Zg has no irreducible elements,
whereas [2]12 and [10];2 are the only irreducible elements in Zq,.

The characterization of the irreducible elements of Z, is given in the
following theorem.

Theorem 3.1 The set of irreducible elements of Z,, is
{[a]n € Zy, : 3p € 7p, p* | 1, (a,n) = p}.

Proof. Let [a], be a nonzero nonunit of Z,. So (a,n) # 1 and n 1 a.



Three distinct cases will occur:

1) There exist two primes p, ¢ (not necessarily distinct) such that pq |
(a,n). In this case we show that [a], is not irreducible.

Let a = be where p | b and ¢ | ¢. Then we have [a],, = [b],]c]n. It is obvi-
ous that [b],, and [c],, are nonzero nonunit elements. So [a],, is not irreducible.

2) There exists a prime p such that (a,n) = p and p? { n. Again we show
that [a],, is not irreducible.

In this case we have (n,p?) = p and p | a, so there exists r, s € Z with
a = nr + p*s. So we obtain [a], = [p|n[ps]n. Again it is obvious that [p],
and [ps], are nonzero nonunit elements. So [a], is not irreducible.

3) There exists a prime p such that (a,n) = p and p? | n. In this case
we show that [a], is irreducible.

Let [b]n, [c]n € Z,, and [a], = [b]n[c]n. Then there is an integer k such
that a = be + kn. By hypothesis, p | bec and so p must divide at least one of
b, c. It cannot divide both, else, since p? | n, we would have p? | a, a contra-
diction. Let, say, p | b and p t ¢. Now if there exists ¢ € 7, — {p}, then ¢ 1 ¢,
for (a,n) = p. Thus (¢,n) = 1 and so [c],, is a unit. This completes the proof.

One of the consequences of the above theorem is the following:

Corollary 3.2 The ring Z,, has no irreducible elements iff either n =1 or
n is squarefree.

As seen in the previous examples Zg and Zio, in general the primes of
Z,, are not necessarily irreducible. The converse, however, is true.

Corollary 3.3 Every irreducible element of Z,, is a prime element.

4 The number of primes and irreducibles of Z,

In this last section we give an explicit formula for computing the number
of prime and irreducible elements of Z,,. First we prove a general theorem
from which our formula will be derived.



Theorem 4.1 Let n be a natural number, p € m, and m = 2. Let also
A, ={laln € Zy, : (a,n) = p}. Then the map f : A, — U(an defined by
f(laln) = [$]m is well-defined, one-to-one and onto.

Proof. Suppose that [a],, [b], € Ap. Then (a,n) = p = (b,n) and so
(5.m)=1= (%,m). Therefore, [%]m, [}%]m € U(Zy,). Since
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thus f is a well-defined and one-to-one function.
Now let [c],, € U(Zy,) be arbitrary. So (¢, m) = 1. We define a as follows:

a:{ pe (p,c)

-1
plc+m) (p,c)=p

It is easy to check that (a,n) = p and f([a],) = [¢|m. Therefore, f is
also onto.

The number of prime and irreducible elements of Z, is given in the
following corollary.

Corollary 4.2 i) The number of prime elements of Z,, is
n
Z 30(7)7
PETn, p<n p
i1) The number of irreducible elements of Zy, is
n
pE™, pP?|n

where ¢ is the Fuler function.

Proof. By using the previous theorem, theorem 2.2 and theorem 3.1,
we have

{[a]nEZn:ElpEWn,p<n7(a7n):p}: U Ap,
PETH, p<N



{[a]neanﬂpEmeQ‘n,(a,n):p}: U Ap,
PETn, p2|n

and the result immediately follows.
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